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Abstract

In this paper,
properties of

we define the new notion of interval-valued Pythagorean fuzzy ideals in semigroups and established the
its with suitable examples. Also, we introduce the concept of interval valued Pythagorean fuzzy sub-

semigroup, interval valued Pythagorean fuzzy left (resp. right) ideal, interval valued Pythagorean fuzzy bi-ideal, interval

valued Pythagorean fuzzy interior ideal and homomorphism of an interval valued Pythagorean fuzzy ideal in semigroups

with suitable illustration. We show that every interval valued Pythagorean fuzzy left (resp. right) ideal is an interval valued

Pythagorean fuzzy bi-ideal.
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Introduction

In 1965, Zadeh [18] and [19] introduced the concept of a fuzzy set. He also developed the notion of
interval-valued fuzzy set in 1975, which extends the fuzzy set. A semigroup is an algebraic structure
comprising a non-empty set together with an associative binary operation. Atanassov |2] introduced
the intuitionistic fuzzy set with some properties. Atanassov |[3] developed the concept of interval-
valued intuitionistic fuzzy set. Thillaigovindan and Chinnadurai [15, 16] discussed interval-valued
fuzzy ideals in algebraic structures. In 2018, Chen [4] and [5] introduced the concept of interval-
valued Pythagorean fuzzy outranking of various methods in the application. Garg [8] and [9]
presented the notion of interval-valued Pythagorean fuzzy sets of multi-criteria decision-making
methods. In 2013, Yager [17] started the notion of Pythagorean fuzzy set, the sum of the squares of
membership and non-membership belongs to the unit interval [0, 1]. Peng [13] developed the new
operations for an interval-valued Pythagorean fuzzy set. Peng and Yang [14] presented the notion of
interval-valued Pythagorean fuzzy set.
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In 2019, Hussain et al. [10] started the notions of rough Pythagorean fuzzy ideals in the semigroups.

Akram[1] established the properties of fuzzy lie algebras. Kumar et al. [11] approached transportation ”’-
decision making problems using Pythagorean fuzzy set. Das and Edalatpanah [6] studied the concept of

fuzzy linear fractional progress with trapezoidal fuzzy numbers. Edalatpanah [7] used triangular I Puzzy. B, Appi
intuitionistic fuzzy numbers to deal with data envelopment analysis model. Najafi and Edalatpanah [12]

used iterative methods to study linear complementarily problems. In this paper, we discuss some of the 294

properties of interval-valued Pythagorean fuzzy ideals in the semigroups.
2| Preliminaries

Definition 1. [12]. Let X be a universe of discourse, A Pythagorean Fuzzy Set (PES) P =
{w, Pp(w), Pp(w)/w € X } where ¢: X — [0,1] and ¢: X — [0,1] represent the degree of membership and

non-membership of the object w € X to the set P subset to the condition 0 < (qblg(w))2 + (ybp(w))z <1
for all w € X. For the sake of simplicity a PFS is denoted as P = (¢,(w), ,(w)).

3| Interval-Valued Pythagorean Fuzzy Ideals in Semigroups

Definition 2. An Interval-Valued Pythagorean Fuzzy Set (IVPFS) P = [EE;, Zb;] on §'is known to be an

interval-valued Pythagorean fuzzy sub-semigroup of S. If for all wy, w, € S, it holds.
ﬁ)(WMz) = min{(’Fp (wy), &:)(Wz)}'

Up (W w3) < max{y,(wy), Wp (W)}

Example 1. Consider a semigroup S = {1, v, w, x, y} with the Cayley Table.

Table 1. Cayley table.
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e u VvV wW X y
u u u u u u
v u \ u X u
w u'y w Wy
X u v X X Vv
y u y u W ou

Define an interval-valued Pythagorean fuzzy set(IVPFS) P = [5;, ZD;] in § as follows.

[Dp(w1), ¥p(w)]
[0.7,0.8],[0.1,0.2],
[0.4,0.6],[0.4,0.5],
[0.3,0.5],[0.5,0.6],
[0.1,0.2],[0.3,0.5],
[0.3,0.5],[0.5,0.6].

