E-ISSN: 2717-3453 | P-ISSN: 2783-1442

Journal of Fuzzy Extension and Applications

{1/-—

J. Tuzzy. Ext. Appl

J. Fuzzy. Ext. Appl. Vol. 2, No. 3 (2021) 283-296.

Paper Type: Research Paper P

Quadripartitioned Neutrosophic Pythagorean Lie
Subalgebra

R. Radha?, A. Stanis Arul Mary?

I Research Scholar, Department of Mathematics, Nirmala College for Women, Coimbatore, Tamil Nadu, India;
radharmat2020@gmail.com.

2 Assistant Professor, Department of Mathematics, Nirmala College for Women, Coimbatore, Tamil Nadu, India;
stanisarulmary@gmail.com.

Citation:

E E Radha, R., & Arul Mary, A. S. (2021). Quadripartitioned neutrosophic pythagorean lie subalgebra.

Received: 01/05/2021 Reviewed: 29/05/2021 Revised: 02/08/2021 Accept: 04/08/2021

Abstract

A Quadripartitioned Neutrosophic Pythagorean (QNP) set is a powerful general format framework that generalizes the
concept of Quadripartitioned Neutrosophic Sets and Neutrosophic Pythagorean Sets. In this paper, we apply the notion
of quadripartitioned Neutrosophic Pythagorean sets to Lie algebras. We develop the concept of QNP Lie subalgebras
and QNP Lie ideals. We describe some interesting results of QNP Lie ideals.
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1 | Introduction

@®Licensee Journal | The concept of Lie groups was first introduced by Sophus Lie in nineteenth century through his
of Fuzzy Extensionand | studies in geometry and integration methods for differential equations. Lie algebras were also

Applications. Thisarticle | 4;.vered by him when he attempted to classify certain smooth subgroups of a general lincar group.
is an open access article . . . . . . . . .
The importance of Lie algebras in mathematics and physics has become increasingly evident in recent

distributed under the

terms and conditions of years. In mathematics, Lie theory remains a robust tool for studying differential equations, special
the Creative Commons functions and perturbation theory. It’s noted that Lie theory has applications not only in mathematics
Attribution (CC BY) and physics but also in diverse fields like continuum mechanics, cosmology and life sciences. Lie
license algebra has been utilized by electrical engineers, mainly within the mobile robot control [5].

(http://creativecommons.

org/licenses/by/4.0). Lie algebra has also been accustomed solve the problems of computer vision. Fuzzy structures

are related to theoretical soft computing, especially Lie algebras and their different classifications,
have numerous applications to the spectroscopy of molecules, atoms and nuclei. One amongst the
key concepts within the applying of Lie algebraic method in physics is that of spectrum generating
algebras and their associated dynamic symmetries. The most important advancements within the
fascinating world of fuzzy sets started with the work of renowned scientist Zulqarnain et al. [14] with

new directions and ideas.
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Wang et al. [0] defined SVN sets as a generalization of fuzzy sets and intuitionistic fuzzy sets [4].
Algebraic structures have a major place with vast applications in various disciplines.

Neutrosophic set has been applied to algebraic structures. Fuzzification of Lie algebras has been
discussed in [1]—[3]. The idea of single valued neutrosophic Lie algebra was investigated by Akram et al.
[7]. Quadtipartitioned Neutrosophic Set and its properties were introduced by Smarandache [12].
During this case, indeterminacy is split into two components: contradiction and ignorance membership
function. The Quadripartitioned Neutrosophic Set is a particular case of Refined Neutrosophic Set.
Smarandache [12] extended the Neutrosophic Set to refined [n-valued] neutrosophic set, and to refined
neutrosophic logic, and to refined neutrosophic probability, i.e. the truth value T is refined/split into
types of sub-truths such as T1, T2, ..., similarly indeterminacy I is refined/split into types of sub-
indeterminacies 11, 12, ..., and the falschood F is refined/split into sub-falsehood F1, F2 ...

We’ve now extended our research during this Pentapartitioned neutrosophic set as a space. Also we
introduced the concept of Penta partitioned neutrosophic Pythagorean set [8]-[14] and establish
variety of its properties in our previous work. During this paper, we apply the notion of
Quadripartitioned Neutrosophic Pythagorean (QNP) sets to Lie algebras.

In this paper, we develop the concepts of QNP Lie subalgebras and investigated some of its properties.

Furthermore, we have also studied the concept of QNP Lie ideals. We describe some interesting results
of QNP Lie ideals.

