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Abstract

One of the appropriate and efficient tools in the field of productivity measurement and evaluation is data envelopment
analysis, which is used as a non-parametric method to calculate the efficiency of decision-making units. Today, the use
of data envelopment analysis technique is expanding rapidly and is used in the evaluation of various organizations and
industries such as banks, postal service, hospitals, training centers, power plants, refineries, etc. In real-world problems,
the values observed from input and output data are often ambiguous and random. To solve this problem, data
envelopment analysis in stochastic fuzzy environment was proposed. Although the DEA has many advantages, one of
the disadvantages of this method is that the classic DEA does not actually give us a definitive conclusion and does not
allow random changes in input and output. In this paper, we review some of the proposed models in data envelopment
analysis with fuzzy and random inputs and outputs.
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1 | Introduction

@@ Data envelopment analysis is a linear programming method whose basic purpose is to compare and
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; | evaluate the performance of a number of identical decision-making units that have different amounts
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Hatami-Marbini et al. classified the fuzzy DEA methods in the literature into five general groups [1], the
tolerance approach [2] and [3], the a-level based approach, the fuzzy ranking approach [4] and [5], the
possibility approach [6], and the fuzzy arithmetic approach [7]. Among these approaches, the a-level based
approach is probably the most popular fuzzy DEA model in the literature. This approach generally tries
to transform the FDEA model into a pait of parametric programs for each o-level. Kao and Liu, one of
the most cited studies in the a-level approach’s category, used Chen and Klein [8] method for ranking
fuzzy numbers to convert the FDEA model to a pair of parametric mathematical programs for the given
level of « [9]. Saati et al. proposed a fuzzy CCR model as a possibilistic programming problem and changed
it into an interval programming problem by means of the a-level based approach [10]. Parameshwaran et
al. proposed an integrated fuzzy analytic hierarchy process and DEA approach for the service performance
measurement [11]. Puri and Yadav [12] applied the suggested methodology by Saati et al. [10] to solve
fuzzy DEA model with undesirable outputs. Khanjani et al. [13] proposed fuzzy free disposal hull models
under possibility and credibility measures. Momeni et al. used fuzzy DEA models to address the
impreciseness and ambiguity associated with input and output data in supply chain performance evaluation
problems [14]. Payan evaluated the performance of DMUs with fuzzy data by using the common set of
weights based on a linear program [15]. Aghayi et al. formulated a model to measure the efficiency of
DMUs with interval inputs and outputs based on common sets weights [16].

In recent years, several scholars work on DEA with fuzzy set extension. For example, Edalatpanah et al.
[17] for the first time established triangular single-valued neutrosophic data envelopment analysis with
application to hospital performance. He also presented data envelopment analysis based on triangular
neutrosophic numbers [18]; see also [19]-[22].

In this research, some models of data envelopment analysis with fuzzy and random data will be mentioned.
2| Existing Models

In this section, we review the proposed models in a random fuzzy environment with undesirable outputs.

Nasseri et al. [23] proposed a DEA-based method for evaluating the efficiencies of DMUs that not only
depicts the impact of undesirable output on the performance of units, but also evaluated the efficiencies
of DMUs with stochastic inputs and fuzzy stochastic outputs.

They considered n DMUs, indexed by j=7,...,#. Each of with consumes m fuzzy random inputs, denoted

i=1,....m to produce s=5,+5, fuzzy random outputs, denoted by

o= Xt X
by Xu—(XIJ/X,-/-,X,-/- k>

=g ~g " iy . =b ~b N P
yv.:(yq.,yg’ ,yfl_’ ), r==1,...,51 as desirable outputs and yﬁ:(yﬁ,yg’_ ,y}‘;/’. Des P=1,...82 as

: ~s ~b
undesirable  outputs. Let the random parameters x;, y, and y,, denoted by

N( X, 0 ) N( yf]',, O'f] ), N( 01;/, ), tespectively, be normally distributed. Here, XI./.( yﬁ, y;. ) and

o’

. ~ ~g5 ~b .
01.].( 0*;,0; ), are the mean value and the variance for xj( VsV o ), respectively.

The Chance-Constrained Programming (CCP) developed by Cooper et al. [24] is a stochastic optimization
approach suitable for solving optimization problems with uncertain parameters. Using the concepts of
CCP and probability (possibility) of stochastic (fuzzy) events, the deterministic model will be as follows:



E*(y,8)=max ¢
s.t.
< ~g
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This model is always feasible as the traditional DEA-UO model.

