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Abstract
Much of a person’s cognitive activity depends on the ability to reason analogically. Analogical reasoning (AR) compares
the similarities between new and past knowledge and uses them to obtain an understanding of the new knowledge. The
mechanisms, however, under which the human mind works are not fully investigated and as a result AR is characterized
by a degree of fuzziness and uncertainty. Probability theory has been proved sufficient for dealing with the cases of
uncertainty due to randomness. During the last 50-60 years, however, various mathematical theories have been
introduced for tackling effectively the other forms of uncertainty, including fuzzy sets, intuitionistic fuzzy sets,
neutrosophic sets, rough sets, etc. The combination of two or more of those theories gives frequently better results for
the solution of the corresponding problems. A hybrid assessment method of AR skills under fuzzy conditions is
developed in this work using Grey Numbers (GN) and soft sets as tools, which is illustrated by an application on
evaluating student analogical problem solving skills.
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Analogical Reasoning (AR) is a way of reasoning that compares the similarities between new and past
knowledge and uses these similarities to obtain an understanding of the new knowledge. Polya, who
introduced the use of heuristic strategies for problem solving, suggests: “When you are not sure how
to solve a given problem, a good hint would be to look to a similar problem solved in the past and
try to exploit its solution for use with the new problem” [1]. In Artificial Intelligence the case-based
Reasoning approach includes a range of methods based on AR for retrieving and utilizing the
knowledge of past cases, usually stored in a computer’s memory, for solving new problems or for
producing new knowledge [2] and [3]. As many specialists report, much of the human cognitive
activity depends in general on the ability to reason analogically [4]-[6]. Within cognitive science mental
processes are simulated in computer programs (e.g. neural networks) and serve as models to support
reasoning in new domains.
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It becomes evident therefore, that the assessment of the AR skills is a very important process. The
mechanisms, however, under which the human mind works have not fully investigated yet. As a result,
human reasoning in general and AR in particular are characterized by a degree of fuzziness and uncertainty.
The first of the present authors proposed several methods in the past for assessment under fuzzy
conditions including the measurement of a system’s uncertainty, the use of the center of gravity
defuzzification technique, the use of triangular fuzzy numbers or of GNs, etc. All these methods are
reviewed in [7] accompanied by suitable examples. Recently he has also used soft sets for assessment with
respect to a finite set of parameters [8].
In this work we introduce a hybrid method for assessing AR skills that uses soft sets and GNs as tools.
The rest of the paper is organized as follows: Section 2 contains the elements from the theory of GNs and
soft sets that are necessary for understanding the paper. The hybrid assessment method is presented in
Section 3, illustrated by an example of assessing student analogical problem solving skills. The article closes
with the final conclusion and some hints for future research included in Section 4.

2 | Background

A hybrid method for the assessment of analogical reasoning skills

The frequently appearing in real world, in science and in everyday life uncertainty is due to several reasons,
like randomness, imprecise data, vague information, etc. Probability theory has been proved sufficient for
dealing with the cases of uncertainty due to randomness. During the last 50-60 years, however, various
mathematical theories have been introduced for tackling effectively the other forms of uncertainty,
including fuzzy sets [9], intuitionistic fuzzy sets [10], neutrosophic sets [11], rough sets [12] and several
others [13]. The combination of two or more of those theories gives frequently better results for the
solution of the corresponding problems and that is what we are going to attempt here for the assessment
of AR skills.

2.1 | Grey Numbers (GNs)
Ju-Long [14] introduced in 1982 the theory of grey systems as a new tool for dealing with the uncertainty
created by the use of approximate data. A system is characterized as grey if it lacks information about its
structure, operation and/or its behavior. The use of GNs [15] is the tool for performing the necessary
calculations in grey systems.
A GN, say A, is an interval estimate [x, y] of a real number, whose exact value within [x, y] is not known.
We symbolize then A by writing A ∈ [x, y]. A GN A is frequently accompanied by a whitenization function
g: [x, y] → [0, 1], such that, if a ∈ [x, y], then the closer is g(a) to 1, the better a approximates the unknown
real value of A. If no whitenization function has been defined, we usually consider as the crisp
approximation of A the real number
W(A) =

x+y
.
2

(1)

The arithmetic operations between GNs are defined with the help of the known arithmetic of the real
intervals [16]. In this work we make use only of the addition A+B of GNs and the scalar product of a GN
with a positive number, say r, which are defined as follows: if A ∈ [x1, y1] and B ∈ [x2, y2] are GNs, then:
A + B  x 1 + y 1 , x 2 + y 2  .