2| Preliminaries

Lie algebra [1] is a vector space L over a field I (equal to R or C) on which L XL — L denoted
by (x, y) — [X, y] is defined satisfying the following axioms:

(L1) [x, y] is bilinear,

(12) [x, x] = 0 for all x €L,

L3) [[x, ¥, 2] + [[y, 2], x] + [[ x], y] = O for all x, y, z EL (Jacobi identity).

Throughout this paper, L is a Lie algebra and F is a field. We note that the multiplication

in a Lie algebra is not associative, i.c., it is not true in general that [[x, y], z] = [, [y, z]]. But it

is anti commutative, i.e., [x, y] = —[y, x]. A subspace H of LL closed under [ =, * ] will be called a
Lie subalgebra.

A fuzzy set u: L — [0, 1] is called a fuzzy Lie ideal [1] of L if

L u(x +y)>minfux), u(yv)},
L pfax) > p(x),
0L u(lx yl) = u(x),

hold for all x, y EL and a€F.
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Definition 1. [9]. Let R be a space of points (objects). A QNP set on a non-empty R is characterized by
truth membership function Al: R — [0, 1], contradiction membership function A2: R— [0, 1], ighorance
membership function A4: R — [0, 1] and false membership function A5: R — [0, 1].

Thus, R = { <r, Al(1) ,A2( 1), A4 (1),A5(1)>} satisfies with the following conditions A1+A2+A4+A5<
2, A1 + A5 < 1,A2+A4 < 1.Here A1,A2, A4, A5 are dependent neutrosophic components.

Definition 2. [7]. An SVN set N = (TN, IN, FN) on Lie algebra L is called an SVN Lie subalgebra if the

following conditions are satisfied:
1. IN(x +y) > min(TN(x), IN(y)), IN(x + y) > min(IN(x), IN(y)) and FN(x + y) < max(FN(x), FN(y)),
1II. TN{ax) > TN(x), IN(ax) > IN{(x) and FN{x) < FN(x),

L TN ([x, y]) > min {TIN(x), TN(y)}, IN ([x, y]) > min {IN(x), IN(y)} and EN ({x, y]) < max {FN(x), FN(y)/ for all x, y
€L and a€F.

Definition 3. [7]. A SVN set N = (TN, IN, FN) onL is called an SVN Lie ideal if it satisfies the Conditions
(1), (II) and the following additional condition:

Single-valued Neutrosophic Lie algebras
IV. TN(/x, y]) > TN(x), IN([x, y]) > IN(x) and FN([x, y]) < FN{(x)
for all x, y €L.

From Condition (2) it follows that:

V. TN(0) > TN(x), IN(0) > IN(x), EN(0) < EN{(x),
VL. TN (=x) > TN(x), IN (-x) > IN(x), EN (-x) < EN(X).

3 | Quadripartitioned Neutrosophic Pythagorean Lie Subalgebra
We define here QNP Lie subalgebras and QNP Lie ideal.

Definition 4. A QNP set R = (Alg, A2z, Adg, AS5g) on is called a QNP Lie subalgebra £ if the following

conditions are satisfied:
1. Alr(a+b)> min (Alr(a),AIR (D)), A2r(a+b)>min(A2r (a), A2r (b)), A4R (a + b) < max (A4 (a), A4R
(b)), A5k (a + b)< max (A5k (a), A5k (b)),
II. AIr@Ba)= Alr(a),A2r{Ba)= A2k (a), A4r Pa)< A4 R (a)and A5 g (Ba)< A5k (a).
1I1. Alr({a b])> min (Alr(a), Al r (b)), A2k ([a, b]) > min (A2 (a), A2r (b)), A4 R (/a, b]) < max (A4 r (a), A4
R (b)), A5k (la, b]) < max (A5k (a), A5k (b)).
Forall a, be ¥ ande &.

Definition 5. A QNP set R = (A1 g, A2 g, A3r, A4 g,A5 g on L is called an QNP Lie ideal if it satisfies
the following Conditions (I) and (II) and the following additional conditions:

1V. Al r(fa b))> Alr(a),A2r ([a b])> A2Rr (a), A4dR ([a, b]) < A4 R (a), A5R ([a, b]) < A5R (a),
From (1), it follows that:

V. Alr (0)> AlRr(a), A2r (0)> A2R (a), A4r (0) < A4 R (a)and A5 (0) < A5R (a),
VL AlRr(-a)> AlRr(a) A2R(-a)> A2k (a), A4R(-a)< A4 R (a)and A5k (-a)< A5R (a).

Proposition 1. Every QNP Lie ideal is a QNP Lie subalgebra.