< X 2 42 wn
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a;;,(uv) > min[&;(u),&;(v)]
([0.7,0.8],[0.1,0.2]) >[0.4,0.6],[0.1,0.2].
LF[)\};(LIV) < max{qjg(u),%(v)}.
([0.7,0.8],[0.1,0.2])<[0.7,0.8],[0.4,0.5].
Thus P = [?q;;, @;] is an Interval-Valued Pythagorean Fuzzy Sub-Semigroup (IVPESS) of S.

Definition 3. An IVPFS P = (5;, 1}?) on semigroup S, is said to be an interval-valued Pythagorean fuzzy
left (Py;)(resp.right(Pgy)) ideal of S. If for all wy, w, € S, it holds.

Gp(Wiwy) > Gp(wy);

" Pp(wiwy) < Uy (W) (resp.right(Pry);
Op(W1W3) > dp(w1);
Vp(W1wz) < p(w).

Definition 4. An IVPFS P = [¢,,1,] on S is called IVPFI (P)) of . If for all wy, w, € S, it Pis both a left
and right IVPFI of S.

(Wiwp) > max{cﬁg(wl),gp;(wz)};

Pp(wiwz) < minfp,(wr), Pp(wy))-

Definition 5. An IVPFS P = [5;, @;] on S is known to be an interval-Valued Pythagorean Fuzzy Bi-Ideal
(IVPFBI) (Pg;) of S. If for all a,w;,w, € S and satisfy.

bp(Wrawy) > min{d,(wy), dp(wo) |

Up(wiawy) < max{iy(wi), Up(wa)},
Example 2. Consider a semigroup S = {u, v, w, x, y} with the Cayley Table.

Define an interval-valued Pythagorean fuzzy set P = [EE;, @] in S as follows.

S [dpwr), bpwi)],
u [0.8,0.9],[0.1,0.3],
v [0.3,0.5],[0.7,0.9],
w [0.4,0.6],[0.6,0.7],
x [0.3,0.5],[0.7,0.9],
y [0.7,0.8],[0.4,0.5].

—_ — —. —

Thus P = [Zﬁ;, %] is an interval valued Pythagorean fuzzy bi-ideal of S.



Definition 7. An IVPFS P = <[€5;,f/:;]> on § is known to be an interval-valued Pythagorean fuzzy
interior ideal (IVPFIL) (P;;) of S. If for all a,w;,w, € S and satisfy.

bp(wiawy) > dp(a);

@(Wlawz) < LE(a).

Definition 8. For any non-empty subset N of a semigroup S is defined to be a structure xy =

{1, (@ (@1), P ()]l € S} which is briefly denoted by xy = [@y, Pr]

(TifxeN .
-~ |~ —~ Oif xeN
where, ¢, (w;) = 10 otherwise Wyn(®1) = {f ojtrh erwise

Theorem 1. Let S be a semigroup. Then the following are equivalent.

The intersection of two interval-valued Pythagorean fuzzy sub-semigroup of S, is an interval-valued
Pythagorean fuzzy sub-semigroup of S.

The intersection of two interval-valued Pythagorean fuzzy left (resp. right) ideal of S, is IVPFLI (resp.
IVPERI) of S.

Proof. Let Py = [@,l,iﬁpl] and P, = [épz, 1/71,2] be two interval-valued Pythagorean fuzzy sub-semigroup
of S. Let w1y, Wy € S.

Then,
(Gp, N Bp,) (W1, W2) = min{y, (W1, W2), Gy, (W1, wo)
> min {min{Gy, (1), Gp, (w2)), min{Gp, (w1), Bp, (w2) |}
= min {min{Gy, (1), Gp, (1)}, min{p, (w2), Bp, (w2)
= min(Gp, N Bpy(w1), Bp, N By (w2))
(Dp, Uy, ) Wi, wa) = max{Pp, (W1, Wa), b, (w1, W)
< max {max({fp, (w1), Tp, (w2) , max|Bp, (W), B, ()]
= max {max{fp, (w1), Ty, (w1) |, max|Fp, (w2), T ()]
= max(Tp, U T, (1), T, U T, (w2)).

Therefore, P, NP, = {<(cT)p1 N Gpy)s (Tpy U $p2)>}.

Interval-valued Pythagorean fuzzy sub-semigroup of S.

