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Abstract

In this paper we introduce the concept of the spherical interval-valued fuzzy bi-ideal of gamma near-ring R and its some

results. The union and intersection of the spherical interval-valued fuzzy bi-ideal of gamma near-ring R is also a sphetical

interval-valued fuzzy bi-ideal of gamma near-ring R. Further we discuss about the relationship between bi-ideal and

spherical interval-valued fuzzy bi-ideal of gamma near-ring R.

Keywords: Spherical fuzzy set, Interval-Valued fuzzy set, [ -Near-Rings.

1]

@@Licensee Journal

of Fuzzy Extension and
Applications. This rticle
is an open access article
distributed under the
terms and conditions of
the Creative Commons
Attribution (CC BY)
license
(http://creativecommons.
org/licenses/by/4.0).

Introduction

The Fuzzy Set (FS) was introduced by Zadeh [14] in 1965. It is identified as better tool for the
scientific study of uncertainty, and came as a boost to the researchers working in the field of
uncertainty. Many extensions and generalizations of FS was conceived by a number of researchers
and a large number of real-life applications were developed in a variety of areas. In addition to this,
parallel analysis of the classical results of many branches of Mathematics was also carried out in the
fuzzy settings. Properties of fuzzy ideals in near-rings was studied by Hong et al. [3]. The monograph
by Chinnadurai [1] gives a detailed discussion on fuzzy ideals in algebraic structures. Fuzzy ideals in
Gamma near-ring % was discussed by Jun et al. [6] and [7] and Satyanarayana [8]. Thillaigovindan et
al. [13] studied the interval valued fuzzy quasi-ideals of semigroups. Meenakumari and Tamizh
chelvam [9] have defined fuzzy bi-ideal in %7 and established some properties of this structure.
Srinivas and Nagaiah [11] have proved some results on T-fuzzy ideals of I'-near-rings.
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Thillaigovindan et al. [12] worked on interval valued fuzzy ideals of near-rings. Chinnadurai and Kadalarasi
[2] have defined the direct product of fuzzy ideals in near-rings. Kutlu Gindogdu and Kahraman [§]
introduced spherical fuzzy sets as an extension of picture fuzzy sets. Chinnadurai and Shakila [3] and [4]
discussed T-fuzzy bi-ideal of gamma near-ring and spherical fuzzy bi-ideals of gamma near-rings.

In this research work, we introduce the notion of Spherical Interval-Valued Fuzzy Bi-Ideal (SIVEBI) of

gamma near-ring % as a generalization of spherical fuzzy bi-ideals of gamma near-rings % . We will discuss

some of the properties of spherical interval-valued fuzzy bi-ideal of gamma near-ring %
2| Preliminaries

In this section we present some definitions which are used for this research. Let R be a near-ring and I’
be a non-empty set such tha % t is a Gamma near-ring. A subgroup H of (%, +) is a Bi-Ideal (BI) if and
only if HT.TH C H. A Spherical Fuzzy Set (SFS) A, of the universe of discourse U is given by,
A, = {u, ({), 7(w), E@))|u € U} where fi(u): U — [01], #(u): U — [01] and E(u):U — [0,1] and 0 <

2 (u) + 7P(u) + E(u) <1, u e U.

For each u, the numbers fi(u), ¥(u) and &(u) are the degree of membership, non-membership and hesitancy

of u to A, respectively.

ASFS A = (1, v, &), where u: % — [01], v: # — [0,1] and &: % — [0,1] of & is said to be a Spherical
Fuzzy Bi-Ideal (SFBI) of % if the following conditions are satisfied

(u—v) = min{u(u), w(v)l,
v(u - v) > minf{v(u), v(v)},
&(u-v) < max{é(u), E(v)},
p(uavpw) = min{u(u), p(w)},
v(uavpw) > min{v(u), v(w)},
S(uavpw) < max{g(u), E(w)},
for all u,v,w € F# and a, T
3| Spherical Interval-Valued Fuzzy Bi-Ideals of Gamma Near-Rings

In this section we define SIVFBI of .% and study some of it properties. We obtain the condition for an
arbitrary fuzzy subset of 7% is said to be SIVFBI.

