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Abstract

This paper, considers the fuzzy topological subsets, fuzzy topological spaces and introduces a novel concept of fuzzy

Hausdorff space and fuzzy manifold space in this regards. Based on these concepts, we present a concept of fuzzy metric

Hausdorff spaces and fuzzy metric manifold spaces via the notations of KM-fuzzy metric spaces. This study, generalises

the concept of fuzzy metric space to union and product of fuzzy metric spaces in classical logic and in this regard

investigates the some product of fuzzy metric fuzzy manifold spaces. We apply the notation of valued-level subsets and

make a relation between of topological space, Husdorff space, manifold space and fuzzy topological space, fuzzy

Husdorff space and fuzzy manifold space. In final, we extended the fuzzy topological space, fuzzy Husdorff space and

fuzzy manifold space to fuzzy metric topological space, fuzzy metric Husdorff space and fuzzy metric manifold space

Indeed, this study analyses the notation of fuzzy metric manifold based on valued-level subset.

Keywords: Fuzzy metric space, T-norm, Fuzzy (metric) Hausdotff space, Fuzzy (metric) manifold space.
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Introduction

As a generalization of the classical set theory, fuzzy set theory was introduced by Zadeh [17] to deal
with uncertainties. Fuzzy set theory is playing an important role in modeling and controlling unsure
systems in nature, society and industry. Fuzzy set theory also plays a vital role in complex phenomena
which is not easily characterized by classical set theory. After the pioneering work of Zadeh [17],
there has been a great effort to obtain fuzzy analogues of classical theories. Among other fields, a
progressive developments is made in the field of fuzzy topology. Fuzzy topology is a fundamental
branch of fuzzy theory which has become an area of active research in the last arse because of its
wide range of applications. One of the most important problems in fuzzy topology is to obtain an
proprieties concept of fuzzy metric space. This problem has been investigated by many authors from
different points view. In particular, George and Veeramani [5] have introduced and studied a notion
of fuzzy metric space with respect to the concept of t-norms. Furthermore, the class of topological
spaces that are fuzzy metrizable agrees with the class of metrizable-topological spaces. This result
permits Gregori et al. [4] to restate some classical theorems on metric completeness and metric (pre)
compactness in the realm of fuzzy metric. Kaleva and Manjusha [11] generalized the notion of the
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metric space by setting the distance between two points to be a non-negative fuzzy number. They by
defining an ordering and an addition in the set of fuzzy numbers obtained a triangle inequality which is
analogous to the ordinary triangle inequality. Historically, the notion of a differentiable manifold, that is, a
set that looks locally like Euclidean Space, has been an integral part of various fields of mathematics. One
may note their applications in the fields of Differential Topology [7], Algebraic Geometry, Algebraic
Topology, and Lie Groups and their associated algebras. They will base our work upon the already well-
established fuzzy structures viz. fuzzy topological spaces, fuzzy topological vector spaces, fuzzy derivatives.
However, the definition of a fuzzy derivative provided in Foster [7], is not easily generalized to a general k
derivatives. Consequently, the existence of a fuzzy differentiable manifold of class greater than one has not
yet been established. They shall give topological separation axioms that have not been given previously,
for sake of completeness. Our principal approach is quite similar to the methods used in [7]. Namely, they
shall take definitions in [3] of fuzzy continuity and fuzzy topological vector space, and use these notions
to give a fuzzy topological vector space differential structure by constructing a fuzzy homemorphism and,
naturally, a fuzzy diffeomorphism of class k. To do so, they provide a new definition of a fuzzy object,
known as fuzzy vectors. They then define proper fuzzy directional derivatives along these abstract fuzzy
vectors, and allude to their applications in manifold learning. For completeness, they shall define tangent
vector spaces to these fuzzy manifolds. Further materials regarding fuzzy topological spaces are available
in the literature too [1], [2], [8]-[13], [15], [16]. Regarding these points, we apply the concept of fuzzy metric
spaces and make a connection between of manifolds and fuzzy subsets. The fuzzy metric spaces are not
necessarily finite space, so one of our motivation of this work is a construction of finite fuzzy metric space.
This study presents a concept of fuzzy (metric) Hausdorff space and fuzzy (metric) manifold space. The
main our motivation of this work is the concept of fuzzy (metric) Hausdorff space and fuzzy (metric)
manifold space based on t-norm such as Domby t-norm, Godel t-norm and etc.

