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Abstract 

 

1 | Introduction  

Zadeh [16] worked on a new set called as fuzzy set where the concept of uncertainty in many real 

applications are analyzed and this fuzzy set plays a vital role in the recent research. And the concept 

of interval valued fuzzy set were brought out that is membership function in terms of a collection of 

closed sub-interval of [0, 1]. Later, Atanassov [18] extended the fuzzy set into an intuitionistic fuzzy 

set by adding non membership for every element. Further, Jun et al. [4] explored a notation in which 

the first term is of interval valued fuzzy and the second term as fuzzy and is named as a cubic set. 

Many research is moving a long way with these types of sets and from those work this paper is 

motivated to work on this topic [1], [2], [8]-[15].  

All the structure of incline algebra is introduced by Coa et al. [3] which is a generalization of both 

Boolean and Fuzzy algebras, which is associative, commutative under addition and multiplication is 

distributive over addition with 𝑥0 + 𝑥0 = 𝑥0 , 𝑥0 + 𝑥0 𝑦0 = 𝑥0, 𝑦0 + 𝑥0  𝑦0 = 𝑦0  𝑓𝑜𝑟 𝑎𝑙𝑙 𝑥0, 𝑦0. It has both 

a semiring structure and a poset structure and this incline algebra deals with different fields such as 

the graph theory, decision making, matrices etc. 

Many algebraic structures are fused with fuzzy set was started by Rosenfeld [17]. Further many 

algebras like BF, BCK, BCI and B are successfully correlated with various kinds of fuzzy sets and the 
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incline algebra was merged with fuzzy and its generalization by Jun et al. [5]-[7]. Here, this paper is also 

merging the concept of incline algebra with cubic set and introduces the notion of cubic subincline. 

Moreover, it deals about the cartesian product, homomorphic image and some related results of the 

structure introduced. 

This work is characterized as the following sections: Section 1 introduces about the work. Section 2 

defines the needed definition of this paper and Section 3 deals with the definition of cubic subincline 

and at last Section 4 concludes the work. 

2 | Preliminaries 

This part provides some essential definitions on incline and fuzzy sets. 

Definition 1. A non-empty set (ℸ, +,∗) is an incline algebra if for all 𝑥0 , 𝑦0 , 𝑧0  ∈ ℸ the following hold: 

 + is commutative and associative. 

 ∗  is associative and distributive (both left and right) under +. 

 𝑥0 + 𝑥0 = 𝑥0. 

 𝑥0 + (𝑥0 ∗ 𝑦0 ) = 𝑥0.   

 𝑦0 + (𝑥0 ∗ 𝑦0 ) = 𝑦0. 

Definition 2. A subincline of an incline ℸ is a non-empty subset  𝑀 of  ℸ which is closed under addition 

and multiplication. 

Definition 3. A fuzzy set in a universal set 𝜒 is defined as 𝛾 ∶  𝜒 → [0, 1]. 

Definition 4. An interval valued fuzzy set on 𝜒 is defined by 𝐶 = { 𝑥0  , 𝛾𝐶(𝑥0)}  𝑓𝑜𝑟 𝑎𝑙𝑙 𝑥0   ∈  𝜒 where                              

𝛾𝐶  ∶  𝜒 → 𝐷[0, 1] ;  𝐷[0, 1] denotes the family of all closed subintervals of [0, 1]. Here                                                        

𝛾𝐶 (𝑥0 ) = [ 𝛾𝐶
𝐿 (𝑥0)  , 𝛾𝐶

𝑈(𝑥0 )  ]  𝑓𝑜𝑟 𝑎𝑙𝑙  𝑥0   ∈  𝜒  𝑤𝑖𝑡ℎ  𝛾𝐶
𝐿   ≤ 𝛾𝐶

𝑈    𝑎𝑛𝑑  𝛾𝐶
𝐿   , 𝛾𝐶

𝑈  are fuzzy sets. 