Definition 1. A spherical fuzzy ser A, = (f,7, &) of # is to be SIVFBI of % if the following conditions
are satisfied

fi(u—v) 2 min'{fi(u), fi(v)},
P(u - v) > mini{¥i(u), ¥(v)},
E(u - v) < max*{&(u), E(V)},

f(uavpw) > mini{fi(u), fi(w)},



V(uavpw) > min'{vi(u), ¥(w)},
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E(uocv[%w) < maxi{E(u), E(w)},

for allu,v,w € # and a,B €T, where f: # — D[0]], #:.% —> D[0,1] and & % — DI[0,1]. Here
DI[0,1] denotes the family of closed subintervals of [0,1]. 316

Example 1. Let % = {0,1,2,3} with binaty operation + " on %, I' = {0,1} and # XI X . #Z — F# bea
mapping. From the cayley table,

+ 0 1 2 3
0 0 1 2 3
1 1 0 3 2
2 2 3 1 0
3 3 2 0 1
0 0 1 2 3
0 0 0 0 0
1 0 1 1 1
2 0 2 2 2
3 0 3 3 3
1 0 1 2 3
0 0 0 0 0
1 0 0 0 0
2 0 0 0 0
3 0 0 0 0

Define SFS f: % — D[0,1] by [(0) =[0.2,0.3], (1) = [0.3,0.6], fi(2) = [0.7,0.9], &(3) = [0.5,0.9];
7:. % — D[0,] by #(0) = [0.2,0.4], %(1) = [0.5,0.6], #(2) = [0.6,0.7], %(3) = [0.7,0.9]; & % —> DI[0,1] by
&(0) =10.1,0.3], &(1) = [0.4,0.6], £(2) = [0.8,0.9], &(3) = [0.5,0.7]. Then A, is SIVFBI of .Z.

Theorem 1. Let A, = [A;; Af] be a Spherical interval-valued fuzzy subset of a gamma near-ring %,
then A; is a SIVFBI of % if and only if A;, Af are SFBI of .%.

Proof. If A, is a SIVFBI of .%. For any u,0,w € %. Now,
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[p(u-v),p*(u-v)] = fi(u-v)

> min'{fi(), {(v))

= min*{[u~(w), p* W], [p~(v), B+ ()1}

= min*{[u~(w), p~ ()]}, min*{[p* (u), uw* ()]},

v (u-v), v (u-v)]=9(x-y)

> mini{H(u), 7(v))

= min'{[v=(u), v (W], [v-(v), v*(v)]}

= min*{[v~(w),v_(V)]}, min*{[v* (u),v*(v)]}, and

[£(u-V), &5 (u-V)] = Eu~-v)
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< max'{E(u), E(v))
= max'{[&(u), £ (W], [£7(v), E*(W)]}
= max*{[£"(u), & ()]}, max{[EF(w), EX(V)]);
(1™ (uavpw), p* (uavpw)] = fi(uavpw)
> min'{fi(u), fi(w)}
= min}{[u~(w), u*(W)], [u~(w), u*(w)]}
= min*{[u~ (), = (W)]}, min'{[p* (u), p*(w)l};
[v-(uavpw), v (uavpw)] = F(uavpw)
> min'{v(u), ¥(w)}
= min'{[v-(w), v ()], [v-(w),v*(w)]}
= min!{[v™(w), v_(w)]}, min*{[v*(w),v*(w)]}, and
(£~ (uavBw), £ (uavpw)] = E(uavpw)
< max'{&(u), E(w))
= max*{[£(u), £ ()], [E~(w), EX(w)]}

= max'{[£7(w), &~ (W)}, max*{[E* (w), £ (W)]}-

Therefore A;, A} are SFBI o Z{1.

Conversely let A;, Af are SFBI of . %Z. Letu,v,w € .%. Now,

Bu-v) = [0 (u-v), g (- v)]
> [min{p (), p~ ()}, min*{p* (u), pt(v)}]
= min*{p~(w), p* (W)}, min*{p=(v), u* (v))
= min'{fi(u), fi(v)};

H(u-v) = v (u-v),v*(u-v)]

> [min{y~(u), v~ (v)}, min'{v*(u), v (v)}]
= min*{v~(u), v*(u)}, min'{y=(v), v*(v)}

= min'{¥(u), ¥(v)}, and

Eu-v)=[E(u-v), & (u-v)]



< [max*{& (), £ (v)}, max*{&* (u), £ (V)]

{17
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= max}{&(u), £F(w)}, max{E(v), E¥ (v)}