Motivation fuzzy subsets are mail tools in construction of classic structures via valued cuts. We try to
construct topology spaces, Hausdorff spaces and manifolds in this regard. Thus this probleem is a main
motivation to extension of topology spaces, Hausdortf spaces and manifolds to fuzzy (metric) Hausdorff
space and fuzzy (metric) manifold space.

2 | Preliminaries

In this section, we recall some definitions and results, which we need in what follows.

Theorem 1 ([6]) (Inverse Function Theorem). Let U be an open subset of R?, and let p € U. Let g: U
—R" be a smooth map. If d, € Hom (R”, R") is a linear isomorphism, then there exist open

neighbourhoods U, vo of p, g(p) such that g| Uo : Uy — Vo is a diffeomorphism.

Definition 1 ([6]). Let M be a Hausdorff topological space. W. say that M is an n-dimensional topological

manifold if it satisties the following condition: for any p € M, there exists:

— an open subset Uwithp € U €M.
— anopen subset E € R™

— a homeomorphism : U — E.

Such a U is called a (local) coordinate neighbourhood, and ¢ is called a (local) coordinate function. We
write x ={(p) and regard (x1,..., Xn) as local coordinates for the manifold M.

Definition 2 ([6]). Let M be a topological manifold. Let A be a set. We say that S is a Cl-atlas (or
coordinate neighbourhood system) for M if S = {(Us, ) | € A} where



— U is an open subset of M, for all o € A.

— pa: Ua — Ea is a homeomorphism to an open subset E« of R", for all « € A.
L acA Un =M.

Definition 3 ([6]). Let S be a Cl-atlas for M. If ¢, © ¢g =1 is a C*-map for all o, § € A, we say that M is
a C*-atlas for M. We call {, © {pg~! a coordinate transformation or transition function. The domain of
the map ., © g ! is assumed to be Ys(U, N Upg) (which could be the empty set). Thus, {, © ¢! is a
homeomorphism from ¢g(Us, N Up) to (U, N Up).

Definition 4 ([6]). Let M be a topological manifold. Let S be a C*-atlas for M. We say that M is a C*-
manifold (ot smooth manifold, or differentiable manifold). The concept of Cr-manifold can be defined
in a similar way. However, from now on, manifold will always mean C®-manifold. The concept of
complex manifold can be defined in a similar way, using coordinate charts ¢ : U— C». However, the
term complex manifold will always mean complex manifold with holomorphic (complex analytic)
transition functions.

Definition 5 ([6]). Let M, M' be smooth manifolds with dim M =n, dim M'=n". Let ¢ :M—M' be a
map. Let pEM.

— We say that ¢ is smooth (or C*) at p if " o ¢ ° -1 is smooth at (p) for some local coordinate functions  :
U—ECRn ¢ : U —E cR” withp €U, ¢p(p) €U
— We say that ¢ is a smooth map (or C=-map) if ¢ is smooth at all points of M.

If ¢ : M — M’ satisfies the conditions; 1) ¢ is bijective, 2) ¢ is smooth and 3) ¢p—1 is smooth. Then we
say that ¢ is a diffeomorphism and M, M' are diffeomorphic.

Definition 6 ([17]). Let X be a non-empty set. A fuzzy subset A of X is defined as, A = {(x,ua) | XEA}
=pa where pa: A— [0, 1].

Definition 7 ([14]). A map T:[01] X [01] — [01] ois called a t-norm, if for all x, y, z € X;

T () =T x).

T 1)=T(1,x) =x

T T z)=T(1 (%))
ifxx =y, then T (x,2) =T (y, 3).

Definition 8 ([14]). A triplet (X, p, T )is called a KM-fuzzy metric space, if X is an arbitrary non-empty

set, T'is a left-continuous t-norm and p: X2 X R=0 — [0, 1] is a fuzzy set, such that for each x, y, z, €
Xand t, s = 0, we have:

I pixvy0)=0.
II. px,x,t)=1forallt>0.
III.  p &, y,t) =p (, X, t)(commutative property).
V. TpEvy,pPG,2s)<p &,z t+ s)(triangular inequality).
V. p&vy,—):R=20—]0,1]is aleft-continuous map.
VL. p &, y,t) — 1, when t — o,
VIL. p,y,t) =1,V t>0implies that x =y.