We note here that the converse of the above proposition does not hold in general as it can be seen in

the following example. ”’-

Example 1. Consider 7= R. Let ¥ =R® ={(a, b, ¢):a, b, c€ R } be the set of all three dimensional real
vectors which forms a QNP Lie algebra and define
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[a,b] @ axDb,

Wherte x is the usual cross product. We define an QNP set R = (Alg, A2g, Adg, A5r):R° — [0,1] x [0,1]
x [0,1] x [0,1] by

( 1, fa=b=c=0,
Alr(a,b,0)=403, ifa #0,b=c=0,
\ 0, otherwise

( 1, ifa=b=c=0,
A2Rr(a,b,0)={0.2, ifa #0,b=c=0,
N 0, otherwise

( 0, ifa=b=c=0,
Adr(a,b,0)={03, ifa #0,b=c=0,
N 1, otherwise

( 0, ifa=b=c=0,
A5Rr(a,b,c)=40.5, ifa #0,b=c=0.

N 1, otherwise

Then R = (Alg, A2g, Adg, A5g) is an QNP Lie subalgebra of % but R = (Alg, A2r, A4r, A5g) is not
an QNP Lie ideal of & since

Alr ([1,0,0) (1,1,1)]) = Alg (0,-1,1) =0,

A2k ([1,0,0) 1,1,1)]) = A2& (0,-1,1) =0,

Radha and Arul Mary |J. Fuzzy. Ext. Appl. 2(3) (2021) 283-296

Adg ([1,0,0) (L1D)]) = AdR (0,-1,1) =1,

A5x ([1,0,0) (LLD)]) = A5& (0,-1,1) =1,

AlR (1,0,0) =02, A2 g (1,0,0) = 0.3, Ad g (1,0,0) = 0.3, A5 & (1,0,0) = 0.5.
That is,

Al g ([1,0,0) (1,1,1)]) # Al (1,0,0),

A2 ([1,0,0) (1,L,1)]) # A2 & (1,0,0),

A4 ([1,0,0) (1,L1)]) £ Ad g (1,0,0),

A5 & ([1,0,0) (1,1,1)]) £ A5 & (1,0,0).
Proposition 2. If R is an QNP Lie ideal of ., then

I. AlIr(@)=Alr(a) A2r(0)> A2r (a), A4R (0)< A4r (a)and A5k (0)< A5k (a),
II. Alg(/a b])> max {Alr (a), Alr (b))},
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II1. AZ2r([la, b])> max (A2 (a), A2r (b)},

Iv. A4 ([a, b]) < min {A4R (a), A4k (b)),

V. A5R([a, b]) < min {A5R (a), A5k (b)),
VI AIR([a b]) =AlRrR(-[b a]) = Al ([b, a]),
VIL A2r([a, b]) =A2r (- [b, a]) = A2r ([b, a]),
VIIL. A4Rr([a b]) =A4r (- [b, a]) = A4 R ([b, a]),
IX. A5r ([a, b)) =A5r (- [b, a]) = A5k ([b, a]).

Foralla,b € &£ .
Proof. The proof follows from Definition 5.

Proposition 3. If /R;:i € ]} is a family of QNP Lie algebra of Z, then M Ri= (A Al m/A A2rRVA4RVAS rj)
is an QNP Lie ideal of - where,

A Algi (@) =inf {A Alri(a):ie], ae £},

A A2gi(a) =inf{A A2ri(a):ie], ae L},

VA4rRi(a) =sup {V Adri(a):ie], ae £},

V A5ri(a) =sup {V ASri(a):ie], ae L},
Proof. The proof follows from Definition 5.

Definition 6. Let R = (Alg, A2k, A4g, A5g) be an QNP Lie subalgebra of £ and let @,8,0,9)[0,1] X
[0,1] X [0,1] X [0,1] with @ + f+ 0 + 9 < 2. Then level subset of R is defined as

R@FOD) ={ ge £: Al(a) > a ,A2(a) > B, Ad(a) < 5,A5(a) < 9},

are called (@, 8, , 0,9 )level subsets of QNP set R. The set of all (@, 8,6, 8) € Im(Alr) X Im(A2x) X Im(A4R)
X Im(A5R) such that @ + f + 0 + 9 < 2 is known as image of R = (Alg, A2r, A4g, ASg).

Note:
R@BO®) = {a e Z: Al(a) > a ,A2(a) > B, A4(a) < 5 ,A5(a) < 9},

RO =fae X Al (a)>a} N {ae Z:A2a)> Bl N {ae Z:A4(a) <0} N{ae Z: A5(a) <
3,

R@BOY) = U (Al (a),0) N U’(A2(a), B) N ) N Lr( A 4(a),5) N L”(A5(a),9).