= max'{E(u), EW)}; 318
A(uavpw) = [u (uavpw), u* (uavpw)]
> [min*{u~(w), p~(w)}, min*{u* (w), ¥ (w)}]
= min'{p~(u), p* ()}, min'{u~(w), u*(w))
= min'{fi(w), fi(w)};
F(uavpw) = [v-(uavpw), v (uavpw)]
> [min*{v™(u), v~ (W)}, min'{v*(u), v*(w)}]
= min'{v™(u), v* (w)}, min'{v=(w), v*(w)}
= min!{¥(u), ¥(w)}, and
E(uavpw) = [£-(uavpw), £ (uavpw)]
< [max'{&™(u), £ (w)}, max}{E* (w), £ (w)}]
= max{&(u), £ (w)}, max}{E~(w), £ (w))
= max'{E(u), E(w)}.

So A, is a STVFBI of %.

Hence the proof.
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Theorem 2. If {Asi;i € I} be a family of SIVFBI of a gamma near-ring %, then [ As,- is also SIVFBI of
i€l
%, where I is an index set.

Proof. Let {Asi;i € I} be a family of SIVFBI of a gamma near-ring %. Forany u,v,w € #Z anda,f €T .

N fi(u-v) = infLfi(u-v)

iel
> inf L min!{fi;(u), fi;(v)}
= mini{infi{i;(u), infi;fi;(v)}

= mini{QI gi(U), QI ﬁi(V)};

N ¥i(u-v) = infl.Fi(u-v)
i€l



> inflmin'{¥(u), ¥;(v)}

T

= min'{infl¥;(u),infi 7;(v)}

319 = min'{( ¥i(u), N ¥(v)};

iel iel

N Ei(u -v) = infiielgi(u -v)

iel
< infLmax'{&;(u), &(v))

= max'{infi;&(u), infiE(v)}

= maxi{QI &i(w), n &)

QI fi(uavpw) = inflfi;(uavpw)

> inflmin'{fi;(u), fij(w)}
= min'{infi;i;(u), inf i fi;(w)}

= mini{(gI Faw), () F(w)h

M Vi(uavpw) = infiieﬁzi(uocvﬁw)
iel

> infl min'{¥;(u), ¥;(w)}

= min'{inf{[7;(u), infi (W)}

Spherical interval-valued fuzzy bi-ideals of gamma near-rings

= mini{QI Pi(u), QI P;(w)}, and

QI Ei(uavpw) = infi & (uavpw)

< infigmaxi{(&;(u), &(w))

= max'{infi; &;(u), inf ;€ (w))

- maxi{QI &i(w), QI Ei(w)}.
Hence the proof.

Theorem 3. If {Asi;i € I} be a family of SIVFBI of a gamma near-ring %, then |J As,» is also SIVFBI of
i€l

F, where | is an index set.

Proof. Let {Asi;i € I} be a family of SIVFBI of a gamma near-ring .%. For any u,v,w € % and a,f €I



U fi(u - v) = supifi(u-v)
= (/-

> supjermin’{fi;(u), fi;(v)} Hire e ol

= min'{supifi;(u), suplyfii(v)} 320

= mini{gI fii(w), LEJI m(v)k

U ¥i(u - v) = supje¥i(u - v)
iel
> supl min'{¥;(u), ¥;(v)}

= mini{supiieﬁ/i(u), Supiielvi(v)}

= min'{{J ¥,(u), UI i)}

i€l

U Ei(u -v)= infiielzi(u - V)

iel

< suplgmaxi{&;(u), &(v))

= maxi{supiielzi(u)/ Supiielgi(v)}
= max{y &), U &)

LEJI fi(uavpw) = suplfii(uavpw)

> supl min'{fi;(u), fi;(w)}

= mini{supiiel fi(u), SupiieI fi(w)}
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= mini{(gI fi;(u), LEJI mi(w)k;

U ¥i(uavpw) = supjev;(uavpw)
iel

> supjemini{¥;(u), ¥i(w)}
= mini{supiieﬁi(u), SuPiieIT’i(W)}

= min{{J ¥;(u), U ¥i(w)}, and

iel iel

U Ex(uavpw) = supjE;(uavpw)

< inflmaxi{&;(u), &(w))