(2)

rG1  rx 1 , ry 1  .

(3)

2.2 | Soft Sets
All the theories, mentioned in the beginning of this section, which have been developed for dealing with
the several types of the existing uncertainty, have their own difficulties. The reason of these difficulties is
usually the inadequacy of the parameterization tools used. In fuzzy set theory, for example, there is a

difficulty with the membership function, the definition of which is not unique depending on the
observers’ personal criteria [17]. To overpass these difficulties Molodtsov [18] introduced the concept
of soft set for tackling the uncertainty in a parametric number.
Let U be the set of the discourse, let E be a set of parameters and let f: E → P(U) be a map from E to
the power set P(U) of U. Then the soft set on U depending on f and E, symbolized by (f, E), is defined
as the set of the ordered pairs

( f, E )

=

( e, f ( e )) : e  E .
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(4)

The set (f, E), being actually a family of subsets of U, is called “soft” because its form depends on the
parameters. For general facts on soft sets we refer to [19].

Several researches ([20]-[24], etc.) have provided detailed models for the AR process which are broadly
consistent with problem solving strategies. According to these models the main steps of AR include
Representation (R) of the problem under solution (target problem), Search and Retrieval (S-R) of the
related past problem (source problem), Mapping (M) of the representations of the target to the source
problem for finding the corresponding similarities between them and adaptation (A) of the solution of
the source for use with the target problem.
The purpose of the following classroom application was the assessment of AR skills of a class of 20
students. For this, four sets of problems were given to students for solution. Each set included the target
problem, the source problem which was a remote analogue to the target problem sharing structure but
not surface characteristics with it, a distractor problem sharing surface but not structure characteristics
with the target problem and an unrelated to the target problem. The solution procedures of the last three
problems were given to students, who were asked to solve the target problem with the help of the given
solutions. As an example, we present below one of the sets of those problems [24].
Target problem. A box contains 8 balls numbered from 1 to 8. One makes three successive drawings,
putting back the corresponding ball to the box before the next drawing. Find the probability of getting
all the balls drawn out of the box different to each other.
Solution. The probability is equal to the quotient of the total number of the ordered samples of 3
objects from 8 (favourable outcomes) to the total number of the corresponding samples with
replacement (possible outcomes).
Remote analogue. How many numbers of 2 digits can be formed by using the digits from 1 to 6 and
how many of them have their digits different?
Solution’s sketch given to students. Find the total number of the ordered samples of 2 objects from
6 with and without replacement respectively.
Distractor problem. A box contains 3 white, 4 blue and 6 black balls. If we draw out 2 balls, what is
the probability to be of the same colour?
Solution’s sketch given to students. The number of all favourable outcomes is equal to the sum of
the total number of combinations of 3, 4 and 6 objects taken 2 at each time respectively, while the
number of all possible outcomes is equal to the total number of combinations of 13 objects taken 2 at
each time.
Unrelated problem. Find the number of all possible anagrams of the word “SIMPLE”. How many of
them start with S and how many of them start with S and end with E?
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3 | The Hybrid Assessment Method

