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Abstract

Stock portfolio problems are one of the most relevant real-world problems. In this study, we discuss the portfolio's
risk amount, rate of risk-return, and expected return rate under a Fermatean fuzzy environment. A linear
programming problem is used to formulate a Fermatean fuzzy portfolio. The Fermatean fuzzy portfolio is converted
to a deterministic form using the score function. Lingo software is used to solve these deterministic portfolio
problems. The main feature of this model is that investors can select a risk coefficient to enhance predicted returns
and customize their strategies according to their circumstances. An example is offered that illustrates the effectiveness
and dependability of the proposed approach.
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1| Introduction

Information uncertainty is one of the invertible characteristics of dealing with decision-making problems.

is uncertainty usually originates from decision-makers' opinions and expressions.
Thi tai lly originates from decisi kers' opini d expressi

Various methods exist for defining and quantifying the uncertainty associated with information. To address
practical issues like economic risk management, researchers have shown a lot of enthusiasm for the Fuzzy
Sets (FSs) theory that Zadeh [1] proposed. This theory allows us to interpret and handle unpredictability in
decision support systems effectively. Fuzzy values or constraints can be employed to account for the
imprecise characteristics of financial market activity; merely assigning a membership value is not always
sufficient for the purpose of decision-making.

To address indecision in the human mind, FSs lack the capability to resolve this predicament. Atanassov [2]
introduced the concept of Intuitionistic Fuzzy Sets (IFSs) to provide a clearer definition of hesitations, which
are a significant extension of FSs. In this technique, membership and non-membership levels are utilized to
represent ambiguity and perception while ensuring that their sum lies in the unit interval [0,1]. The primary
benefit of IFSs is their ability to handle uncertainty resulting from insufficient knowledge. Its ability to manage
uncertainty has led to its success in several domains.
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IFSs are unable to illustrate circumstances in which they fail to meet limitations. Pythagorean Fuzzy Sets
(PFSs) were introduced as a solution to overcome this limitation of intuitionistic FSs. Yager [3] were the first
to introduce PESs, a relaxation of IFSs. He imposed the condition that the sum of the squares of the
membership and non-membership grades should be between 0 and 1. Looking at IFSs and PFSs side by side,
you can see that PESs are better at showing uncertainty because they have a wider range of membership and
non-membership degrees.

While PFSs provide a generalization of IFSs, they are unable to convey the decision information mentioned
below. Given a degree of membership of 0.7 and a degree of non-membership of 0.8, it is evident that it does
not satisfy the conditions of IFSs. Again, it does not satisfy the conditions of PFSs. IFSs and PFSs are unable
to represent this situation. To illustrate this situation, Senapati and Yager [4] derived the notion of Fermatean
Fuzzy Sets (FFSs). FFSs have a membership degree and a non-membership degree that must satisfy the
condition that the sum of the cubes of the grades of membership and non-membership lie between 0 and 1.
In the above scenarios, the sum of the cubes of 0.7 and 0.8 is less than 1. The membership space of FFSs is
larger than that of PFSs and IFSs (refer to Fig. 7). Several investigations have been conducted on IFSs, PESs,
and FFSs in recent years. Abbasi Shureshjani and Shakouri [5] invented a novel parametric ranking method
for intuitionistic fuzzy numbers. Zeb et al. [6] discussed aggregation operators of Pythagorean fuzzy bi-polar
soft sets with application in multiple attribute decision-making. Sahoo [7] presented a new score function-
based Fermatean fuzzy transportation problem.

Since the precise return of any security can not be predicted, much of the data is uncertain. Jing et al. [8]
presented the optimal selection of stock portfolios using multi-criteria decision-making methods. Goldfarb
et al. [9] introduced robust portfolio selection problems. Khalifa and Kumar [10] solved a fully neutrosophic
linear programming problem with application to stock portfolio selection. Liu and Qin [11] investigated the
mean semi-absolute deviation model for an uncertain portfolio optimization problem. Markowitz [12]
developed the concepts of optimal portfolios and proposed the mean-variance models. Simamora et al. [13]
present a fuzzy portfolio considering stock returns and downside risk. Since all securities returns are linear
constants, the portfolio selection problem is often an LPP. Rasoulzadeh et al. [14] invented Markowitz and
DEA cross-efficiency models for intuitionistic fuzzy portfolio selection problems. Saberhoseini et al. [15]
discussed some results on choosing the best private sector partner according to the risk factors in a
neutrosophic environment. Sardou et al. [16] presented results on optimal portfolio selection using the fuzzy
genetic method. A multi-period mean-variance portfolio was demonstrated by [17]. Yin [18] applies linear
programming problems in stock portfolio optimization. Several investigations into portfolio selection have

been conducted in recent years.

