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Abstract

The purpose of this study is to propose new similarity measures namely cosine, jaccard and dice similarity measures. The
weighted cosine, weighted jaccard and weighted dice similarity measures has been also defined. Some of the important
properties of the defined similarity measures and weighted similarity measures have been established. We develop a new
multi attribute decision making problem based on the proposed similarity measures. To demonstrate the applicability, a
numerical example is solved.
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1 | Introduction

The concept of fuzzy set was introduced by Zadeh [15] in his classic paper in 1965 and has been
@@Licensee Journal | applied to many branches in mathematics. Later Zadeh [14] also introduced the concept of interval
of Fuzzy Extensionand | valued fuzzy set by considering the values of membership functions as the intervals of numbers

Applications. This rticle | jnstead of the numbers alone. The notion of rough set theory was proposed by Pawlak [7]. The
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characterized by inexact, uncertain or insufficient information. Dubois and Prade [3] were introduced
A the concept of rough fuzzy set. This theory was found to be more useful in decision making and
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Peng and Yang [9] introduced the concept of interval Pythagorean fuzzy sets which is a generalization of
Pythagorean fuzzy sets and interval valued fuzzy sets. Hussain et al. [2] introduced the concept of rough
Pythagorean fuzzy sets. The Pythagorean fuzzy set has been investigated from different perspectives,
including decision-making technologies [8], medical diagnosis [10], and transportation problem [6]. In
particular, an extension of Pythagorean fuzzy set, named Interval-Valued Pythagorean Fuzzy Sets in
decision making [8], complex Pythagoren fuzzy set in pattern recognition [12].

To facilitate our discussion, the remainder of this paper is organized as follows. In Section 2 we review
some fundamental conceptions rough sets, interval valued fuzzy sets, Pythgorean fuzzy sets. In Section 3
we propose cosine similarity measure of rough interval Pythagorean fuzzy sets and some properties of this
similarity measure discussed. Sections 4 and 5 deals with jaccard, dice similarity measures. In Section 6 we
present algorithm for proposed measures. Section 7 deals with numerical example of proposed measures.

2| Basic Concepts
In this section we list some basic concepts.

Definition 1. Let x be a nonempty set. A mapping Q:x — D[0,1] is called an interval valued fuzzy subset
of x, where Q(x) = [Q(x), Q*(x)], x € X, and Q™ and Q* are the fuzzy subets in Xsuch that Q™ (x) < Q*(x)
x € X. D[0,1] denotes the set of closed subsets of [0,1].

Definition 2. [5]. Let 9 be a congruence relation on X. Le At be any nonempty subset of X. The sets
SN ={x e X/[x]s €N and BN = {x € X/[x] s N Y # @} are called the lower and upper approximations of
A Then (A = (S(N), 9(N) is called rough setin (X, 9) & (A # SN).

Definition 3. [3]. Let 9 be an congruence relation on X. Let A fuzzy subset of X. The upper and lower
approximations of A defined by S(A)(x) = v, Na)and S(N(x) = A Na). S(N) = (SN, 9(N) is called a
aglx]y a€lx]g

rough fuzzy set of A with respect to 9 if S(N\) # JN.

Definition 4. [4]. Let Q be an interval-valued fuzzy subset of X and let 9 be the complete congruence
relation on X. Let Q(f)) and 5(@) be the interval-valued fuzzy subset of X defined by, 8(Q)(n) =

Anelyls Q@) and 9(Q)(n) =Voelyls Q(n). Then 9(Q) = (Q(Q),@(Q)) is called an interval-valued rough
fuzzy subset of X if 9(Q) # 5(())

Definition 5. [1]. Let X be a nonempty set then an Intutionistic fuzzy set can be defined as AQ =

{(x, U Q(x),yQA(x)) /x € X} where yQA(x) and yA(x) are mapping from X to [0,1] also 0 < yQA(x) <10<

Ya, (x)<1,0< yQA(x) + yQA(x) <1 for all x € X and represent the degrees of membership and non-
A

membership of element x € X to set X

Definition 6. [11]. Let X be a nonempty set then an Pythagorean fuzzy set can be defined as Q =
{(x, to(x), yQA(x)) /x € X} where pq(x) and yQA(x) are mapping from X to [0,1] also 0 < pg A(x) <10<
Yo(x) £1,0 < yQZA(x) +70° A(0) <1 for all xe X, and represent the degrees of membership and non

membership of element x € X to set X.