Solution’s sketch given to students. The number of all possible anagrams is equal to the total number
6! of the permutations of 6 objects. The anagrams starting with S are 5! and the anagrams starting with S
and ending with E are 4!
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The student AR skills were assessed by using the linguistic grades A = excellent, B= very good, C = good,
D = fair and F = unsatisfactory (failed). It becomes evident that such kind of assessment involves a degree
of fuzziness caused by the existence of the linguistic grades, which are less accurate than the numerical
scores.
Let U = {S1, S2, …., S20} be the set of the students of the class under assessment and let E= {A, B, C, D,
F} be the set of the linguistic grades (parameters) mentioned before. Then, according to the results of
the student assessment, we defined a map f: E → P(U) as follows: f(A) = {S5, S14, S18}, f(B) = {S1, S3, S9,
S12, S15, S17}, f(C) = {S2, S6, S8, S11, S13, S20}, f(D) = {S4, S7, S16}, f(F) = {S10, S19}. Consequently, the soft
set

( f, E )

=

( A, f ( A )) , ( B, f (B )) , ( C, f ( C )) , ( D, f ( D )) , ( F, f ( F )) ,

(5)

represents mathematically the student class overall performance in a parametric way.

A hybrid method for the assessment of analogical reasoning skills

Another advantage of using softs sets as tools for the assessment of student AR skills is the mathematical
representation of each student’s profile with respect to the steps of the AR process. In fact, consider a
particular student of the class and let V = {R, S-R, M, A} be the set of the steps of the AR process
mentioned in the beginning of this section. Define a map g: E → P(V) assigning to each linguistic grade
(parameter) of E the steps of the AR process in which the performance of the particular student was
assessed by this grade. Then the soft set (g, E) represents mathematically the student’s profile. For example,
the soft set

( g, E)

(

)

(

)

= { A, {R, S − R} , (B, ), C, {M, A} , ( D, ), (F, )}.

(6)

corresponds to a student who demonstrated excellent performance at the steps of representation and
search-retrieval and good performance at the steps of mapping and adaptation.
Sometimes, however, it is necessary to assess the mean performance of a student class. This is needed, for
example, when one wants to compare the performance of two different student classes. It becomes evident
that, when using linguistic grades, the mean performance cannot be assessed by calculating the mean value
of the student scores in the classical way. In order to overpass this difficulty we assigned a scale of
numerical scores from 1 to 100 to the linguistic grades A, B, C, D and F as follows: A (85–100), B (75–
84), C (60–74), D (50–59) and F (0–49)1. For simplifying our notation we used the same letters to
correspond to each of those grades the GNs A ∈ [85, 100], B ∈ [75, 84], C ∈[60, 74], D ∈ [50, 59] and F
∈ [0, 49], respectively. This enabled us to assign one of the GNs A, B, C, D, F to each student of the class.
Then, using equation (5), it is easy to check that the “mean value” M of all those GNs is equal to the GN
M=

1
1
(3A+6B+6C+3D+2F), or by (3) M =
([255, 300]+[450, 504]+[360, 444]+[150, 177]+[0, 98]),
20
20

or by (2) M =

1
[1215, 1523]. Thus, by (3) M ∈ [60.75, 76.15]. Therefore, by (1) W(M)=68.45, which
20

means that the student class demonstrated a good mean performance.

The scores assigned to the linguistic grades are not standard and may differ from case to case. For instance, in a more rigorous assessment one
could take A(90-100), B (80-89), C(70-79), D (60-69), F(<60), etc.
1

4 | Discussion and Conclusions
A hybrid method using soft sets and GNs as tools was developed in this work for the assessment of
student AR skills. The use of soft sets enabled a mathematical representation of the overall student
performance in terms of the linguistic grades (parameters) used for their assessment, whereas the use of
GNs enabled to obtain a crisp representative evaluating their mean performance. The second is useful
when one wants to compare the performance of two or more student groups.
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The new hybrid assessment method developed here has a general character. This means that, apart from
student assessment, it could be utilized for assessing a great variety of other human or machine (e.g.
case–based reasoning or decision making systems) activities. This is an important direction for future
research. The theory of fuzzy systems, however, and the alternative theories related to it which were
mentioned in the beginning of Section 2 of the present work, give also many and good other
opportunities of applied and theoretical research in almost all sectors of the human activity, e.g. see [25][28], etc.
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