If (X, p, T )satisfies in conditions (I)—(VII), then it is called KM-fuzzy pseudometric space and p is called
a KM -fuzzy pseudometric
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3 | Fuzzy Topological Space
In this section, we recall some definitions and results, which we need in what follows.

Definition 9. Let M be an arbitrary set and F (M) = {u: M — [0, 1]}. A family .Z, of subset of F (M) is
called a fuzzy topological if satisfied in the following conditions:

I. w€F,andu €7, .
II. everyi €1, w € %, ,implies that (_ ;e ;) € F
III. each1<i<n, w €7, implies that (", pi) € 7, .

So (M, F#,) is called a fuzzy topological space and the members of .7, are called open fuzzy subsets, where
po=0and p =1.

Example 1. Consider M=R and .7, = {u, wi | where 1 and i € N* }. One can see that (M, .7, ) is

Ui=1+Xx2

a fuzzy topological space.

Theorem 2. Let o € [0, 1]. Then (M, .#,) is a fuzzy topological space if and only if (M, Z“+) is a topological
space.

Proof. Since w € 7, ,we get that 1g® = {x | po(x) > a} =@ and so @ € .7, ™. In additon, us € 7, , implies
that 11g® = {x| po(x) > o} =X, then X € .7, Let {;* }ic € F. Since Vg i ) = (U jer pi)(x) and for

alli € I, i(x) > a, we have Vi pt; X) > o and so [ ie]#i“+ € 5’7;“+.

If fu YL, € 7,77, then (N ) %) = (AL ) %) = ALy (ui(x) > @ Tt follows that (X, 7, ) is a
topological space. The converse is similar to.

1t

Example 2. Consider the fuzzy topological space (M, .#;) in Example 1 and & Zé. Then pp2 ={x€/0>

.
1 1 1

1* .
= . = i 1
E}:Q,le ={x€M|1>E}:]R,andforz_>2,p12 :{x€M|m>

E}Z{XEMl —...<x<...}'SO(IR,

1+ 1+

F.2 ) is a topological space, whete 72 = [@, R, (—\/;, \/;)| i>2}.

Theorem 3. Let M ' be a set where |[M | = [M'| and (M, .7;) be a fuzzy topological space. Then there

exists a fuzzy topology 7,/ on M 'in such a way that (M

', 7 ) is a fuzzy topological space.

Proof. Since |M | = |M'|, there is a bijection ¢ : M' — M. Consider .7 = {wi° ¢ | w € 7'}, clearly (M

', F) is a fuzzy topological space.

Example 3. Consider the fuzzy topological space (R, #,) in Example 2 and M= (0, 1). Define a map F :
R — Mby f x) = —

1+ °

Then ((0, 1), &) is a fuzzy topological space.

Corollary 1. Let M be a set where |M | = |IR|. Then there exists a topology .#; on M in such a way that
M, F,) is a fuzzy topological space.



Definition 10. Let (M, .#,) be a fuzzy topological space. A subfamily .7 B: of 7, is called a base if

L forallx € M, we have V cop, pt x) = 1.
II. M1, M2 € FBrimplies that 1 N U2 €.F Br.

Theorem 4. Let (M, #,) be a fuzzy topological space and .# B: be a base for .#, . Then every elementof
F, is inclused in union of elements of # B: .

Proof. Let 4 € F; . Then for all x €M, we have U (x) = U XV] = UE) V (Vespc i X)) <
V yezpe ti X). It follows that p € e opq i

Definition 11. Let (M, .7;) be a fuzzy topological space and .7 B: be a base for .7,. Define ( B ) = {v
€ .7, | AN € F,,n S v} and it called by generated fuzzy topology by .7 B..

Theorem 5. Let (M, .7,) be a fuzzy topological space. Then ( .7B: ) is a fuzzy topology on M.

Proof. Since for all p € 7, , u € i, we get that wy € ( FB- ). If po € (7B ), then pu € po implies that u
= wo. Let {vi}ier a family of elements ( FB: ) and(_ ;;v; = v. Then there exist u; € 7, in such a way that
UiS ViSo U= ;qp €L ;v =0v.Because U €.F, and U SV, we getthat ¥V € (.7 B ). Now, if

for n €N, {v;}i, is a family of elements of (.7 B: ) in a similar way we have ", v; € ( F B: ).