Definition 7. [7]. Let X be a non-empty set then an Interval Pythagorean fuzzy set can be defined as
follows 3 = {(x, pa(x), ya(x))/x € X} where pa(x) = [ug™ (%), pa* (9] and ya(x) = [ya~ (), ya* ()] are the
intervals in [0,1] also 0 < (y"f)(x))2 + () <1



3| Cosine Similarity Measures (CSM) of Rough Interval Pythagorean

Fuzzy (RIPF) Sets.

In this section we introduce the notion of CSM of RIPFsets also discuss some propetties of RIPFsets.
Also weighted CSM of RIPFsets are discussed.

Definition 8. Let X be a nonempty set. Let Q = { (n, us(n), yg(n))/n eX ] be a pythagorean fuzzy set of
X. Then rough interval Pythagorean fuzzy set is defined as 9(Q) = (3(Q), 9(Q)) where

3(Q) = {(n, 8(ua), 8(va)),n € X} and 9(Q) = {(n, H(uq), S(ya)),n € X},

2 2 — 2 — 2
with the condition that 0 < (8(ua)) + (8(0a)) 1,0 < (S(ua)) + (S(ra)) <1.
Here, 3(ugz)(1n) =Auefy), W) and 3(ya)(m) =V e, Yaly) also,

Sua) () =V ey La) and (ra)n) =Aueps YaW)-

Definition 9. Let 9 be an congruence relation on X. Consider two RIPFsets S(ﬁ;), 9(5;) in X =
{x1, %5 oo . x,}. A CSMbetween S((’Z) and \9((5;) is defined as follows:

Cripr(9(021),9(12) )
1% (SHS(@)(XOSH@(@)(XO + 5Ye(s’1‘1)(xi)5\’e(ﬁ;)(xi)) )

= \/(Slla(ﬁ])(xi))z + (SYS(Q)(Xi))Z\/(SHﬂ(gTz)(Xi))z + (8Yﬂ(ﬁ;)(xi))2

Whete
6”3@) (x,) = (§<u*(xi>>+§(u+(xi))4+8(u*<xi>>+3(u+(xi)));
(30~ (x)) + S+ () + Sy~ (x) + S+ (xy))
Oy (@) xi) = n .
(S (x0)) + D+ (xy) + H(p™(xy)) + ™ (xy)))
Oy, (Xi) = 1 ;
(36764) + 8 (0)) + 3 () + 7+ (x))))
6VS(@)(X1) = 2 .

Proposition 1. A RIPCSMbetween S(ﬁ;) and \9(5;) satisfies the following properties:
0 < Cripr (9(51)/ 3(@)) <1
Cripr (9(51)/3((72)) =l S(ﬁl) = 3(@);

Cripr (9(51)/ 3(@)) = Cripr (S(ﬁ;), 3(51))
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Proof. It is obvious because all positive values of cosine function are within 0 and 1; it is obvious; for any
two RIPFsets 9(5}) and \9(5;) ,if 9(5;) = S(ﬁ;) then,
6y9(51)(x1) = 5[,19(55)(.’)(1) and O}/S(ﬁvl)(xl) = bys(@)(xl) Hence COS(O) =1. COHVCISCly, if

Crirr (\9(51), \9(5;)) =1, then 6;18((71)(3(1) = 6#8((72)(3(1) and 6;/8(51)(x,) = 5]/9((71)(%) Hence \9(51) =
3(Qy)-

If we consider weight w; of each elementx;, a weighted RICSMbetween RIPF sets 8(5;) and 8(5;) is

defined as follows:

CWRIPF(s(m)' B(KFE) )

1 (SHe(m)(Xi)SHS(sTl)(Xi) + SYa(sTl)(Xi)SYS(st)(Xi)) @)

= \/(Sue(ﬁ;)(xi))z + (SYe(ﬁ‘l) (Xi))z\/(SHe(st) (xi))? + QS (xi))?

w;€[01],i=123..nand By w; = 1. If we take w; = =,i =12, ... then
Cwripr (9(51)/ \9(5;)) = Cripr (\9(@)1 \9(51))

The weighted RICSMbetween two RIPFsets S(I’Z ) and 9(5;) also satisfies the following properties.

0 < Cwripr (3(6)/3(@)) <1
CwripF (S(E);S(ﬁ;)) =l= 3(6;) = 3(@),‘
Counarr (3(31), 3(3a) ) = Come (3(32), 3())

4| Jaccard Similarity Measure (JSM) of Rough Interval Pythagorean
Fuzzy (RIPF) Set

In this section we introduce the concept of ISMof RIPFsets. Weighted JSMof RIPFalso detived.

Definition 10. Let 9 be an congtruence relation on X. Consider two RIPF sets \9(51), 8(5;) in X =
X1, % oo . X}, A JSMbetween S(E)and 9((2,) is defined as follows:

= (5}19(51)@1)6}1 3(@;) i) + 07 y(&;) )0y 3@)(Xi))

)

-
I

2 2 2 7
b IOp () 0P + (6V s@)(xi)) + (69 s(ﬁ;)(xi)) + (57/ 9@)(Xi)) +
Ot g (Xi)O 5(35;) 04) + B g(@) (X0)OY 5(a;) (1))



where

(S G+ S )+ S () + S (x7)

O g(ay) i) = ? s

5 @) (x)) = (_9<y*<xi>>+_s<y+<xi>>z_8(y*<x,->>+_s<y*(x,-») and

s (S + St () + () + St (x)
H o(ay) i) = 1 :

s (8076 + 3G + SO () + SO (x1)
Y o(@) ) = , :

Proposition 3. A RIPJSM between 9(5;) and \9((3;) satisfies the following properties:
0 < Jripr (3(571)13(552)) <1,
Jreer(9(Q1), 9(Q2)) =1 = 9(Q) = 3(Qa),

Trier(3(Q1), 9(Q2)) = Trer(9(Q2), 9(Q)).

Proof. It is obvious because all positive values of cosine function are within 0 and 1; it is obvious; for
any two RIPF sets 9(Qy) and (D), if 9(Q;) = 9(Q,) then, Oty (i) = Ot g, (x;) and 67/8(51)(350 =

6)/9@3) (x;). Hence cos(0) = 1. Conversely, if ]RIPF(S((’Z),S((’Z)) =1, then 5#3@‘1)(9@') = Oty (*:) and
07 o)) = 07 ;%) Hence 8(Qy) = 8(Qy).

If we consider weight w; of each element x;, a weighted RIPJSM between RIPF sets 9((3;) and 8((3;) is
defined as follows:

]IRPF(S(ﬁ;),S(ﬁ;) )
N [t 0008 o5 00+ 7 o5 6007 o34}
ngl 2 @

2 5 -
I (GGl Ui (6V s(51)("1)) . (% s(ﬁi)(xi)) i (5V s(ﬁ;xxi)) .
O () (O () ) + By () (XY g(c55) ()]

w; €[011,i =123 and Y w; = 1. I we take @; =%,i=12,...1n then Jygmpr (3(51),9(?);)) _

n
JripE (\9(5;), \9(5;))
The weighted RIPJSM between two RIPF sets 9((;) and \9(6;) also satisfies the following properties.

Proposition 4.
0 < Jwrrpr (S(ﬁ;), 3(@)) <1

JwripE (s(ﬁ}),s(ﬁ;)) =l S(ﬁl) = 3(@);
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Jwripr (3(61), S(@)) = JwripF (S(@), S(ﬁdl))

5| Dice Similarity Measure (DSM) of Rough Interval Pythagorean
Fuzzy (RIPF) Set

This section deals with DSM of RIPFsets. Some properties of this similarity measute are discussed.