Definition 5. Let 𝜒 be a non-empty set and a cubic fuzzy set in 𝜒 is of the form                                                          

𝐶 = { 𝑥0, 𝛾𝐶(𝑥0 ), 𝜈𝐶(𝑥0)}  𝑓𝑜𝑟 𝑎𝑙𝑙 𝑥0 ∈ 𝜒 where  𝛾𝐶 ∶ 𝜒 → 𝐷[0, 1]  and 𝜈𝐶  ∶  𝜒 → [0, 1],  where 𝛾𝐶 (𝑥0) is 

an interval valued fuzzy set and 𝜈𝐶 (𝑥0) is a fuzzy set. 

Definition 6. A non-empty set 𝐶 in an incline   is called a fuzzy subincline if                                                                            

⋏ (𝐶(𝑥0 + 𝑦0), 𝐶(𝑥0 ∗ 𝑦0 )) ≥ ⋏ ( 𝐶(𝑥0), 𝐶(𝑦0 )) 𝑓𝑜𝑟 𝑎𝑙𝑙 𝑥0, 𝑦0  ∈ ℸ. 

Here the notation for min is represented as ⋏ , rmin is represented as ⋏ ̅ and max as ⋎. 

3 | Cubic Subincline of Incline Algebra 

This section deals the structure of cubic subincline and some related results. 

Definition 7. Let ℸ  be an incline algebra and a cubic set 𝐶  in ℸ is said to be a cubic subincline of incline 

algebra if it satisfies: 

 ⋏ ̅  (𝛾̅(𝑥0 + 𝑦0 ), 𝛾(𝑥0 ∗ 𝑦0 )) ≥ ⋏ ̅ ( 𝛾(𝑥0), 𝛾(𝑦0 )), 

 ⋎ (𝜈(𝑥0 + 𝑦0 ), 𝜈(𝑥0 ∗ 𝑦0 )) ≤ ⋎ (𝜈(𝑥0), 𝜈(𝑦0 ))  𝑓𝑜𝑟 𝑎𝑙𝑙 𝑥0 , 𝑦0  ∈ ℸ . 

Theorem 1. Let 𝐶1 and 𝐶2 be two cubic subinclines of  ℸ, then so is  𝐶1 ∩ 𝐶2. 

Proof: Let 𝐶1 and 𝐶2 be two cubic subinclines of ℸ, 𝑓𝑜𝑟 𝑎𝑙𝑙 𝑥0 , 𝑦0 ∈ ℸ.   
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Since 𝛾(𝐶1 ) & 𝛾(𝐶2 ) are interval valued fuzzy sets on 𝐶1 and 𝐶2 

        ⋏̅  (⋏̅ ( 𝛾(𝐶1∩ 𝐶2 ) (𝑥0 + 𝑦0 ), 𝛾(𝐶1∩ 𝐶2 ) (𝑥0 ∗ 𝑦0 )))  

          = ⋏̅ (⋏̅ (𝛾(𝐶1 ) (𝑥0 + 𝑦0 ), 𝛾(𝐶2 )(𝑥0 + 𝑦0)),⋏̅ (𝛾(𝐶1 ) (𝑥0 ∗ 𝑦0), 𝛾(𝐶2 ) (𝑥0 ∗ 𝑦0 )))      

          = ⋏̅ (⋏̅ (𝛾(𝐶1 )(𝑥0 + 𝑦0 ), 𝛾(𝐶1 ) (𝑥0 ∗ 𝑦0 )) , ⋏̅ (𝛾(𝐶2 ) (𝑥0 + 𝑦0 ), 𝛾(𝐶2 ) (𝑥0 ∗ 𝑦0 )))  

          ≥ ⋏̅  (⋏̅ (𝛾(𝐶1 ) (𝑥0 ), 𝛾(𝐶1 ) (𝑦0 ) ),⋏̅ ( 𝛾(𝐶2 ) (𝑥0 ), 𝛾(𝐶2 ) (𝑦0 ) ))  

            ≥ ⋏̅   (⋏̅ (𝛾(𝐶1 ) (𝑥0), 𝛾(𝐶2 ) (𝑥0)) , ⋏̅ ( 𝛾(𝐶1 ) (𝑦0)  , 𝛾(𝐶2 )(𝑦0) ))  

            = ⋏̅ ( 𝛾(𝐶1∩ 𝐶2 ) (𝑥0 ), 𝛾(𝐶1∩ 𝐶2 ) (𝑦0 ))  

 ⋏̅  (⋏̅ ( 𝛾(𝐶1∩ 𝐶2 ) (𝑥0 + 𝑦0 ), 𝛾(𝐶1∩ 𝐶2 ) (𝑥0 ∗ 𝑦0 ))) ≥ ⋏̅ ( 𝛾(𝐶1∩ 𝐶2 ) (𝑥0 ), 𝛾(𝐶1∩ 𝐶2 ) (𝑦0)). 