{17
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(Gpy N Pp, ) (W1, W2) = min{dy, (w1, wa), b, (w1, W)
> min{dy, (W2), Gy, (W)}
= (Ppy N Bp, ) (W2
(Ppy UTp, ) (w1, w2) = max{Pp, (w1, wa), Op, (w1, W)
< max{{p, (W2), T, (W)
= (Ppy U T, )W)

Therefore, P, N P, = {<(q§pl N (ﬁpz), (J)pl U J’pz)>} is an interval-valued Pythagorean fuzzy left (resp. right)
ideal of S.

Theorem 2. An IVPFS P = [@,, 1/7p] of a semigroup S is an IVPFBI of S, if and only if <(¢,L,, o5 ), (1/}%;, vy )>
of S.

Proof. Let P = [ép, 1/7,,] be an interval-valued Pythagorean fuzzy bi-ideal of S, for any w;, w, € S.

Then, we have membership

[O5(w1w2), oY (W1w2) | = Bp(wiws)

> min{(p(w1), bp(ws))

= min{[ob(w1), &Y (w1) ], [ohw2), oY (w2)])
= min{[ob(w1), obw2) | [65 (w1, oY (w2)] )

It follows that @(wywy) > min{phw:), phwy)] and @l (wywy) > min{Y (wy), ¥ (w,)|and  non-

membership
[Whw1w2), WS (wiw) | = Tp(wywy)
< max{Pp(w1), Pp(w2)}
= max{[vh(wa), BY (wn) | [Bhwa), vE o) )
= max{[45wy), V5w [UBwn), yEw) |}
It follows that Y (wyieg) < maxp(uon), vh(w)] and yi i) < maxyfin), of o))

Therefore, P = <(¢)FL,,¢)},I ), (QDFL,, ! )> are Pythagorean fuzzy ideal of S.



Conversely, suppose that ([qbf,, b ], [1,0%, P ]) are Pythagorean fuzzy ideal of S, lew,, w, € S t.

{17
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> [min[q)lﬁ(wl), CIDIIS(Wz)}/ min[¢E(W1),<l>g(W2)” 298

Pp(Wiw2) = [D5(W1w2), OF (Wiw))]

= min{[ob(w1), 6Y(w1) ] [obw2), 0¥ (w)]}
= min{(,(w1), Gp(w2)};
Jp(wiws) = [W(wiwa), VE (wywy)]
< [max|pkwy), Whws)}, max{y¥(wa), oY (w))]
= max{[ph(wa), WY (w) | [ wa), vE ) )
= max{Pp(w1), p(w2)}
P =[§,, 9, | is an interval-valued Pythagorean fuzzy sub-semigroup of S.
i) = oo, )]
> [min{oh(w1), 95(w2)}, minfof (w1), oF (wy)|]
= min{[ob (w1, GY(wn)], [ohwa), oY w2)])
= min{(,(w1), p(w2)};

Up(Wiawy) = [LI)I};(WlaWZ)z w}f(maw»]

Chinnadurai and Selvam |J. Fuzzy. Ext. Appl. 1(4) (2020) 293-303

< [max{bwe), phw) ] max{py o), ¥wa)|]
= max{[$5(w1), 9¥(w1)] [WEwa), wE(w) )
= max{Tp(w1), p(wy)}.
P =[$,, 9, ] is an interval-valued Pythagorean fuzzy bi-ideal of S.

Theorem 3. If {P;},;; is a family of interval-valued Pythagorean fuzzy bi-ideal of a semigroup S. Then
N P; is an intetval-valued Pythagorean fuzzy bi-ideal of S. Where N P; = (ﬁ quj,u @pi).

0 (@) = inf{(B,) @i € Lw, € S}, U () = sup{(P,,)@1)/i € Lw, € S} andi € I isany index set.
Proof. Since P; = <[$pi, ﬁpi]ﬁ el > is a family of interval-valued Pythagorean fuzzy bi-ideal of S.