Definition 11. Let \9(@7) and 19(5;) be two RIPF set inX = {x;,x; ... .. x,}. A DSM between
S(E)and 9(2,) is defined as follows:

Dripr(9(121), 9(122))
1 . 2 (SP—B(Q}) (Xi)suﬁ((fz) (x) + ‘SY{)(Q“l) (Xi)8y3(ﬁ~2) (Xi)) 6

= J Baar) ()2 + (8 () (xi))? J gz ()2 + (BYyaz) ()2

Where
(B @) + St (x) + 9u (x)) + 9u* (%))
O () (i) = 1 ,
5 @) (x,) = (_S<y*<xi>>+_s<y+<xi>>Z_9(yf(xi>>+_s<y+(xi>>) and
(S @) + St (x) + 9(u () + d(u*(x)))
Ot o)) = 1 ,
5 @) (x) = (_S<y*<xi>>+_9(y+<xi>>z 3G ()+ sw*(xi»).

Proposition 5. A RIPISMbetween §(Q;) and 9(€2; ) satisfies the following properties:
0 < Drapr (3(31), (D)) < 1
Drarr(8(Q21), 8(02) =1 &= 9((n) = 9(Qa);
Drirr(3(Q1), 9(02)) = Direr (3(Q2), Q)
Proof. Proof is similar to Proposition 3.

If we consider weight w; of each elementy;, a weighted RIPDSMbetween RIPFsets 8(6{) and 9(Q,) is

defined Y} w; = l.as follows:

Dgipr (B(Q): 19(65)) =
1on 2(5119(51)(xi)cms((fz)(xi)+5l/e(§1)(xi)lsl/g(g;)(xi)) (©6)

n i=1wi 2 2 2 2
SOk G+ @7y ) [BRaay 02+ 6va )

w; €[01],i=123..n and If we take ;=

Dripr (9(@)1 \9(51))

I I

,i=12,...n then Dygrpr (S(EZ)/ ‘9(@)) =



The weighted RIPDSMbetween two RIPFsets 8(5{ ) and S(ﬁ;) also satisfies the following properties.
Proposition 6.
0 < Dwripr (3(51), 3(@)) <1
Dwripr (3(51),3(62)) =l 3(51) = 3(@)}
Dwripr (3(51), 3(@)) = Dwripr (3(5;), 3(51))
6| Decision Making Based on CSM, JSM and DSM under RIPF
Environment
This section deals with RIPSMbetween RIPF sets to the multi-criteria decision making problem.

Assume that K ={Ky,K,,....K,,} be the set of attributes and Q ={Q;,Q,,...Q,} be the set of
alternatives. The proposed decision making approach is described by the following steps.

Algorithm 1. (See Fig 1).

Step 1. Construct the Decision Matrix with RIPF Number. The decision maker forms a decision matrix
with respect to n alternatives and m attributes in terms of RIPFnumbers.

Step 2. Determine RIP Mean Operator.

( (80660001 00) +5 (16451 9) )

dplxy), dy(xy)) = ) a_ ’
l (36630 66+ 560+ 30+ ()

4

Ne—

fori=1,2,...n.

Step 3. Determine the Weights of the Attributes. Assume that the weight of the attributes K;(j=1,2,...m)
considered by the decision maker is w; (j=1,2,..m) where all w; € [0,1],j =1,2,3... m and Ej”il wj=1.

Step 4. Determine the Benefit Type Attributes and Cost Type Attributes. Generally, the evaluation

attribute can be categorized into two types: benefit type attribute and cost type attribute.
For benefit type attribute: Z* = {max(yQi) ,min(yQi)}.

For cost type attribute: Z* = [min(yQ].) , max(yQi)].