Proposition 1. Let (M, .7,) be a fuzzy topological space and .7 B; be a base for (M, .7,). Then F B%" is
a base for topological space (M, .7,%").

Proof. LetB={u®" | 4 € FB.,a €[0,1]},xEMand {4 (x)= &. Thenx € u* + € | yesp: 4 and
50 U gesme 4% = M. Suppose x € ‘u‘lﬁ N y§+. Since .7 B is a base for fuzzy topological space (M, 7, ),
weget 1 N [ € FB..Now, x € (4 N wp)* + C w8 N ug" and so B is a base for .7 B. .In the

following, we will construct fuzzy topological space via topological spaces.

Definition 12. Let (M, t,,) be a topological space. For all M; € 7y, define T ¢ = Uo, Ty = U1 and for
any i € I, 7py : M = [0, 1] by 73, () = Ki(x) = & € [0, 1].

So we have the following lemma.
Theorem 6. Let (M, 7)) be a topological space. Then (M, F; = {1y, }ie1 ) is a fuzzy topological space.

Proof. Since (M, 7)) is a topological space, we have @, M € 7, so by definition o = T, Lo = Ty €
T.

Let for any i € I, we have U; €.7,. Since for all x € M, (Ut X) = Viertti X) =
Vmer, T, X) = (U mer; Ti,)(x) and (M, Ty) is a topological space, we get that [ yer, Ty, € T and so
U jer i € F. Letn EN and {p;}l; be a set of elements .7, . In a similar way, itis shoed that (L, y; € Z,.
therefore, (M, .7, is a fuzzy topological space.

Corollary 2. Let M be a non-empty set. Then there exists a fuzzy topology .#; on M such that (M, 7,)
is a fuzzy topological space.

Definition 13. Let (M, .7,) and M~ ,.7;") be fuzzy topological spaces and f: (M, 7, ) = M’ , 7 )be
a homeomorphism, define f4": (M, &) = M’ , (F)*") by f* (x) = f(x), where x € M.

/-

1 Fuzzy. Exi. Appl

22

Mollaei Arani |]J. Fuzzy. Ext. Appl. 4(1) (2023) 18-27



Ji—.

I Fuzzy. Ext. Appl

23

Fuzzy metric topology space and manifold

Theorem 7. Let (M, .7,) and (M’ ,7) be fuzzy topological spaces. If f: (M, F,) = M  ,7F/) isa

bijection and a fuzzy continuous map, then f*': (M, 727) = M’ (F)*") is a continuous map.
Proof. Let (u)*" € (F)*". Then
E) ) ={x € MY x) e @)} = {x € Mf(x) € p)¥}=1{x €

M| () > a} = fx € M|3p € Fs.tpux) > af=p € 7.

Since f*"is a bijection, we get f¢"is a homeomorphism.
3.1 | Fuzzy Manifold Space

In this subsection, we introduce a concept of fuzzy Hausdorff space based on valued-cuts and in this
regards, the concept of fuzzy manifold space is presented.

Definition 14. Let (M, Z,) be a fuzzy topological space. Then (M, #,) is called a fuzzy Hausdorff space
if, for all x, y € M there exist f1, 42 € F, and 0< & < B £1 in such a way that x € u®F'={x € M |
a<ux<Bl

Example 4. Consider the fuzzy topological space, which is defined in Example 1. A simple computations
show that fori#i" € N,

J,=(- i(l—l),—\/i(l—l)), U (\/1(1—1), 1(1-1)).
o B B o

J =(- i’(l—l),—\/i'(l—l)), U (\/i’(l—l),\/i'(l—l)).
1 a p B !

Where J; = yl(,a’ﬁrrand ] = yifl’ﬁy. If x, y €R, since R is a Hausdorff space, there exists i,i° € N* such

2
thatx € J, y € Jv ,and J; N Jv =@ (For allx € R, consider 0 < & < 8 Sl,then%<i<g.)

Theorem 8. Let (M, #,) be a fuzzy Hausdorff space and & € [0, 1]. Then (M, Z,%) is a Hausdorff space.