Similarly, 𝜐(𝐶1 ) 𝑎𝑛𝑑 𝜐(𝐶2) 𝑎𝑟𝑒 𝑓𝑢𝑧𝑧𝑦 𝑠𝑒𝑡𝑠 𝑜𝑛 𝐶1 𝑎𝑛𝑑 𝐶2.  

          ⋎ (⋎ ( 𝜐(𝐶1∩ 𝐶2 ) (𝑥0 + 𝑦0 ), 𝜐(𝐶1∩ 𝐶2 ) (𝑥0 ∗ 𝑦0 )))  

          =⋎ (⋎ (𝜐(𝐶1 ) (𝑥0 + 𝑦0 ), 𝜐(𝐶2 )(𝑥0 + 𝑦0)) ,⋎ (𝜐(𝐶1 ) (𝑥0 ∗ 𝑦0), 𝜐(𝐶2 ) (𝑥0 ∗ 𝑦0 )))      

          =⋎ (⋎ (𝜐(𝐶1 )(𝑥0 + 𝑦0 ), 𝜐(𝐶1 ) (𝑥0 ∗ 𝑦0 )) , ⋎ (𝜐(𝐶2 ) (𝑥0 + 𝑦0 ), 𝜐(𝐶2 ) (𝑥0 ∗ 𝑦0 )))  

          ≤ ⋎ (⋎ (𝜐(𝐶1 ) (𝑥0 ), 𝜐(𝐶1 ) (𝑦0 ) ),⋎ ( 𝜐(𝐶2 ) (𝑥0 ), 𝜐(𝐶2 ) (𝑦0 ) ))  

           ≤ ⋎  (⋎ (𝜐(𝐶1 ) (𝑥0), 𝜐(𝐶2 ) (𝑥0)) ,⋎ ( 𝜐(𝐶1 ) (𝑦0)  , 𝜐(𝐶2 )(𝑦0) ))  

           = ⋎ ( 𝜐(𝐶1∩ 𝐶2 ) (𝑥0 ), 𝜐(𝐶1∩ 𝐶2 ) (𝑦0 ))  

⋎ (⋎ ( 𝜐(𝐶1∩ 𝐶2 ) (𝑥0 + 𝑦0 ), 𝜐(𝐶1∩ 𝐶2 ) (𝑥0 ∗ 𝑦0 ))) ≤ ⋎ ( 𝜐(𝐶1∩ 𝐶2 ) (𝑥0 ), 𝜐(𝐶1∩ 𝐶2 ) (𝑦0)). 

Thus 𝐶1 ∩ 𝐶2  is a cubic subincline of ℸ . 

Theorem 2. Let the cubic set 𝒞 = {𝛾𝒞 , 𝜈𝒞 } be a cubic subincline of ℸ ⟺ 𝛾𝒞  is an interval valued fuzzy 

and 𝜈𝒞  are anti fuzzy subincline of ℸ. 

Proof: Let the cubic set 𝒞 = {  𝛾̅𝒞 , 𝜈𝒞 } be a cubic subincline of ℸ and take 𝑥0 , 𝑦0  ∈  ℸ. 