Step 5. Determine the Weighted RIPSM of the Alternatives.
n
Cwripr (3(01), S(Qz)) = Z w; Cripr (3(01), S(Qz));
i=1

Jwripr (S(Q)/ 9(972)) = Xty w; Jripr (S(Q)f 3(@)),
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Dwripr (3(51), S(@)) = 2 w; Dripr (3(51), 3(5;))

Step 6. Ranking the Alternatives. The ranking order of all alternatives can be determined based on the
descending order of similarity measures.

Step 7. End.

v

[ Set the attributes in terms of RIPF set }

'

[ Construct the decision matrices J

A 4

Determine the ideal alternative

'

Construct the RIPCSM, RIPJSM and
RIPDSM

v

[ Rank the alternatives J

End

Fig 1. A flowchart of the proposed decision making.

7| Numerical Example for RIPCSM, RIPJSM and RIPDSM

Let us consider a decision maker wants to select the house from Q = {Qy, Q,,Q3} by considering four
attributes, namely expensive (K ), reasonable price (K, ), low price (K3)and the risk factor (Ky). By proposed
approach discussed above, the considered problem solved by the following steps:

Step 1. The decision maker forms a decision matrix with respect to the three alternatives and four attributes
in terms of RIPnumber as follows.

Table 1. Decision matrix.

Kl K2 K3 K4
Q1 (3,4L[-5-7)  (.5-6],[-8,9)  (-1,-2],[.7,-8])  ([-1,-2],[.7,-8])

([.3,.;}:[.5,.7]) ([.5,.8]:[.4,.6]) ([.5,.8]:[.4,.6])
7,

([.5,.6]:[.8,.9])

Q, (7.8,1.6.7) (.7,.81,[.6,7)  (.5,:6,[-4..5])  ([.7..8].[-6,.7])
([.7,.8]:[.6,.7]) ([.8,.9]:[.4,.5]) ([.5,.6]:[.4,.5]) ([.8,.9]:[.4,.5])
Step 2 Qs (5T7L34D) (5. 7LE3.4D  (57L13,4)  (8,9L11,2)  Determine the
RIP mean ([.8,.9]:[.1,.2]) ([.8,.9]Z[.1,.2]) ([.8,.9]:[.1,.2]) ([.8,.9]:[.1,.2]) operator.




Table 2. Transformed decision matrix.

Ky K, Ks Ky
Q; [35.6]  [.55,85] [4,.625] [4,.625]
Q, [75.65] [8.55]  [.55,45] [.8,.55]
[.725,25 [.725,25 [.725,25 [.825,.15
Qs
| | ] |
Step 3. The weight vectors considered by

the decision maker are 0.35, 0.25, 0.25 and 0.15 respectively.

Step 4. Determine the benefit type attribute and cost type attribute. Here three benefit types
attributes K;,K;,K; and one cost type attribute K.

Z* =1{[0.75,0.25],[.8, .25],[. 725, .25], [.825, .15]}.

Step 5. Calculate the weighted RIP similarity measures of the alternatives. Calculated values of
weighted RIP similarity values are

Cwirpe(Qq,Z") = .7582;
Cwirpr(Q2, Z%) = .9336,
Cwirpe(Qs, Z7) = .9999;
Jwirpe(Q1, Z7) = .6046;
Jwirpr(Q2, Z*) = .8538;
Jwirpe(Qs, Z%) = .9975;
Dywrpr(Q1,Z%) = .7018;
Dywirpr(Qy, Z*) = .9208;
Dyirpr(Qs, Z%) = .9988.

Step 6. Ranking the alternatives is prepared based on the descending order of similarity measures.

Highest value reflects the best alternative. HencQze is the best alternative.
8| Conclusion

In this paper, we have defined Cosine, Jaccard, Dice similarity measure, Weighted Cosine, Jaccard and
Dice similarity measures. We have also proved their basic properties. We have developed MADM
strategies based on the proposed measures respectively. We have presented an example for select a best
house for live. The thrust of the concept presented in this article will be in pattern recognition, medical
diagnosis etc. in rough interval Pythagorean fuzzy sets.
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