= maxi{supiieIEi(u), Supiidgi(w)}



= maxi{U Ei(u),U &i(w)).
1. -

Hence the proof.
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321 Theorem 4. If A, and G, are SIVFBIs of .%Z, then A A &, is SIVFBI of .%.
Proof. Let and &, are SFBIs of #. Let u,v,w € % and a, B € I'. Then,
(f A G)(u = v) = min'{fi(u - ), 5,(u — v)}, since by (& A G)(u) =min'{fi(u), 5(u)}
> mini{min'{{i(u), fi(v)}, mini{G,(u), 54(v)}}

= min'{min*{min’{fi(w), fl(v), 5s(w)}, 5s(V)}}

= min'{min}{min*{fi(w), 5s(w)}, fi(v)}, 55(v))

= min'{min{{i(u), 35(w)}, min'{fi(v), 5s(v)}

= min'{fi A 5(w)), (fi A 5(V)))-

Also (¥ AGg)(u—-v)>min{yi AG1)), TAGV) and (EAF)(u-v) <maxi{EAF)),(EA

5(V))}.
Since (fi(uavpw) = min‘{ji(w), i(v)).
(i A o) (uavpw) = min!{fi(uavpw), 5(uavpw))
> min!{min{fi(u), A (W)}, mini{5(u), 54(w)}}

= mini{mmi{ﬁ(u)/ Gs(u)}l mml{ﬁ(w)}/ Gs(w)}}

Spherical interval-valued fuzzy bi-ideals of gamma near-rings

= min}{(fi A Gg)(w), (fi A Ts)(w)}
Also (7 A &) (uavpw) > min'{(¥ A &,)(u), (7 A &,)(w) and (€ A &,)(uavpw) < max'{(E A &)(u), (E A &) (w)).
Hence (A, A G,) is a SIVFBI of .%.

Lemma 1. Let A be BI of .%. For any 0 < m < 1, there exists a SIVFBI A of % such that As,,, = A.

Proof. Let A be Bl of #. Define A;: % — [0,1] by

~ _fm, if ueA
As(u)‘{o, if ugA

whete m be a constant in (0,1). Clearly?ﬁsm =A. Let u,ve #. If u,veA, then f(u-v)=m2

min'{fi(u), f(v)}, ¥(u - v) = m > min'{i(u), ¥(v)} and E(u - v) = m < max'{&(u), E(v)}.

If at least one of u and v is not in A, then u —v ¢ A and so fi(u —v) = 0 = min'{fi(u), fi(v)}, #(u-v) =0 =
min'{v(u), 7(0)} and E(u —v) = 0 = max'{E(u), E(v)}.



Letu,o,we % and o, B € T'. If u,w € A, then fi(u), #(u), E(u) = m; fi(w), ¥(w), E(w) = m. Also
i uav[g’w) = m > min'{fi(u), fi(w)}, Huavpw) = m > min'{F(u), (w)} and E(uavpw) = m <

max'{E(w), E(w)).

If at least one of u and w is not in A, then f(uavfw) >0 =min'{fi(u), fi(w)}, ¥(uavpw) >0 =
min'{#(u), #(w)} and E(uavpw) < 0 = max'{&(u), E(w)} .

Thus Ay is SIVFBI of .%.
Theorem 5. If A; be SIVFBI of .%, then the complement A, is also SIVFBI 0 .Z f.

Proof. For u,v,w € % and a,f € I', we have

Eu—0) =1-f(u-0)>1-min'{fi(u), {(v)}=min'{l - fu),1 - i(v)}= min'{fi(u), f{(v)}, and also P(u —
0) > min{v(u), ¥(v)}, Eu -v) < max'{&(u), E()).

F(uavpw) =1 - fi(uavpw) > 1 - min'{fi(u), f(w)}=min{l — gw),1 — g(w)}= min'{fi(u), i(w)), and also
P(uavpw) > min " (), ¥(w)}, E(uavﬁw)Smax {E(u),g(w)}.

Hence A, is also SIVFBI of .%.

Lemma 6. Let U is fuzzy subset of %Z. Then U is BI of .7 if and only if A, is SIVFBI of .Z.
Proof. Let U be Bl of #. Foru,ve U,u—v € U.

Letu,ve Z%.

case(a): If u,0 € U, then fiy(u) =1 and fiy(v) = 1. Thus fiy(u - v) = 1> min'{f(u), i(v)}.

case(b): If u € U and v ¢ U, then fi;(u) =1 and fiy;(v) = 0. Thus fy(u —v) = 0 > min'{f(u), i(v)).
case(c): If u ¢ U and v € U, then fi;;(u) = 0 and f;(v) = 1. Thus fiy(u - v) = 0 > min'{f(u), f(v)}.

case(d): If u ¢ U and v ¢ U, then fiy(u) = 0 and fiy(v&(u — v) < max'{&(u), E(©)}) = 0. Thuiy(u —v) =
0s > min'{fi(u), fi(v)}.