Then to prove ⋏̅ (𝛾𝒞 (𝑥0 + 𝑦0), 𝛾𝒞 (𝑥0 ∗ 𝑦0))  ≥ ⋏̅ (𝛾𝒞 (𝑥0), 𝛾𝒞 (𝑦0)): 

 (𝛾𝒞 (𝑥0 + 𝑦0)) = [ 𝛾𝒞
𝐿 (𝑥0 + 𝑦0) , 𝛾𝒞

𝑈 (𝑥0 + 𝑦0)]  

                     ≥  [  ⋏ [𝛾𝒞
𝐿 (𝑥0), 𝛾𝒞

𝐿 (𝑦0)], ⋏ [𝛾𝒞
𝑈 (𝑥0), 𝛾𝒞

𝑈 (𝑦0)]]  

             =  [  ⋏ [𝛾𝒞
𝐿 (𝑥0), 𝛾𝒞

𝑈 (𝑥0)], ⋏ [𝛾𝒞
𝐿 (𝑦0), 𝛾𝒞

𝑈 (𝑦0)]] 

  ≥ ⋏̅ (𝛾𝒞 (𝑥0), 𝛾𝒞 (𝑦0)) 



 

 

84 

M
a
n

o
k

a
ra

n
 e

t 
a
l.

|
J.

 F
u

z
z
y
. 

E
x

t.
 A

p
p

l.
 4

(2
) 

(2
0
2
3
) 

8
1-

9
1

 

 

⋏̅ (𝛾𝒞 (𝑥0 + 𝑦0))  ≥ ⋏̅ (𝛾𝒞 (𝑥0), 𝛾𝒞 (𝑦0)).  

Similarly, ⋏̅ ( 𝛾𝒞 (𝑥0 ∗ 𝑦0))  ≥ ⋏̅ (𝛾𝒞 (𝑥0), 𝛾𝒞 (𝑦0)) 

⋏̅ (𝛾𝒞 (𝑥0 + 𝑦0), 𝛾𝒞 (𝑥0 ∗ 𝑦0)) ≥⋏̅ ( ⋏̅ (𝛾𝒞 (𝑥0), 𝛾𝒞 (𝑦0)), ⋏̅ (𝛾𝒞 (𝑥0), 𝛾𝒞 (𝑦0)))  

⋏̅ (𝛾𝒞 (𝑥0 + 𝑦0), 𝛾𝒞 (𝑥0 ∗ 𝑦0))  ≥ ⋏̅ (𝛾𝒞 (𝑥0), 𝛾𝒞 (𝑦0)).  

To prove 𝜈𝒞   is an anti-fuzzy subincline. 

   ⋎ (𝜐𝒞 (𝑥0 + 𝑦0), 𝜐𝒞 (𝑥0 ∗ 𝑦0)) = ⋎ ((1 −  𝜐𝒞
′ (𝑥0 + 𝑦0)), (1 −  𝜐𝒞

′ (𝑥0 ∗ 𝑦0)))  

   = ⋎ ((1 − ( 𝜐𝒞
′ (𝑥0 + 𝑦0), 𝜐𝒞

′ (𝑥0 ∗ 𝑦0)))  

    =  1 − ⋎ (( 𝜐𝒞
′ (𝑥0 + 𝑦0), 𝜐𝒞

′ (𝑥0 ∗ 𝑦0)))  

               ≥  1 − ⋎ (( 𝜐𝒞
′ (𝑥0), 𝜐𝒞

′ (𝑦0)))  

               ≥  ⋎ ((1 − 𝜐𝒞
′ (𝑥0), 1 −  𝜐𝒞

′ (𝑦0)))  

               = ⋎ (𝜐𝒞 (𝑥0), 𝜐𝒞 (𝑦0)). 

Therefore, 𝜐𝒞  is an anti-fuzzy subincline of ℸ. 

Conversely, 𝛾𝒞  is aninterval valued fuzzy subincline of ℸ and 𝜐𝒞  is an anti-fuzzy subincline of ℸ. 

To prove (𝛾𝒞 , 𝜐𝒞 ) is a cubic subincline of  ℸ. 

Therefore, the proof is obvious by the definition of a cubic subincline. 

𝒞  = (𝛾𝒞  , 𝜐𝒞 ) is a cubic subincline of ℸ. 