The subsequent section outlines the organization of the remaining content in the article. Section 2
comprehensively examines the fundamental concepts and terminology related to FSs, including intuitionistic
FSs, PESs, and FESs. The formulation and solution techniques for portfolio issues are presented in Section
3. Section 4 should showcase a collection of challenges in a portfolio that effectively employs the suggested
technique. The conclusion is presented in Section 5.

2| Basic Concepts

This section explores the interconnection and dedication of FSs, IFSs, and PFSs. Some operations on FFSs
have been discussed.

Definition 1 ([1]). The FSF on X, the universal set is laid out as
F={(&ne(8):EeX],
where p.(§) indicates fuzzy membership levels and that assigns the values in between 0 and 1.

Supplement of pis stipulated as p(§) =1-p(&) for each § € X and is denoted by .
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Definition 2 ([2]). In X, an IFS | is outlined as
1= 0,(8).B,(8): § e X],

where the 0,(§) indicates membership value and B,(§) indicates non-membership value of &eX
respectively.

Also, a, and B, assigns values between 0 and 1. These fulfils 0 <a, (&) +p, (&) <1, for every £ X.

h, (&) =1-0a,(&)—B, (&) is known as the indeterminacy degtree. In some circumferences, for whatever reason,
0<a(&)+P(E) <1 this may not be the hold. We take some situations, where a=0.7 and B=0.5 such that
0.7+05=12>1, but 0.7+05°<1. Again, if 0=0.6 and P=0.6 where 0.6+06=12>1, but
0.6* +0.6> <1. To deal with this situation, Yager [19] proposed the perspective assumption of the PFS.

Definition 3 ([19]). In the universe of discourse X, a PFS P is specified as
P={(&np(8),vp(E)):EX].

1 (&) : X —>[0,1] refers to membership value and Vv, (§) : X —[0,1] refers to the value to which the element

& € X is not a member of the set P, that satisfies

0<(1p(8)” +(vp(§)? <1, forall EeX.

h. (&) = \/1 —(1p(8)* = (v4(£))? indicates indeterminacy.

In practice, the condition 0<p®(&)+v?(€) <1 may not be true for any reason. For example, if we consider

u=0.9, v=0.6 where 0.9°+0.6° =1.17>1, but 0.9°+0.6° =0.945<1. Again 0.8°+0.7°=1.13>1, but
0.8° +0.7° =0.855 <1. The concept of FFSs was introduced to address this issue.

Definition 4 ([6]). A FFSA in X is defined as
A={Eun(),valE) 5 X}

U, (&) : X —[0,1] signifies the membership value and Vv, (§) : X —[0,1] stands for the non-membership value

to which the element & € X is not a member of the set A, with the condition that

0<(UA(E)’ +(Va(®)’ <1

For every £ X, h, (&)= 3/1 —(UA(E)° —(vA(8))® cotresponds to the degtee of indeterminacy.

L

1 lu:!+p;F=1
et =1
pte=1

o 1 n

Fig. 1. Spaces for IFSs, PFSs, FFSs.

2.1| Some Operations of FFSs

Let A, and A, be two FESs, then the following operations and relations can be defined as:
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L A CA, ff (uy () <u, (©) and (v, (§)2 v, (©) (forall EeX).
L A=A, iff (uy (&)=u, (&) and (v, (&) =V, (&) (forall £eX).

L A NA, ={Emin(u, ©),u, (©),max(v, ©),va E)):EeX).

V. ALUA, ={(& max(u, (©),u,, (€),min(vy ), va E)):EeX}.

The score function is used to rank the FFSs.