Theorem 1. An QNP set R = (Alg, A2r, Adg, A5g) of < is an QNP lie ideal of & iff R@FO9is 2 QNP
Lie ideal of Z for every (@,B,7,06,9)[0,1] X [0,1] X [0,1] X [0,1] witha + B+ 0+ 9 <3.

Proposition 4. Let R = (Alg, A2g, A4r, A5g) be an QNP Lie ideal of £ and (t1, s1, w1, v1), (t2, s2, uz, v2)
€ Im(ATR) X Im(A2r) X Im(A4g) X Im(A5g) with ri+ si+ ui +vi< 3 for i = 1,2. Then "% =
L) i and only if (1, s1, ul, v1) = (12, s2, u2, v2)

Theorem 2. Let Ky K 1CK, CK;......... CK ; = L be a chain of QNP Lie ideals of a QNP Lie algebra
Z. Then there exists an QNP ideal Al g of Z for which level subsets U (Al (a),a), U'(A2(a), B)
,L7( A 4(a), 5) and 1.”(A5(),9) coincide with this chain.



Proof. Let { nc k =0,1,2....n}, {sk =0,1,....n} , {urk=0,1,2...n} and {v: k = 0,1,2...n} be finite
decreasing and increasing sequences in [0,1]. Let Let R = (Alg, A2g, A4g, AS5g) be a QNP set in &
defined by Al r(Ko) = r0, A2r(K0) = s 0, A4rK0) = uo, AS5rRK o) = v, Al KK 1) = 11, A2r(K
1\1( 1,1) =Sy, A4 R(K]\I( 1,1) =u 1,A5 R(I<1\I< 1,1) =Vl for 0 <l < n. Let a, be ¥.1fa ,bEI<1\1< 11, then

a +b, Ba, [a,b] EK;

Alg (a+b) = 1= min {Alr (), Alr (b)},

A2 (a+b) =5 =min {A2r (a), A2r (b)},

A4y (a+b) <up=max {Adg (), Adg (b))},

A5g (a+ b) < v = max {A5x (a), A5r (b)},

Alr (@a) == Alg (a), A2r (@ta) = s .= A2x (a),
Adr (@a) S ui= Adg (a), A5 (@a) < v .= A5g (),
Al ([a,b]) = 1= Al (a), A2r (ja, b]) = s « = A2 (),

A4 ([a,b]) S ur=Adg (@), A5x ([a, b]) < vi= A5 ().

For i> j,ifae Ki\Kijand b€ K; \ K1, then AlR(a) =r;= A1R(b), AZR(a) =5;

A4y (2) = uj= A4g (b), A5r (a) = vj = A5 (b) and a +b, aa, [a, b] € K 1. Thus

Alr (a+b)=r;=min {Alg (2), Alr (b)},

A2 (a+ b) = si= min {A2r (a), A2r ()},

A4 (a+b) <uj=max {Adr (a), Adr b)),

A5k (a+ b) < vij=max {A5r (), A5& (b)},

Alr (@a) = ri= Al (2), A2r (@a) = si= A2 (a),

Adr (@a) < uj= Adg (a), A5 (@) < vj= A5r (a),

Alr ([, b]) = 1= Alg (2), A2 ([a, b]) = s 1= A2 (a),

A4R([a, b]) < uj:A4R(a),A5R([a, b]) SV]ZASR(ZL).

Thus, we conclude that R = (Alg, A2r, A4gr, A5g) is a QNP Lie ideal of a QNP Lie algebra . and all

its non-empty level subsets are QNP Lie ideals.

Since Im (A1r) = {to, t1,f 2..oostn }, Im (A2R) = {S 0,51, 8 2.8 },

= A2y (b),

Im (A4r) = {uog,ur,uz....;un }, Im (A58) = {vo,v1,V2.....vq }, level subsets of R forms chains:

U(@Alr,t) CUALR,t1)C ....CU Algr,r) =1L,

[0k (AZR,S()) c U’(AZR,S 1) cC ...cw (AZR, Sn) =1,

{17
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L” (AS5k,v0) CL’A5k,v1) C ....C Lr(A5p, v = L.
Respectively. Indeed

U@Alr,t0)={a€ L:Alr (@) =10} = K,

U (A2r,s0) = {a€ L: A2r (a) = s} = Ky,

L’ (Adr,ug)={a€ L:Adr (a) S uo} = Ky,

L” (ASr,vo)={a€ L:AS5r (@) < v} =K.
We prove that UALr,t1) = U'(A2r,s1) = D’(Adr,u) =L’A5r,v) =K ifor0<1<n.
Cleatly, K\ €U(Alg, 1), KI€ U(A2R,s1), KI€ L’(Ad4r,u), KIE L”(A5r, v)).
If a EUATRr, 1)), then Alr (a) = r1and fora & K, forj > 1. Hence Alr(a) € {ro, r112.....01 §,