In the above four cases ¥;;(u — v) > min'{¥(u), ¥(v)).
Letu,v,w e Z.

case(a): If wel and wel, then [yu)=1 and fy(w)=1 . Thus [y(uavpw)=1 >
min'{ Ay, fi(w), f(w)).

case(b): If u€ Uanw ¢ U d, theniy(u) =1 and fiy(w) = 0. Thus fi (uavpw) =0 > min'{fi(u), fi(w)}.
case(c): If u ¢ U and w € U, then [Ij;(u) = 0 and fi;(w) = 1. Thus yy(uavpw) = 0 > min'{f(u), fi(w)}.
case(d): If u ¢ U and w ¢ U, then fi;;(u) = 0 and fiy;(w) = 0. Thus fiy(uavpw) = 0 > min'{i(u), f(w)}.
Also 7y (uavpw) > min{v(u), ¥(w)} and&y; (uavpw) < max'{E(u), &w)} Thus Ay, is a SIVFBI of Z.

Conversely, suppose is a SIVFBI of .. Then by Lemma 4 /Lu has only two elements.

{17
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Hence U is BI of #.

' Theorem 7. If % be a gamma near-ring and A, be SIVFBI of %, then the set FHg, ={ue RNA (u) =
I Fuzzy. Ext. Appl AS(O)} IS BI Of L@'

323 Proof. Let A, be SIVFBI of and le u, v, w € #t. Then

A = v) 2 min'{f(u), fi(v)} = min'{{i(0), £(0)} = f(0). So fi(u—1v) = [i(0), thenu - v € F..
(1~ 0) > min'{#(u), %(v)} = min'(5(0), #(0)} = 7(0). So #(u —v) = ¥(0), thenu v € Fz.

E(u - v) < max'{&(u), &(v)} = max'{&(0), E(0)} = &£(0). So &E(u—v) = £(0), thenu - v € Hy..
f(uavpw) > min'{fi(u), fi(w)} = min'{§(0), f(0)} = f(0). So fi(uavpw) = f(0), then uavpw € Zx..
P(uavpw) > min' (%), #(w)} = min'{i(0), %(0)} = #0). So Huavpw) = #(0), then uavpw € Fy .
Euavpw) < max'{E(u), E(w)} = max'{€(0), £(0)} = £(0). So E(uavpw) = £(0), then uavpw € Zy .
Then #_is Bl of .

Theorem 8. If B be a non-empty subset of % and 7\53 be a Spherical Interval-Valued Fuzzy Set (SIVES)
F defined by

—~ _(p, ifueB
Asp(W) = {q, otherwp > gise.

toru € #,p,4 € D[0,1] and. Then ASB(L{) is a SIVFBI of % if and only if B is a Bl of %Z. AJSL@ASB =Bo.

Proof. Let Zth be a SIVFS R and le u, v, w € B t. Then ASB(u) =p= fLB(U) = /TSB(w). Now,

Spherical interval-valued fuzzy bi-ideals of gamma near-rings

A, (u—-v) = min'{A g (u), A o, (v))

(u-v)=p,sou-veB.
A o (Uavpw) > mini{A (1), A o5 (W)}
= min!{p, p} = P.
A szB(uavpw) = P, so uavpw € B.
Then is a BI of .Z%.
Conversely let B be a Bl of % and le u, v, w € Ft.

If at ASB(u) least one u, v is not in B, then u —v ¢ B and so/LB(u -0) > mini{/LB(u), /TSB(U)} =7.

If at least one u, w is not in B, then uavfw ¢ B and so ASB(uavﬁw) > mini{ﬁsB(u), /LB(W)} =7.



Thus is a SIVFBI of .%.

4| Conclusion

We obtained the union and intersection of the spherical interval-valued fuzzy bi-ideal of gamma near-

ring % is also a spherical interval-valued fuzzy bi-ideal of gamma near-ring. And for that condition,

A,, = A, forany 0 < m <1, bi-ideal of gamma near-ring % becomes spherical interval-valued fuzzy bi-

ideal of gamma near-ring 7% In future we will discuss the spherical fuzzy sets in some other algebraic
structures.
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