Definition 5 ([4]). The Score function of an FFS A =(u,,V,) is denoted by score(A) and is defined as
score(A) = us — V.
It is obvious that the value of the score function lies in the interval [-1,1].

In particular, if A=(1,0) then score(A) =1land for A=(0,1), score(A)=—-1. Otherwise, its value is in the

open interval (-1,1).

Definition 6. Let A, = (U, ,V, )and A, =(U,),V,)) be two FESs, then

I. If score(A,) <score(A,) then A, <A,.
II. If score(A,) >score(A,) then A, >A,.
III. If score(A,) =score(A,) then A, =A,.

It is seen that the score function is not enough to rank the FFSs. Sometimes, it is impossible to rank the FFSs
using the score function, eg., let A =(056,0.56) and A,=(0.44,0.44) be two FISs. Then,

score(A,) = 0 =score(A,), although A, #A, .
In this situation, the accuracy function is used for rank FFSs, which is defined as follows.

Definition 7. The accuracy function of an FFS A =(u,,v,) is denoted by accr(A) and is defined as

accr(A) = ué + V3. It is obvious that the value of accr(A) will be in [0,1].
Using the score function and accuracy function on FESs, the ranking of two FFSs is as follows.
Definition 8. Let A, = (uAl , VA1) and A, = (uA2 ’VAz) be two FFSs, then
I. If score(A,) <score(A,), then A <A,.
II. If score(A,) >score(A,) , then A >A,.
III.  If score(A,) =score(A,), then
— If accr(A)) <accr(A,), then A, <A,.

— If accr(A,) > accr(A,), then A, > A,.
— If accr(A)) =accr(A,), then A, =A,.

3 | Portfolio Problems

Portfolios are very sensitive to investing scenarios. Slight changes in the environment may affect the expected
return. This section discussed assumptions and notions used to formulate a portfolio model. We formulate a
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portfolio in a Fermatean fuzzy environment by using the concept of linear programming problems and

present the solution procedure of the proposed model.
3.1| Assumptions

Given the high sensitivity of the investment climate, even small changes can significantly affect portfolio
choices. To enhance the clarity of the problem formulation, we made the following assumptions:

1. The secutities analysis involves utilizing both the predicted return rate and the loss risk rate.
II.  Securities can be distinguished from one another and possess uncertain values.
III.  Transactions do not necessitate any payment.
IV. Investors prioritize the avoidance of risk and dissatisfaction above all else.
V. The bank's interest rate remains constant throughout the investment period.
VI. Risk security comprises nine distinct components.
VII. Participation in short sales is prohibited.
Notations

a, : Interest rates at banks.
a, : Rates of return to be anticipated, n =1:Kk.
B, : Returns at risk,n =1:k, m=1:j.
&, : The overall proportion of investments made over the investing terms.
&, : The proportion of investments financed by secondary securities, expressed as n =1:Kk.
T : Total return expected.
B : Expenditures portfolio risk factor.
V : The highest possible score for all safety risks.
3.2 | Proposed Model

The proposed portfolio problem is formulated utilizing the concept of linear programming problems in a

Fermatean fuzzy environment. The expected return of this model has been displayed as
T= Zané’;n.
n=0

Those who want to invest always try to minimize risk in securities while maximizing investment interest. The
market risk is represented by the portfolio risk coefficient, which is the ratio of the average market risk to the

risk of the stock portfolio. The total amount associated with all securities risks is indicated as
V =max{B,§,;,B,&,,...,B,&,}-

Utilizing the classical linear programming, the proposed model is formulated as follows:



65 Adak and Gunjan | J. Fuzzy. Ext. Appl. 5(1) (2024) 60-68

k
maxT=>a.&,
n=0

BE<B,
k M
subjectto Y€ =1,
n=0
£, =20,n=1:k

To be more generic and adaptable, we consider o, , B, and B, as Fermatean Fuzzy Numbers (FFNs). So,

we construct the following model as
~ K
maxT = ap&, +  6,&,,
n=1
BE <P,
K @)
subject to e, =1,

n=0

En20,m=1:jn=1:k.