Which implies a € ;for some j < 1. Since K ;€ Ky, it follows that a € K| .Consequently, U (Alr,r)) = K

| for some 0 <1 < n.
Ifa€ U (A2r,s1), then A2g (a) = siand fora € K, forj > 1. Hence A2r(a) € {s0,S1,52.---,51 |,

Which implies a € K for some j < 1. Since K ;€ K ,it follows that a € K| .Consequently, U(A2x, s 1)
=K for some 0 <I < n.

Ifa € I’(A4r,u), then A4g (a) < ujand fora & K i, ,for m > 1. Hence A4g(a) € {uo,uu....,u1},

Quadripartitioned neutrosophic pythagorean Lie subalgebra

Which implies a € K 1, for some m < 1. Since K nC K| ,it follows that a € K .
Consequently, I (A4r ,u)) = K| for some 0 <I < n.
Ifa € L”(A5R ,v1),then A5k (a) < viand fora & K, ,for m > 1. Hence A5gr(a) € {vo,Viva.....,v1 },
Which implies 2 € K 1, for some m < 1. Since K € K} ,it follows thata € K.
Consequently, L”(A5r , v 1) = K for some 0 <l < n. This completes the proof.
Theorem 3. If R = (Alg, A2g, Adg, A5g) is an QNP Lie ideal of a QNP Lie algebra &, then
Alg (a) = sup {r € [0,1] \ a € UAlx, 1)},
A2g (a) = sup {s € [0,1] \ a € U’(A2r, s)},
A4 g (2) =inf {u€ [0,1] \ a € L’(Ad4r, u)},
A5r () =inf {v€ [0,1] \ a €EUA5R,V)},

for everyae Z.



Proof. The proof follows from Definition 5.

Definition 7. Let f be a map from a set £1 to a set £ 2 If R = (Alg, A2r, Adg, A5r) and

R = (Alg, A2, Adg, A5g) ate QNP sets in Z7 and £, respectively, then the preimage of R2 under f,

denoted by f~1(R2), is a QNP set defined by

FTIR2) = (F~ YAl ), f ™ HA2R0),f~ L (Adr),f~ (A5 ko).

Theorem 4. Let f : Z1— #> be an onto homomorphisms of Lie algebras. If R = (Alg, A2r, A4, A5r)
is a QNP Lie ideal of £5, then the preimage

FIR2) = (f (Al r),f ™ L(A2R0),f ™ 1 (Adro),f ~ L(A5r2)) under fis a QNP Lie ideal of £; .
Proof. The proof follows from Definitions 5 and 7.

Theorem 5. Let f: Z1— #> be an epimorphisms of QNP Lie algebras. If R = (Algr, A2g, Adg, ASg) is
a QNP Lie ideal of #», then the preimage f~}((R1)¢) = (f~1(R1))¢

Proof. The proof follows from Definitions 5 and 7.

Theotem 6. Let £ : Z1— Z2 be an epimorphisms of QNP Lie algebras. If R = (Algr, A2g, A4r, A5g) is
a QNP Lie ideal of Z> and R = (Algr, A2g, Adg, A5g) is the preimage of R = (Algr, A2g, Adg, A5r)
under f. Then R2 is a QNP Lie ideal of Z1.

Proof. The proof follows from Definitions 5 and 7.

Definition 8. Let #1and Z2 be two QNP Lie algebras and f be a mapping of Z7into L2 IfR =
(Algr, A2g, Adg, A5g) is a QNP set of £y, then the image of R1 under fis the QNP set in L defined by

SUP 1) Algi (a), if f71(b) 20,
0, otherwise

A1) = |

o1
FA2 1)) = {supaef_l (b)Ale (a), iff "(b) %0,
0, otherwise

1, otherwise

inf,c¢14,)ASri(a), if 7 l(b) #0,

-1
A () = {1 foer1p)Adr1(a), if £77(b) # 0,
{ 1, otherwise

f(AS R1) (b =

for each be & »

Theorem 7. Let f :. 21— .£> be an epimorphisms of QNP Lie algebras. If R = (Alg, A2r, A4r, A5g) is
a QNP Lie ideal of #1, then f(R1) is a QNP Lie ideal of #.