Leta, wy, w, € 5.
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N $p (W1, W) = inf{Pp, (W1, wo)fi € ,wy, w, € S}
> inf {min{dy, (w), Bp,(w2) |

= min {inf (B, (w) ), inf (G, (w2 ) |

= min{N Gp, (W1),N by, (W2) |

U G, (W1w2) = supPp,(wiwa)fi € L, wy, w €S|
< sup {max{fip, (1), B, (w2) |}

= max {sup (‘I’pi (wl)) ,sup ({‘,}Pi (Wz))}

= maX{U q}pi(wl)lu {I)PI(WZ)}
Hence, N P; = (ﬂ épi,u lpm) is an interval-valued Pythagorean fuzzy sub-semigorup of S.

N $p(Wiaw,) = inf[Gy (wiaw,)fi € La, wy, wy €S}
> inf {mm{@pi(wl),q)pi(wz)}}

= min {mf (a;pi(wl)) inf (J;Fi (wz))}

= min{N Gp, (wW1),0 Gy, (w2)}-

U Pp,(wiaw,) = sup{(p, (wiaw,)/i € La, wy, w, € S}
< sup {max{fip, (v1), Ty, (W) |}

= max {sup (LT)pi (wl)) ,sup (’I’pi (Wz))}

= max{U LT)pi(Wl),U @pi(wz)}.
Hence, N P; = (ﬂ épi,u in) is an interval-valued Pythagorean fuzzy bi-ideals of S.

Theorem 4. Let N be any non-empty subset of a semigroup S. Then N is a bi-ideal of S, if and only if the
characteristic interval-valued Pythagorean fuzzy set xy = [qstN, @FXN] is IVPEFBI of S.

Proof. Assume that N is a bi-ideal of S. Let a, w;, w, € S.

Suppose that ¢, (ww,) < min{qgm (@1), Py (wz)} and ¢, (wyw,) > max{lﬁm (@1), Py (wz)} it follows



that (;T)WN(wlwz) =0, min{&)pm(wl),@pm(wz)] = 1,1~/;WN(w1w2) =1, max{l;ﬁpm(wl), ﬁpr(wz)} =0.

This implies that w,, w, € N by wy, w, ¢ N a contradiction to N.

SO Gy (W1T02) = min{ Py (1), B, @)}, P (@r0) < max{ily, (@1), Py (w2)].

Suppose that ggpm(wlawz) < min{(ﬁpm(wl),(ﬁpm(wz)} and 9, (waw,) > maxwpm(wl), I,BWN(ZUZ)} it

follows that ¢, (wjaw,) = 0, min{cﬁpm(wl), cﬁm(wz)} =1, P, (wiwy) =1,
max[lpp)m(wl)/ &p){N(wz)} =0.

This implies that a,w;, w, € N by a,w;,w, € N a contradiction to N.
SO (i;PXN (wlaw2) = min{(’ﬁpxl\](wl)r (i)'p)(N(ZUZ)}a lsz)(N (wlawZ) < max{@pxl\] (wl)/ l)h&p)(N (wZ)}
This shows that xy is an interval-valued Pythagorean fuzzy bi-ideal of S.

Conversely, xy = [(ﬁpm, lppm] is an IVPFBI of S for any subset N of S.

Let wy, w, € N then épXN(wl) = (jN)pXN(wz) =1, lﬁpm(wl) = @pXN(wQ) =0, since xy is an IVPFBI of S.

(EPXN(wlwz) > min{cﬁm(wl)ﬁpm(wz)} >min{l, 1} =1, P (W1107) < max{gﬁpm(wl), @FXN(wz)} <
max{0,0} = 0.

This implies that w; w, € N.
Let a,w;, w, € N then @,XN(wl) = épm(a) = épm(wz) =1,

@pm(wl) = lﬁp}m(a) = @pXN(wz) =0, since yy is an IVPFBI of S.

ép){N(wlawz) > min [&p){N(wl)r &pr (wz)] 2 min{T, T} = I/ ij)(N(wlawz) < max{lsz)m(wl)r &p}m(wz)} <
max{0,0} = 0.

Which implies that wy,w, € N. Hence N is a bi- ideal of S.

Theorem 5. If { f’i}. is a family of interval-valued Pythagorean fuzzy interior ideal of a semigroup S.

i€l

Then N D; is an interval-valued Pythagorean fuzzy interior ideal (IVPFII) of S.
Where N P; = (ﬂ ¢~>p]_,u @l,l_);

0 (@) = inf{(By,) @) € Lw, € S}, U () = sup{(P,)@1)/i € Lw; € S} and i € I is any index set.