Then, they presented the CCR-UO model with fuzzy probability-necessity constraints. They considered

n DMUs with m fuzzy stochastic inputs, s1 desirable and s, undesirable outputs. The deterministic model
will be as following:

E*(y,0)=max ¢
s.t.
e<l,

s ~g ~ . s ~b ~ '
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Analogously to the previous models, the corresponding fuzzy probability-credibility CCR-UO model
was introduced. Thus, this model for 6< 0.5 and 0> 0.5 can be transformed into the following two
models:

For 6<0.5:

< Wiy, +RA2)yE) - Zu (¥ L' @0)y %) +0lf 3)
Zv Xik + R '(20)xP )+(5Xf'l >1
(xlk—L (20)x;, ) - fo'l

i=1
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And for 0<0/5:
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In 2016, Nasseri et al. [24] proposed a new model of fuzzy stochastic DEA with input-oriented primal
data. In this model, the properties and characteristics of the extended normal distribution are used. They

considered #» DMUs, each unit consumes » fuzzy stochastic inputs, denoted by X;, (x X; L X0, X )LR,
I
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i=1,...,m, j=1,...,n, and produces s fuzzy stochastic outputs, denoted by )_/zi = (y;’,y:;,yﬁ.)m , =1,...,5,
J=1,...,n. Also, they considered X;n and y:?, denoted by XI’/“ ~N(Xy,gj)and y;” ~N(y17,,aj,) be
normally distributed. Therefore, XI),( Yy ) and aj( af] ) are the mean and the variance of ,\/I’/" ( y;" )for

DMU}., respectively. Each unit has an extended normal distribution as x5 ~ N( Xij, 0, ) with

X = (x,, X3, x5) and v, ~N(y,.0,) with y_=(y., 2, ¥%). Finally, the final model is as follows:

Ex(3,y)=max ¢

$%0 ®
i=1
Z;rj —Z;ij <0 Vj,



u,(y; =L @)y 0,47, )<y, <u,(y, +R7(@)y; + 0,0, ), Vr,]
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u,v, =0.

Theorem 1. Assume that ¢ is a fuzzy random vector, and g, are real-valued continuous functions for

i=1,2,...,n. We have:

The possibility pos{, g}( &w))<0, j=1..,n}is a random variable.
The necessity Necf, g]( &(w))<0, j=1,..,n}is a random variable.

The credibility Ci/, g},( S(w)<0, j=1,..,n}is a random variable.

Lemma 1. Let /; and /- be two fuzzy numbers with continuous membership functions. For a given
confidence level a e[ 0, ]} ,POS/;lz > 1, /> a if and only if /11]: > /112?,11 and NeC/;lz > ;12 /> if and

only if /1?/ - /lea . Where /1§/H,/11;/” and /1L2/a,,/112€,a are the left and the right side extreme points of the

« -level sets ;11 and ;12 , respectively, and POS/;lz > ;12 Jand Nec/;b > ;12 } present the degree of
possibility and necessity, respectively.

Definition 1. A DMU is said to be probabilistic-possibility, probabilistic-necessity and probabilistic-
credibility (v, )-efficient if the objective function of Models (1)- (4), ¢ , is equal to unity at the threshold
level (y,0); otherwise, it is said to be probabilistic-possibility, probabilistic-necessity and probabilistic-
credibility (7, 0)-inefficient.

Theorem 2. Consider Ez”’” (6,7) as the objective function value of DMU, then
E"™(5, )= E(6,,y) and E[(6,y,)> E;"(6,),) where 6,<6, and y,<y,.
The model related to E;""(6, y7) is feasible for any & and y.

3| Conclusion

A DEA model basically draws three critical elements: the model specification, the reference set itself,
and the definition of the production possibility set. Starting from the latter, the production possibility
set can either be defined as complete and known (like in conventional DEA) or as potentially extending
beyond or excluding the reference set (like in stochastic DEA). The reference set, the very observations
that form the engine of the non-parametric approach, can be either precise (as in conventional DEA),
outcomes of stochastic processes (as in stochastic frontier analysis), or imprecise (as in the fuzzy DEA
models).

Classic DEA models were originally formulated for optimal inputs and outputs, although undesirable
outputs may also appear during production, which should be minimized. In addition, in the real world,
there are dimensions and uncertainties in the data. Although DEA has many advantages, one of the
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disadvantages of this method is that in fact the classic DEA does not lead us to a definite conclusion and

”’- does not allow random changes in input and output.
i
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