Definition 8. Let 𝒞1 and 𝒞2 be two cubic fuzzy sets of ℸ and ℶ respectively. The direct product of 

𝒞1  ×  𝒞2 : ℸ × ℶ → [0,1] of 𝒞1 and 𝒞2 is defined by 𝛾𝒞1 × 𝒞2
(𝑥0, 𝑦0)= ⋏̅ (𝛾𝒞1

(𝑥0), 𝛾𝒞2
(𝑦0)) and 

𝜐𝒞1 × 𝒞2
(𝑥0, 𝑦0) = ⋎ (𝜐𝒞1

(𝑥0), 𝜐𝒞2
(𝑦0)). 

Lemma 1. Let (ℸ , +,∗ ) and (ℶ , +,∗ ) be two incline algebra, for all (𝑥1, 𝑦1), (𝑥2, 𝑦2 ) ∈  ℸ × ℶ, define  

(𝑥1, 𝑦1) + (𝑥2, 𝑦2 ) =  (𝑥1 + 𝑥2), (𝑦1 + 𝑦2 ) ; (𝑥1, 𝑦1) ∗ (𝑥2, 𝑦2 ) =  (𝑥1 ∗ 𝑥2), (𝑦1 ∗  𝑦2 ). Then ( ℸ × ℶ , +,∗) is 

also an incline algebra. 

Theorem 3. Let 𝒞1 & 𝒞2 be two cubic subincline of ℸ and ℶ respectively, then 𝒞1  ×  𝒞2  is a cubic           

subincline of ℸ × ℶ. 

Proof: Let 𝛾𝒞1
 , 𝛾𝒞2

 be two interval valued fuzzy cubic subincline of ℸ and ℶ respectively. 

Now, ⋏̅ (𝛾𝒞1 × 𝒞2 
(𝑥1, 𝑦1) +   (𝑥2, 𝑦2) , 𝛾𝒞1 × 𝒞2 

(𝑥1, 𝑦1) ∗  (𝑥2, 𝑦2)) 

   = ⋏̅ ( 𝛾𝒞1 × 𝒞2 
(𝑥1 + 𝑥2),   (𝑦1 + 𝑦2)  , 𝛾𝒞1 × 𝒞2 

(𝑥1 ∗ 𝑥2), (𝑦1 ∗ 𝑦2)) 
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  = ⋏̅ (( 𝛾𝒞1

(𝑥1 + 𝑥2),  𝛾𝒞2
 (𝑦1 + 𝑦2) )  , ( 𝛾𝒞1 (𝑥1 ∗ 𝑥2),  𝛾𝒞2

 (𝑦1 ∗ 𝑦2))) 

  = ⋏̅ (⋏̅ ( 𝛾𝒞1
(𝑥1 + 𝑥2),  𝛾𝒞1 (𝑥1 ∗ 𝑥2) )  ,⋏̅  ( 𝛾𝒞2

 (𝑦1 + 𝑦2) ,  𝛾𝒞2
 (𝑦1 ∗ 𝑦2))) 

  ≥ ⋏̅ (⋏̅ ( 𝛾𝒞1
(𝑥1),  𝛾𝒞1 (𝑥2) )  , ⋏̅  ( 𝛾̅𝒞2

 (𝑦1) ,  𝛾𝒞2
 (𝑦2))) 

  = ⋏̅ (⋏̅ ( 𝛾𝒞1
(𝑥1), 𝛾𝒞2

 (𝑦1)  )  , ⋏̅  ( 𝛾𝒞1 (𝑥2)  ,  𝛾𝒞2
 (𝑦2))) 

  = ⋏̅  ( 𝛾𝒞1 × 𝒞2 
(𝑥1, 𝑦1) , 𝛾𝒞1 × 𝒞2 

(𝑥2, 𝑦2))   

        ⋏̅ (𝛾𝒞1 × 𝒞2 
(𝑥1, 𝑦1) +   (𝑥2, 𝑦2) , 𝛾𝒞1 × 𝒞2 

(𝑥1, 𝑦1) ∗  (𝑥2, 𝑦2)) ≥ ⋏̅  ( 𝛾𝒞1 × 𝒞2 
(𝑥1, 𝑦1) , 𝛾𝒞1 × 𝒞2 

(𝑥2, 𝑦2)).   

Let 𝜐𝒞1
 and 𝜐𝒞2

be fuzzy subincline of  ℸ and ℶ  respectively. 