Proof. The proof follows from Definitions 5 and §.
Definition 9. Let f : #1— #> be an homomorphisms of QNP Lie algebras, For any QNP set, If R =

(Alr, A2r, Adr, A5g) is a QNP Lie ideal of #5 we define a PNP set Rf = (A1k, A2k, A4k, A5L)in 21
by

{17
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Al (a) = Alr (f(2), A2k (a) = A2k (f(a)), Adk(a) = A4 (f(a)), ASL(a) = ASR (f(a)), foralla € Z;.

I Lemma 1. Let f :L1— %> be an homomorphisms of QNP Lie algebras, If R = (Alg, A2r, A4r, A5g) isa
J- Puzzy. B Ayl QNP Lie ideal of %, then Rf = (A1§, A2%, A4k, A5 ) is a QNP Lie ideal in % .

291 Proof. Leta,b € Fand f € 7. Then

Alf (a +b) = Al (f(a + b)) = Alx (f(2) + (b)) = min{ Alr (f(2)), Alx (f(b))} = min{Alk(a),
AlR(b)},

A2% (a + b) = A2 (fla + b)) = A2 (f(a) + (b)) = min{ A2x (f(a)), A2x (f(b))} = min{A2%
(@), A2 (b)),

A4§ (a+b) = Adg (f(a + b)) = Adr (f(a) + f(b)) < min{ A4r (f(a)), Adr (f(b))} = min {A4§(a),
A4 ()},

A5 (a+b) = ASx (f(a + b)) = A5g (f(a) + f(b)) < min{ A5g (f(a)), A5& (f(b))} = min{A5(a),
A5 (b)},

Al (Ba) = Al (f(Ba)) = Alx (Bf(2)) = Al (f(2)) = Alk(a),
A2k (Ba) = A2x (f(Ba)) = A2x (Bf(@) = A2x (f(a) = A2R(a),
A4k (Ba) = Adr (f(Ba)) = Adr (Bf(2)) < Adr (fa) = Adk(a),
A5 (Ba) = A5 (f(Ba)) = A5k (Bf(a)) < A5k (f(a)) = A5L(a).

Similarly,

Quadripartitioned neutrosophic pythagorean Lie subalgebra

AR (Ja, b)) = Alr (fla, b)) = Al ([ f@), fb]) = Al r (Fa)) = Al&(a),
A% ([a, bl) = A2 (f([a,b]) = A2k ([f(), {B)]) = A2k (f2)) = A2} (a),
A4L ([a, b)) = A4 (f([a, b]) = A4 (f(a), fB)]) < Adr (f@) = AdR(),
A5 ([a, b]) = A5k (f([a, b)) = A5 ([f@), fb)]) < A5 (f()) = A5k (a).
This proves that Rf = (A1}, A2}, A4f, A5),)is a QNP Lie ideal in Z .
We now characterize the QNP Lie ideals of Lie algebras.

Theorem 8. Let f: #1— %> be an epimorphisms of QNP Lie algebras. Then Rf = (A1, A2£, A4£, A5£ )
is a QNP Lie ideal in & iff R = (Alg, A2g, Adr, A5r)is a QNP Lie ideal of Z.

Definition 10. Let R = (Alg, A2r, Adg, A5r) be a QNP Lie ideal in .#. Define a inductively a sequences
of QNP Lie ideals in & by R°=R R! =/R°, R’/ R?> =/R},R?],....R"= [R"1,R"}].

R" is called the n th detived QNP Lie ideal of . A series R® 2 R' 2 R?2...2R" D -+

is called derived series of 2 QNP Lie ideal R in .Z.



Definition 11. A QNP Lie ideal R in is called a solvable QNP Lie ideal, if there exists a positive integer

n such that R 2 R 2 R? 2....2 R"=(0,0,0) ”’-

Theorem 9. Homomorphic images of solvable QNP Lie ideals are solvable QNP Lie ideals.

Proof. Let f :L;— #2 be homomorphisms of QNP Lie algebras. Suppose that R = (Alg, A2g, Adg, 292
A5) is a QNP Lie ideal of ;. We prove by induction on n that fR") 2 [f(R)]", where n is any positive
integer. First we claim that f([R, A])2 [f(R ), f( R)]. Let y € %. Then
f(<<Algr,Alr>>)(y) = sup {<<Alg, Alr>>y)\f(x) =y}
= sup{sup{min(Alr(a), Alr(b))\a,b € Z,[a, b] = x, f(x) = y}}
= sup{min(Alr(@), Alr())\a, b € Z,,[a, b] = x, f(x) = y}}
= sup{min(A1lr(a), Alr(b))\a,b € £, [f(a), f(b)] = x}
= sup{min(A1r(@), Alr(b))\a,b € Z,f(a) = u, f(b) = v,[u, v] = y}}
2sup {min(Sup g1y Al (@), min(SuPpep-14,)Alr(b)\[u, v] =y}
= sup{min{f(A1 r)(W),f(AL )W)\ [u, v] =y}
= <<f(Alg), f(A1r)>>(y),
f(<K<A2gr, A2g>>)(y) = sup { <<A2g, A2r>>{)\f(x) =y}
= sup{sup{min(A2r(a), A2r(b))\a, b € Z},[a, b] = x, f(x) = y}}
= sup{min(A2 r(a), A2x(b))\a, b € Z}, [a, b] = x, f(x) = y}}