3.3 | Solution Procedure for Proposed Portfolio Problems

In this section, the solution procedure for the portfolio problem involves FFNs in expected return rates, risk

loss rates, and risk coefficients.
T

B:(EWXM,B=@p@,“ﬁJ,a=@p@,“ﬂ0andg=@pg,ugﬁ.

Then

k
max T = 0,8, + D6,E,.

n=1

K 3)
subject to D=1,

=0

m
>0,m=1:jn=1:k.
Em j

By applying the score function, Mode/ (3) can be transformed into a deterministic linear programming program,
which can be solved by Lingo software.

maxT = 0,8, + Y S(&,)E,,

S(Bun)&m <S(B,).
K “
subject to deén=1,

£, 20,m=1:j,n=1:k

4| Illustrative Example

This section highlights an example to demonstrate the proposed portfolio model in a Fermatean fuzzy
environment. Suppose a person wants to give his preference for security as [0.8, 0.3], a FFN. It means that
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the investor may accept the degree to which the particular security satisfaction grade is 0.8 and the
dissatisfaction grade is 0.3. In this problem, we consider five available equities, with the first stock being a

bank savings that earns an annual rate of return of o, =7%.

Tables 1-3 present the data for the remaining four equalities, which are FFNs, with each having a membership
grade and a non-membership grade, also satistying the condition of FFSs.

Table 1. Risked loss rate %o.

B,, Riskloss rate
B, (0.6,0.3)
B, (05,04)
B, (0.7,0.2)
B, (05,03
B, (0.6,0.4)
B,, (0.8,0.5)
B,, (0.6,0.4)
B,, (0.7,0.4)

Table 2. Risked loss rate.

Bn Risk coefficient
B, (0.5,0.3)
B, (0.6,0.4)

Table 3. Expected rate return.

Stocks a

a, (0.7,0.4)
a, (0.6,0.4)
a, (0.8,0.3)
a, (0.7,0.3)

The problem can be formulated using the following model:

k
max T = a,&, + Y S(a,)E,,

n=1

S(Byy)E, +S(By,)E, +S(Byy)E, +S(B,)E <S(B)),

- ~ - ~ ~ (5)
subject to S(By1)&1 +S(By,)E; +S(By3)E +S(By )& <S(B,),
Cot&+&+8+8, =1,
£, 20,m=0:4.
Applying the score function, the deterministic portfolio problem is as follows:
max T = 0.07&, +0.33&, + 0.20&, +0.55&, +0.40¢,,
0.27&, +0.098, +0.45&, +0.165, <0.16,
0.20&, +0.16&, +0.20&, + 0.33&, < 0.20, 6
subject to 2 52 S S (6)
Cot&i+&+8+8, =1,
£,20,m=0:4.

Lingo software is used to solve converted deterministic portfolio problems.
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The optimal solution is

£, =0.25,& =0.0,&,=0.28,&, =0.0,&, = 0.47.

The optimal value T =31%.

The results of the study indicate that 25% of the entire funds in the bank are invested at an interest rate of
7%, 28% of the whole capital is invested in the S, security, and 47% of the total capital may be invested in

the S, security, which is considered the most favorable investment based on the given facts. Under the

premise that risk coefficients , and f, are present, this technique results in a maximum projected return of

31%.
5| Conclusion

A portfolio focuses on implementing an optimal investment strategy for investors that gives a maximum
return with minimum risks. This paper introduces a formulation of the stock portfolio that takes into account
FFNs in the risky return rate, portfolio risk amount, and expected turn rate. To form a portfolio, the concept
of a linear programming problem is used, as it involves the task of optimizing a linear objective function in
addition to several constraints. First, to construct the solution procedure, convert a Fermatean fuzzy portfolio
to a deterministic form using the score function. Then, Lingo software is employed to obtain the optimal
solution. The proposed method is demonstrated using a numerical example of Fermatean fuzzy portfolios.
The main feature of this study is that investors can select risk-efficient strategies to enhance predicted returns
and customize their strategies according to their personal views. Investigation of different fuzzy structures,
such as interval-valued FSs, neutrosophic sets, and spherical FSs, can be conducted in the future in

conjunction with in-depth discussions and suggestions.
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