⋎ (𝜐𝒞1 × 𝒞2 
(𝑥1, 𝑦1) +   (𝑥2, 𝑦2) , 𝜐𝒞1 × 𝒞2 

(𝑥1, 𝑦1) ∗  (𝑥2, 𝑦2)) 

  = ⋎ ( 𝜐𝒞1 × 𝒞2 
(𝑥1 + 𝑥2),   (𝑦1 + 𝑦2)  , 𝜐𝒞1 × 𝒞2 

(𝑥1 ∗ 𝑥2), (𝑦1 ∗ 𝑦2)) 

  =⋎ ((𝜐𝒞1
(𝑥1 + 𝑥2), 𝜐𝒞2

 (𝑦1 + 𝑦2) )  , ( 𝜐𝒞1
(𝑥1 ∗ 𝑥2), 𝜐𝒞2

 (𝑦1 ∗ 𝑦2))) 

  = ⋎ (⋏̅ (𝜐𝒞1
(𝑥1 + 𝑥2), 𝜐𝒞1

(𝑥1 ∗ 𝑥2) )  ,⋎ (𝜐𝒞2
 (𝑦1 + 𝑦2) , 𝜐𝒞2

 (𝑦1 ∗ 𝑦2))) 

  ≤ ⋎ (⋎ (𝜐𝒞1
(𝑥1), 𝜐𝒞1

(𝑥2) )  , ⋎  (𝜐𝒞2
 (𝑦1) , 𝜐𝒞2

 (𝑦2))) 

  =⋎ (⋎ (𝜐𝒞1
(𝑥1), 𝜐𝒞2

 (𝑦1)  )  , ⋎  ( 𝜐𝒞1
(𝑥2)  , 𝜐𝒞2

 (𝑦2))) 

  = ⋎ ( 𝜐𝒞1 × 𝒞2 
(𝑥1, 𝑦1) , 𝜐𝒞1 × 𝒞2 

(𝑥2, 𝑦2))   

        ⋎ (𝜐𝒞1 × 𝒞2 
(𝑥1, 𝑦1) + (𝑥2, 𝑦2) , 𝜐𝒞1 × 𝒞2 

(𝑥1, 𝑦1) ∗  (𝑥2, 𝑦2)) ≤ ⋎ ( 𝜐𝒞1 × 𝒞2 
(𝑥1, 𝑦1) , 𝜐𝒞1 × 𝒞2 

(𝑥2, 𝑦2)).   

Thus, 𝒞1  ×  𝒞2  is also a cubic subincline of ℸ × ℶ. 

Definition 9. A mapping 𝑓 ∶ ℸ →  ℶ. Let 𝒞  is a cubic subincline of ℸ then the image of a cubic subincline 

of  ℶ is defined as 𝑓(𝒞 ) =  (𝛾𝑓 , 𝜐𝑓)  where 𝛾𝑓(𝑦0) = ⋏̅  { 𝛾𝒞 ( 𝑥0 )/ 𝑓(𝑥0)  = 𝑦0}, 𝜐𝑓(𝑦0) = ⋎ { 𝜐𝒞 ( 𝑥0 )/

 𝑓(𝑥0)  = 𝑦0}. 

Theorem 4. Let 𝑓 ∶  ℸ →  ℶ  be a mapping and 𝒞 = {  𝛾𝒞 , 𝜈𝒞 }  is an cubic subincline of ℸ , then 𝑓(𝒞 )  is 

also an cubic subincline of ℶ where 𝑓(𝒞 ) =  (𝛾𝑓 , 𝜐𝑓) satisfies 𝛾𝑓(𝑦0) = ⋏̅  { 𝛾𝒞 ( 𝑥0 )/ 𝑓(𝑥0) = 𝑦0} and                            

𝜐𝑓(𝑦0) = ⋎ { 𝜐𝒞 ( 𝑥0 )/ 𝑓(𝑥0)  = 𝑦0}.  

Proof: Given 𝑓 ∶  ℸ →  ℶ  be a mapping and 𝑥1, 𝑥2 ∈  ℶ such that  𝑓(𝑥1) = 𝑦1 , 𝑓(𝑥2) = 𝑦2 𝑓𝑜𝑟 𝑎𝑙𝑙  𝑦1, 𝑦2 ∈ ℶ. 