= sup{min(A2r(a), A2r(b))\a, b € £, [f(a), f{(b)] = x}
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= sup{min(A2 r(a), A2r(b))\a, b € 7 ,f@a) = u, f(b) = v,[u, v] = y}}
sup {min(Sup p-1) A2 R(@), Min(suPpee1qy) A2rRM\[u, v] = v}
= sup {min {f(A2 r)(),f(A2 ) (V))\[u, v] = v}
= <<f(A2y), f(A2ZR)>>(y),
f(<<Adr , Ad>>)(y) = inf { <<Ad g, Adx>>F)\fx) = v}
= inf{inf{max(Adr(@), A4r®)\a, b € Lq,[a, b] = x, f(x) = y}}
= inf{max(A4 r(@), A4 r(b))\a, b € Ly,[a, b] = x, f(x) = y}}
= inf {max(A4r(), A4r(b)\a, b € Ly,[f(a), f(b)] = x}
= inf{max(A4 r(), A4r(b)\a, b € L1,f(a) = u, fb) = v,[u, v] = y}}

<inf{max(inf,ef1(y) Adr(a), min(infpee-1yy) A4rb)\[u, v] = v}
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= inf{max {f(A4 r)(w),f{A4 )W)\ [u, v] = y}
= <<f(A4v), f(A4R)>>(y),
f(<<AS5w , A5r>>)(y) = inf { <<A5g, A5r>>(y)\f(x) = v}
= inf{inf{max(A5 r(2), A5r(b))\a, b € Ly,[a, b] = x, f(x) = y}}
= inf{max(A5r(a), A5r(b))\a, b € Ly,[a, b] = x, f(x) = y}}
= inf {max(A5r(2), A5r(b))\a, b € Ly,[f(a), f(b)] = x}
= inf{max(A5 (), A5r(b))\a, b € Lq,f(a) = u, f(b) = v,[u, v] = y}}
<inf{max(infye-1¢y) A5 (@), min(infy 1., A5r(b)\[u, v] = v}
= inf{max {f(A5 r)(),f(A5 ) (V))\[u, V] = y}
= <<f(A5), f(A5R)>>(y).
Thus (R, R]) 2 f(<<A,A>>) 2 <<f(R), f(R)>> = [f(R), f(R)].
Now for n> 1, we get f(R™)= f([R™1,R™"1]) 2 [f(R1), {(R™1)].
This completes the proof

Definition 12. Let R = (A1, A2g, A4r,A5Rr) be a QNP Lie ideal in .#. We define a inductively a sequences
Of QNP Lie ideals in g by RO: R Rl :[R R()], RZ: m, Rl] . Rn :m, Rn—l]'

A setiesRg 2R; 2R, 2...2R, 2 -
is called descending central series of a QNP Lie ideal R in Z.

Definition 13. An QNP Lie ideal R is called a nilpotent QNP Lie ideal in & , if there exists a positive
integer n such that Ry 2 Ry 2 R, 2...2 R, =(0,00).

Theorem 10. Homomorphic image of a nilpotent QNP Lie ideal is a nilpotent QNP Lie ideal.

Proof. It is obvious

Theorem 14. Let K be a QNP Lie ideal of a QNP Lie algebra . If R = (Alg, A2r, Adr,A5R) is a QNP
Lie ideal of &, then the QNP set *R = (*Al g, *A2 g, *A4 g ,*A5y) of & /K defined by

*Alr(a + K) = supyexAlg(a + x),
*A2r(a + K) = supycxA2g(a + x),
*Adgr(a + K) =inf, g Adg(a + x),
*A5g(a + K) =inf, cx ASr(a + X),

is a QNP Lie ideal of the quotient QNP Lie algebra & /K of & with respect to K.