Theorem 6. Let N be any non-empty subset of a semigroup S. Then N is a interior ideal of S, if and

only if the characteristic interval-valued Pythagorean fuzzy set xy = [qstN, @FXN] is IVPFII of S.

4| Homomorphism of Interval-Valued Pythagorean Fuzzy Ideals in
Semigroups

Let R and T be two non-empty sets of semigroup S. A mapping f:R — T is called a homomorphism if

(rt) = f(nf() Vr,teR.
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Definition 9. Let fbe a mapping from a set Rtoaset T and P = [ép, 1/7},] be an interval-valued Pythagorean

fuzzy set R the image of R (i.e)) f(P) = (f ((ﬁp), f (!I)p)) is an interval-valued Pythagorean fuzzy set of T is
defined by

(sup (Gp)(®), iff(r) =0

l — Jtef'(r)
f(dp)(r) it [0,0] otherwise

(inf (Pp)(t), iff1(r)=0

otherwise

f(P)(r) =

Let f be a mapping from a set R to T and P = [(ﬁp, l/jp] be an interval-valued Pythagorean fuzzy set of T
then the preimage of T (i.c.) f7(P) = {(f 1(}p), f({,))} is an interval-valued Pythagorean fuzzy set of R

is defined as

P =1 (Qp)(1) = Gp(F(r))

U1 (p)() = by (£(r))
Theorem 7. Let R, T be a semigroups, f:R — T be a homomorphism of semigroups.

If P= [ép, lﬁp] is an interval-valued Pythagorean fuzzy sub-semigroup of T the the preimage f~}(P) =
(f ‘1(@7), ! (@F)) is an interval-valued Pythagorean fuzzy sub-semigroup of R.

IfP = [ép, lﬁp] is an interval-valued Pythagorean fuzzy left (resp.right) ideal of T the the preimage f™(P) =
(f E @p), f —1@!])) is an interval-valued Pythagorean fuzzy left ideal (tesp. right ideal) of R.

Proof. Assume that P = [qu, J’P] is an interval-valued Pythagorean fuzzy sub-semigroup of T and r,t € R.
Then

F1(Gp)rt) = Bp((rt)

= BplEA(D)

> mindp (E(), G (FV)]

= min{f ()0, £1(3,) (0}
£1(Qp)(rt) = Pp(f(rt))

= Pp(EOA(D)

< max{J (), T )]

= max[f TWp)(), f _1(@p)(f(t))}-

Hence, f~Y(P) = (f ‘1(gl~)p),f ‘1(11)p)) is an interval-valued Pythagorean fuzzy sub-semigroup of R.



£71(Hp)(rt) = Pp(f(xt))

{17
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= Pp(FOA())
> §p(£(1) 302
= £71(3p)(fV):
F1(W0p)(rt) = Pp(f(rt))
= Up(Ff(t)
< Pp (1))
- (7))
Hence, f™(P) = (f"X(¢,), f (i) is an interval-valued Pythagorean fuzzy left (resp.tight) ideal of R.

Theorem 8. Let R, T be a semigroups, f: R = T be a homomorphism of semigroups. If P = [qu, 1/7,,] is
an interval-valued Pythagorean fuzzy bi-ideal of T the the preimage f_l(f’) = ( f_l@p), f_l(ap)) is an

interval-valued Pythagorean fuzzy bi-ideal of R.

Proof. Assume that P = [c¢~)p, Lﬁp] is an interval-valued Pythagorean fuzzy sub-semigroup of T and a,7,t €
R. Then

£ (@p)(rat) = Gp(f(rat)
= BpEf@A(®)

> min{G,(E0), $p(E0)

Chinnadurai and Selvam |J. Fuzzy. Ext. Appl. 1(4) (2020) 293-303

= min{f 7 (§p)(), £ Gp)E(E) |
£71(Pp)(rat) = Py (f(rat))
= Pp(f(0f()f(1))
< max{T (E(), Tp (V)
= max{f 1) @), £ LT (D).
Hence f1(P) = (f 4($,), f () is an interval-valued Pythagorean fuzzy bi-ideal of R.
Theorem 9. Let R, T be a semigroups, f:R — T be a homomorphism of semigroups. If P = [5,,/ %] is

an interval-valued Pythagorean fuzzy interior ideal of T the preimage f~}(P) = (f ‘1(q5p), f ‘1(1{7p)) is an
interval-valued Pythagorean fuzzy interior ideal of R.
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5| Conclusion