Since 𝒞  is a cubic subincline of ℸ,  ⋏̅ (𝛾(𝑥1 + 𝑥2), 𝛾(𝑥1 ∗ 𝑥2))  ≥ ⋏̅ (𝛾(𝑥1), 𝛾(𝑥2)). 

⋏̅= ⋏̅  { 𝛾𝒞 ( 𝑥0 )/ 𝑓(𝑥0)  = 𝑦1 + 𝑦2}  where 𝑥0 =  𝑥1 + 𝑥2, 

𝛾𝑓(𝑦1 + 𝑦2) = ⋏̅  { 𝛾𝒞 ( 𝑥1 + 𝑥2 )/ 𝑓(𝑥1 + 𝑥2)  = 𝑦1 + 𝑦2},   

𝛾𝑓(𝑦1 + 𝑦2) = ⋏̅  { 𝛾𝒞 ( 𝑥1 + 𝑥2 )/ 𝑓(𝑥1) + 𝑓(𝑥2)  = 𝑦1 + 𝑦2},  
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𝛾𝑓(𝑦1 ∗  𝑦2) = ⋏̅  { 𝛾𝒞 ( 𝑥0 )/ 𝑓(𝑥0)  = 𝑦1 ∗  𝑦2}  where 𝑥0 =  𝑥1 ∗ 𝑥2,  

𝛾𝑓(𝑦1 ∗  𝑦2) = ⋏̅  { 𝛾𝒞 ( 𝑥1 ∗ 𝑥2 )/ 𝑓(𝑥1 ∗ 𝑥2)  = 𝑦1 ∗  𝑦2},   

𝛾𝑓(𝑦1 ∗ 𝑦2) = ⋏̅  { 𝛾𝒞 ( 𝑥1 ∗ 𝑥2 )/ 𝑓(𝑥1) ∗ 𝑓(𝑥2)  = 𝑦1 ∗  𝑦2},  

⋏̅ (𝛾𝑓(𝑦1 + 𝑦2) , 𝛾𝑓(𝑦1 ∗  𝑦2))  ≥ ⋏̅  (  ⋏̅  { 𝛾𝒞 ( 𝑥1 + 𝑥2 )/ 𝑓(𝑥1) + 𝑓(𝑥2)  = 𝑦1 + 𝑦2},  

                      ⋏̅  { 𝛾𝒞 ( 𝑥1 ∗ 𝑥2 )/ 𝑓(𝑥1)  ∗ 𝑓(𝑥2)  = 𝑦1 ∗  𝑦2})   

= ⋏̅ ( ⋏̅  { 𝛾𝒞 ( 𝑥1 + 𝑥2 ), 𝛾𝒞 ( 𝑥1 ∗ 𝑥2 )/ 𝑓(𝑥1) + 𝑓(𝑥2) = 𝑦1 + 𝑦2, 𝑓(𝑥1) ∗ 𝑓(𝑥2) = 𝑦1 ∗ 𝑦2})   

            = ⋏̅  (  ⋏̅  { 𝛾𝒞 ( 𝑥1), 𝛾𝒞 ( 𝑥2 )/ 𝑓(𝑥1) + 𝑓(𝑥2)  = 𝑦1 + 𝑦2 , 𝑓(𝑥1)  ∗ 𝑓(𝑥2)  = 𝑦1 ∗  𝑦2}) 

= ⋏̅  (  ⋏̅  { 𝛾𝒞 ( 𝑥1), 𝛾𝒞 ( 𝑥2 )/ 𝑓(𝑥1) = 𝑦1 , 𝑓(𝑥2)  =  𝑦2})  

= ⋏̅  (  ⋏̅  { 𝛾𝒞 ( 𝑥1)/ 𝑓(𝑥1) = 𝑦1}, ⋏̅  {  𝛾𝒞 ( 𝑥2 )/ , 𝑓(𝑥2)  =  𝑦2})  

= ⋏̅ {𝛾𝑓(𝑦1) , 𝛾𝑓(𝑦2)}  

⋏̅ (𝛾𝑓(𝑦1 + 𝑦2) , 𝛾𝑓(𝑦1 ∗  𝑦2))  ≥ ⋏̅ {𝛾𝑓(𝑦1) , 𝛾𝑓(𝑦2)}. 