Proof. Since (M, .%,) is a fuzzy topological space, (M, %) is a topological space. Let x,y € M and &, B
€ [0, 1], because of (M, .7,) is a fuzzy Hausdorff space, there exist, U1, 42 € F,and 0L & "< B <
1 such thatx € /,t(lwl’ﬁ’)+and yE y(za”ﬁ’)+. Now consider @ £ Tmn{@" , B" }. It follows that, x € u® and

y € uf and p* Npf = @. So M, Z,%) is a Haussdorff space.

Definition 15. Let (M, #,) be a fuzzy Hausdorff space. Then (M, .#,) is called a fuzzy manifold if, for all
x € M, there exists 4 € .7, and homeomorphism ¢ : supp( ) —R" such that x € Supp(i ). Each (U,
O) is called a fuzzy chartand A = {(U, ) | U € F,, ] : supp(U) —R"} is called a fuzzy atlas. Let (U
, ), (L, ¥) be two fuzzy charts of fuzzy atlas A. Then (U, d), (U, ¥) are called C*-compatible charts
if ¢ :supp(U) =R" , ¥ :supp(L) =R" and ¢ ¥—1: ¥ Supp(U)NSupp(L)) = GSupp(4)N
Supp(V)) are a C!-fuzzy diffeomorphism.



Example 5. Consider the fuzzy Hausdorff space, which is defined in Example 6. It is clear that for all
x € R, and for all i € IN, we have x € Supp( U ) =R, we get that x € Supp(U ;). Define (Ln); : Supp( U
) —™R,so A={(Ui, (Ln)) | i€ N } is a fuzzy atlas.

Theorem 9. Let (M, .7#,) be a fuzzy manifold and @ € |0, 1]. Then (M, %)) is a manifold.

Proof. Since (M, #;) is a fuzzy manifold, by theorem 8, (M, .#.*) is a Hausdorff topological space.
Inaddition, for all x € M, there exists 4 € F, and homeomorphism ¢ :supp(M) —R" such that x €

Supp( ). Now consider A*={(u, ¢) | 4 € .F,, d:supp(U)—R"}. One can see that A is an atlas.
Thus (M, .#.*) is a manifold.

In the following, we wnant to extend two fuzzy topological space to a larger class of fuzzy topological
spaces.

Definition 16. Let .7, and .Z,/be fuzzy topology on M and M" | respectively. Define 7, X .7, ={ U
x u’ | u EJT,/J' € F}, where for all x,y EM XM and (X u’ )X, V) = Tmin( U (%),
K y))-

Theorem 10. Let (M, .7, ) and M~ ,7,) be fuzzy topological spaces. Then M XM’ |7, X F.,) is a
fuzzy topological space.

Proof. Since o€ .F, N Fp forall (x,7) E MXM'  we have (U oX Lo)(x, ) = Trmin{ L o(X), Lo(y)}=
0,and so (Mo X U o) €.F, X.F . Inaddition, 41 € .F, N.F ,implies that (U1 X U 1)(x,y) = Tpe{ U
1(%), L1(y)}=landso 1 X U1 EF, X T . Let{ U },el and{y/}ie be two families of fuzzy topologies
on M and M | respectively. Then (L iet je(Hi ><[u7-)) %, Y) = (Vier jey Tonin(pi X [uj)) implies that
U er jey(pi X y;) € F, X F. Let {‘u,-}r‘l and [y7 }’ be two families of fuzzy topologies on M and M”

n,m n,m

srespectively. Then ()25, (4 X g))(x, y) = (\/1‘:17‘:1(#1’ X )%, y) = V21 (Toin(pi X 1)) implies that
N ';’7 (i X p)) € Fr X Fy. Thus (M X M’ F, XF.)is a fuzzy topological space.

3.2 | Fuzzy Metric Manifolds

In this subsection, we introduce the concept of fuzzy metric topological space and investigate its
properties.

Definition 17. Let M, 0, T) be a fuzzy metric space and FOM) = {¢ : M — [0, 1]}. Then M, 0,
F,) 1s called a fuzzy metric topological space, if

- F,is a fuzzy topology on M.
— forallx,y €M, t €R and u:1# 4 €.F,, wehave T((x), t(y) £ o(x, y, 1)
Example 6. Let M = R. Then (M, Ty, 0) is a fuzzy metric space, where forall x,y € Rand t € R+,

P (X’ ¥ ) max{x,y}+t|’
={ U, M| where —andi €N}

min{x,y}+t

. It is easy to see that (M, 0, T, F,) is a fuzzy metric topological space, where 7,

Theorem 11. Let (M, T m) be a topological space and T be a t-norm on M. Then there exists a fuzzy
subset 0 :Mz XIR* — [0, 1] such that (M, 0, T, F,) is a fuzzy metric topological space. Proof. Let U
€ .7,,tER"and x, y € M. Detine
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p(x,y,t) = {T(P Xx), i Y)), if x ;t' y,
L otherwise.