In this paper interval valued Pythagorean fuzzy sub-semigroup, interval valued Pythagorean fuzzy left

(resp. right) ideal, interval valued Pythagorean fuzzy ideal, interval valued Pythagorean fuzzy bi-ideal,

interval valued Pythagorean fuzzy interior ideal and Homomorphism of interval valued Pythagorean fuzzy

ideal in semigroups are studied and investigated some properties with suitable examples.

References

(1]
(2]
(3]

(4]

(5]

(6]

(7]

(8]

(%]

(10]

(1]

(12]

(13]

(14]

[16]

(17]

(18]
(19]

Akram, M. (2018). Fuzzy lie algebras. Springer.

Atanassov, K. T. (1986). Intuitionistic fuzzy sets. Fuzzy sets and system, 20, 87-96.

Atanassov, K. T., & Gargov, G. (1989). Interval valued intuitionistic fuzzy sets. Fuzzy sets and systems, 31,
343-349.

Chen, T. Y. (2018). An interval valued Pythagorean fuzzy outranking method with a closeness-based
assignment model for multiple criteria decision making. International journal of intelligent systems, 33(1),
126-168.

Chen, T. Y. (2018). An outranking approach using a risk attitudinal assignment model involving
Pythagorean fuzzy information and its application to financial decision making. Applied soft computing,
71(1), 460-487.

Das, S., & Edalatpanah, S. A. (2016). A general form of fuzzy linear fractional prograss with trapezoidal
fuzzy numbers. International journal of data envelopment analysis and operations research, 2(1), 16-19.
Edalatpanah, S. A. (2019). A data envelopment analysis model with triangular intuitionistic fuzzy
numbers. International journal of data envelopment analysis, 2(1), 16-19.

Garg, H. (2018). A linear programming method based on an improved score function for interval valued
Pythagorean to decision making. International journal of uncertainty, fuzziness and knowledge based systems,
26(1), 67-80.

Garg, H. (2018). New exponential operational laws and their aggregation operators for interval valued
Pythagorean fuzzy multicriteria decision making. International journal of intelligent systems, 33(3), 653-683.
Hussain, A., Mahmood, T. & Ali M. I (2019). Rough Pythagorean fuzzy ideals in
semigroups. Computational and applied mathematics, 38(2), 67.

Kumar, R., Edalatpanah, S. A., Jha, S, & Sing, R. (2019). A Pythagorean fuzzy approach to the
transportation. Complex and intelligent systems, 5(2), 255-263.

Najafi, H. S., & Edalatpanah, S. A. (2013). Iterative methods with analytical preconditioning technique
to linear complementarity problems: application to obstacle problems. RAIRO-operations research, 47(1),
59-71.

Peng, X. (2019). New operations for interval valued Pythagorean fuzzy set. Scientia iranica, 26(2), 1049-
1076.

Peng, X., & Yang, Y. (2016). Fundamental properties of interval valued Pythagorean fuzzy aggregation
operators. International journal of intelligent systems, 31(5), 444-487.

Thillaigovindan, N., & Chinnadurai, V. (2009). On interval-valued fuzzy quasi-ideals of semigroups. East
Asian mathematical journal, 25(4), 441-453.

Thillaigovindan, N., & Chinnadurai, V. (2009). Interval-valued fuzzy generalized bi-ideals. Proceedings
of the national conference on algebra, graph theory and their applications (pp. 85-98). Department of
Mathematics, Manonmaniam Sundaranar University, Narosa.

Yager, R. R. (2013, June). Pythagorean fuzzy subsets. In 2013 joint IFSA world congress and NAFIPS annual
meeting (IFSA/NAFIPS) (pp. 57-61). IEEE.

Zadeh, L. A. (1965). Fuzzy sets. Information and control, 8, 338-353.

Zadeh, L. A. (1975). The concept of a linguistic variable and its application to approximate reasoning —I.
Information science, 8, 199-249.