Proof. Cleatly,*R is defined. Let x + K,y + K e £/ K. Then

*Alp(x + K) + (v + K) = *Al r((x + y) + K)
= SupzeKAlR((X +y)+ Z),

= Supz:s+teKA1R((X +y)+(s+ t)),
> supg exMin{Alg(x +s), Alg(y + t)},
= min { supgeg AlR(X + 8),sUp e AlR(y + 1)},
= minf{* Alg(x + s),* Alg(y + t)},
FATrB(x + K) = *Alr(Bx + K) = supex Alr(BX + 2) 2 sup g Alr(x + 2)=*Al r(x + K).
*Alr([x + K, *Alr(a + K) =sup,xAlr(a + x),
y + KJ) = *Alr(x, y] + K) = sup,ecAlr([x, y] + 2) > sup e Alr([x, y] + 2)=*Al r(x + K).

Thus *Al g is a PNP Lie ideal of £/ K. In a similar way, we can verify that *A2g, *Ad4rand *A5r
PNP Lie ideals of - /K. Hence *R = (*Al g, *A2 g, ¥*Adg ,*A5 ) is 2 QNP Lie ideal of & /K.

Theotem 15. Let K be a QNP Lie ideal of a QNP Lie algebra £, Then thete is a one-to=one
correspondence between the set of QNP Lie ideals R = (Al g, A2r, Adr,A5Rr) of Zsuch that R(0) =
A(s) for all s € K and the set of all QNP Lie ideals *R = (*Al g, *A2r, *A4r,*A5R) of Z /K.

Proof. Let R = (A1 R, A2 R, A4R ,A5 R) be QNP Lie ideal of .#. Using Theorem 3.27, we prove that

*A1R, *A2 R, *A4R *A5 R defined by
*AlR(a + K) =sup,cxAl R(a + x),
*A2R(a + K) = sup,exA2 R(a + x),
*A4R(a + K) = inf A4 R(a + ),
*A5R(a + K) =inf, g A5 R(a + ),

are QNP Lie ideals of . /K. Since A1R(0) = A1 R(s), A2 R(0) = A2 R(s),
A4R(0) = A4 R(s), A5 R(0) = A5 R(s) for all s € K,
A1R(@ + s) = min(A1 R(a), Al R(s)) = Al R(a),
A2R(a + s) = min(A2 R(a), A2 R(s)) = A2 R(a),
A4R(@ + s) < max(A4 R(a), A4 R(s)) = A4 R(a),
A5R(a + 5) < min(A5 R(a), A5 R(s)) = A5 R(a).

Again,
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A1R(@) = AlR(@a + s - s) = min(Al R@a + s), A1 R(s)) = Al Ra + s),
A2 R(a) = A2R(a + s - 5) = min(A2 R(a + s), A2 R(s)) = A2 R(a + s),
A4 R(2) = A4R(a + s - s) < max(A4 R(a + s), A4 R(s)) = A4 R(a + s),
A5 R(2) = A5R(a + s - 5) < max(A5 R(a + 5), A5 R(s) = A5 Ra + s).

Thus R(a + s) = R(a) for all s € K. Hence the correspondence R — *R is one- to -one. Let *R be a QNP
Lie ideal of .2 / K and define a PNP set R = (A1 R, A2 R, A4R ,A5 R) in & by

Al R(2) = * A1R(@@ +K),A2 R(a) = * A2 R(a +K), A4 R(a) = * A4 R(a +K), A5 R(a) = * A5 R(a +K).
For ab€ &, we have

AlR(a + b) = *A1 R((a + b) +K) = * A1 R((a +K) + (b + K)),

>min{*Al R@ + K), *A1 R(b + K)} ,

=min { A1 R@a), Al R(b)},
A1 R(Ba) = * AIR(Ba +K) = * A1 R@a +K) = Al R(a),
A1R(a, b)) = * Al R(fa,b] +K) = * A1 R(fa + K, b + K]),
> * AlR(a +K) = A1 R(a).

Thus Al Ris a QNP lie ideal of .Z. In a similar way, we can verify that A2 R, A4 R and A5R are QNP
Lie ideals of Z. Hence R = (A1 R, A2 R, A4R ,A5 R) is a QNP Lie ideal of Z.

Note that A1 R(a) = * A1R(a +K),A2 R(a) = * A2 R(a +K), A4 R(a) = * A4 R(a +K), A5 R(a) = * A5R(a
+K).

This completes the proof.

4| Conclusion

In this article, we have discussed above QNP Lie subalgebra and QNP Lie ideals of a QNP Lie Algebra.
We have also investigated some of its properties of Quadripartitioned Neutrosophic Pythagorean Lie
ideals. In future, we are planned to study on Lie rings. We may also develop for heptapartitioned
neutrosophic sets and other hybrid sets.
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