Now, we show that H=M, 0, T, F;) is a fuzzy metric topological space. By definition, for all x € M, 0
& x,t)=1land forally EM, O (x,y,t) > 0. Letx,y,z € M. Then forall t, s € R,
T(p(x,y, ), p(x,¥,9) = T(T(), p(y), T(u(y), 1(2))) < T(p ), 1t 2))
= pXYyt+s).

So (M, 0,T) is a fuzzy metric space. Let x,y € M, t E R* and U 1# U2 € .F,. Hence T(U (X), U (y)) =0
7,0 < 0 (X,Y,t). Therefore, M, 0, T, .7, is a fuzzy metric topological space.

Theorem 12. Let (M, 0, T, #,) be a fuzzy metric topological space, x,y € M and & € [0, 1]. Then

— If w= s, then T( ¢ (x), #(y) < 0(x, y, t) implies that x =y.
— Foranyi€l, #i €7, we have T((U jer ) %), (U ier ()(®)) < p(x, ¥, ).
— Foranyi €N, ui €7, weget T(NLy wi) %), L)) < p(x, y, b).

Proof.
I. Sinceforallx €M, U (x)=1,we get T(U (x), £ (x)=T(1,1)=12 0(x,vy,t). Thus o (x,y,t) =1 and so x=y.

IL Letx,y € M. Then T((U jer ) %), (Uier ()W) = TNy i ), Nyt ) < T %), 4 9)) < p(xy,t)
III. Since (M, #, ) is a fuzzy topological space, foralli € Tand i€ F, u = Ui Ui € Fo.

So,
T((U ser 1) %), (L ser ()(y)) = T(p(x), u(y)) < p(xy,b).

Theorem 13. Let (M, 0,T, .#;) be a fuzzy metric topological space and @ € [0, 1]. Then M, o0 ,T, 7.*%)
is a topological space.

Proof. It is similar to Theorem 5.

Theorem 14. Let M be a non-empty set. Then there exists a t-norm T, a fuzzy metric subset 0 : M2 X R

* — [0, 1], and fuzzy topology .#; on M such that (M, 0, T, ;) is a fuzzy metric topological space.

Proof. Let M be a non-empty set. Then there exists a topology T on M such that (M, T ) is a topological
space. Using Corollary 2, there exists a fuzzy topology .#; on M such that (M, .#,) is a fuzzy topological
space. Hence there exists a fuzzy subset 0 : M2 X R* — [0, 1], such that (M, 0, T} is a fuzzy metric
space. Thus there exists a t-norm T, a fuzzy metric subset 0 : Mo X R+ — [0, 1], and fuzzy topology .7,

such that M, 0, T, #,) is a fuzzy metric topological space.

Theorem 15. Let M" be a set where IM| = |M' | and M, 0, T, .7,) be a fuzzy metric topological
space. Then there exists a topology .7, on M"  and fuzzy subset 0 : My XR+ — [0, 1] in such a way

that M , 0,T, F/) is a fuzzy metric topological space.

Proof. Since |[M| = |M" |, there is a bijection ¢ : M" — M. Consider Z,/= { Ui ° ¢ | i€ F.}, clearly
M . F) is a fuzzy topological space. Based on theorem 11, there exists a fuzzy subset 0 : My X Rt —

[0, 1] and a t-norm T such that M" , o, T, F,) is a fuzzy metric topological space.



Corollary 3. Let M be a set where | M| = | R |. Then there exists a fuzzy topology .#; on M, a fuzzy
subset 0 : My XR* — [0, 1] and a t-norm T such that (M, 0, T,.7,) is a fuzzy metric topological

space.

In the following, results are similar to perevious section.

Definition 18. Let (M, 0, T, .#,) be a fuzzy metric topological space. A subfamily .7 B: of #, is called
a base if

— forall x € M, we have \/ e s, ph X) =1 and
- WUy //_7EyBTZ.}%p/Z.ﬂ[bd/ﬂ/n//gEy‘BT.

Theorem 16. Let (M, 0, T, #;) be a fuzzy metric topology space and .# B: be a base for .7, . Then

every element of .7, is inclosed in union of elements of .7 B- .

Proof. The proof is similar to Theorem 4.

Definition 19. Let M, 0, T, #,) be a fuzzy metric topological space and .7 B: be a base for .#,. Define
(7B.)={v €F |3 U €F, U SV} anditcaled by generated topology by .7 B..

Theorem 17. Let M, 0, T, #;) be a fuzzy metric topological space. Then (.7 B: ) is a fuzzy topology
on M.

Proof. The proof is similar to theorem 5.

Proposition 2. Let M, 0, T, .#;) be a fuzzy metric topological space and .7 B: be a base for (M, 0,
T, #;). Then J"TBf[z" is a base for topological space (M, ).

Definition 20. Let M, 0, T, #) and M’ , 0, T, F ) be fuzzy metric topological spaces and f
:(M, F) = M’ ,7./) be a homeomorphism, define f*": (M, Fy > M ,(Z/)w) by f¢" (x) = f(x),
where x € M.

Theorem 17. Let M, 0, T, Z;)and M" , p, T, .F/) be fuzzy metric topological spaces. If £: (M, 0
, T, 7)) =M, 0, T, ) be a fuzzy continuous map, then f*": (M, %E‘+) - M, ((Z/)Oﬁ) is a

continuous map.

Proof. The proof is similar to Theorem 7.

Definition 21. Let (M, 0, T, .#,) be a fuzzy metric topological space. Then (M, 0, T, .7,) is called a
fuzzy metric Hausdotff space if, for all x, y € M there exist U 1, U 2 € F; in such a way that x € supp (
U1),y Esupp(M2)and U1 N U2=@ where Supp (U)={x | £ (x)#0}and 1 N U>= @ means
that (L1 N U2)(x) =0.

Definition 22. Let M, 0, T, #;) be a fuzzy metric Hausdorff space. Then (M, 0, T, ;) is called a
fuzzy metric manifold if, for all x € M, there exists 4 € .#; and homeomorphism ¢ : supp( 4 )—Rn
such that x € Supp(Ut ). Each (U, ) is called a fuzzy chartand A = {(U, P) | 4 € F,d :supp(U)
—1Re} is called a fuzzy atlas. Let (U, d), (U, ¥) be two fuzzy chart of fuzzy atlas A. Then (U, §), (L
, ¥) are called C™-compatible charts if phi: supp(#) —Re, ¥ :supp(L) =Rrand ¢ Y —1: ¥ (Supp(
1) N Supp(L)) = GSupp(U) N Supp(L)) are a C'-fuzzy diffeomorphism.

{17
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Example 7. Consider the fuzzy Hausdorff space, which is defined in Example 6. It is clear that for all x €
R, and for all 1 € N, we have x € Supp(U 1) = R, we get that x € Supp(U ;). Define (Ln); : Supp(U ;) —
R, so A = {(Mi, (Ln)i) | i € N} is a fuzzy atlas. Now, define for all x, y € R and # ER*, 0 (x, ¥, t)

_ |min{x,y}+t . . . . _ .
gl 17 It is easy to see that M, 0, T, .7 ) is a fuzzy metric topological space, where . = {4 1, (i
| where y; = ﬁ and i € N*} and consequently M, 0,T, .7,) is a fuzzy.

4 | Conclusion

The current paper has introduced a novel concept of fuzzy Hausdorff space, fuzzy manifold space. Also:

1. Based on fuzzy toplology, every non empty set converted to a fuzzy Hausdorft space.
II. It is showed that the product and union of fuzzy Hausdorff spaces is a fuzzy Hausdorff space.
III.  The extended fuzzy metric spaces are constructed using the some algebraic operations on fuzzy metric
spaces.
IV.  The concept of fuzzy Hausdorff space and fuzzy manifold space is defined and investigated some its
properties.

We hope that these results are helpful for further studies in theory of fuzzy metric Hausdorff space fuzzy
metric manifold space. In our future studies, we hope to obtain more results regarding instuitic metric
Hausdorff spaces, neutrosophic metric manifold spaces and their applications.
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