The same procedure is followed for the falsity membership function. 

Definition 10. A mapping 𝑓 on ℸ , if 𝒞0 = {  𝛾𝒞0
, 𝜈𝒞0

}  is a cubic fuzzy set in 𝑓(ℸ), 𝒞 = {  𝛾𝒞 , 𝜈𝒞 }   is 

a cubic fuzzy set in ℸ then cubic fuzzy set 𝒞 = {  𝛾̅𝒞 , 𝜈𝒞 }  = 𝒞0∘ 𝑓,   𝛾𝒞  (𝑥0 ) = ( 𝛾𝒞0
∘ 𝑓)( 𝑥0) = 𝛾𝒞0

 (𝑓 

(𝑥0 )) and 𝜈𝒞  (𝑥0 ) = ( 𝜈𝒞0
∘ 𝑓)( 𝑥0) = 𝜈𝒞0

 (𝑓 (𝑥0 )) in ℸ is called preimage of 𝒞 = {  𝛾𝒞 , 𝜈𝒞 }  under 𝑓. 

Theorem 5. An epimorphism preimage of a cubic subincline of ℸ is a cubic subincline. 

Proof: Let 𝑓 ∶  ℸ →  ℶ  be an epimorphism (ℸ , ℶ are inclines) 𝒞0 = {  𝛾𝒞0
, 𝜈𝒞0

}  is a cubic fuzzy set in 

𝑓(ℸ) and 𝒞 = {  𝛾𝒞 , 𝜈𝒞 }  be an inverse image of ℶ  under 𝑓. For  𝑥1, 𝑥2  ∈ ℸ ,    

𝛾𝒞  ( 𝑥1 + 𝑥2 ) = ( 𝛾𝒞0
∘ 𝑓)( 𝑥1 + 𝑥2) 

= 𝛾𝒞0
 (𝑓 ( 𝑥1 + 𝑥2 )) 

= 𝛾𝒞0
 (𝑓 ( 𝑥1) + 𝑓 ( 𝑥2 )) 

𝛾𝒞  ( 𝑥1 ∗  𝑥2 ) = ( 𝛾𝒞0
∘ 𝑓)( 𝑥1 ∗  𝑥2) 

= 𝛾𝒞0
 (𝑓 ( 𝑥1 ∗  𝑥2 )) 

= 𝛾𝒞0
 (𝑓 ( 𝑥1) ∗ 𝑓 ( 𝑥2 )) 

⋏̅  ( 𝛾𝒞  ( 𝑥1 + 𝑥2 ) , 𝛾𝒞  ( 𝑥1 ∗  𝑥2)) = ⋏̅  (𝛾𝒞0
 (𝑓 ( 𝑥1) + 𝑓 ( 𝑥2 )) , 𝛾𝒞0

 (𝑓 ( 𝑥1) ∗ 𝑓 ( 𝑥2 )))  

≥ ⋏̅  (𝛾𝒞0
 (𝑓 ( 𝑥1)) , 𝛾𝒞0

 (𝑓 ( 𝑥2 )))  

≥ ⋏̅  (𝛾𝒞  ( 𝑥1) , 𝛾𝒞  ( 𝑥2 ))  

𝜈𝒞  ( 𝑥1 + 𝑥2 ) = ( 𝜈𝒞0
∘ 𝑓)( 𝑥1 + 𝑥2) 
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= 𝜈𝒞0

 (𝑓 ( 𝑥1 + 𝑥2 )) 

= 𝜈𝒞0
 (𝑓 ( 𝑥1) + 𝑓 ( 𝑥2 )) 

𝜈𝒞  ( 𝑥1 ∗  𝑥2 ) = ( 𝜈𝒞0
∘ 𝑓)( 𝑥1 ∗  𝑥2) 

= 𝜈𝒞0
 (𝑓 ( 𝑥1 ∗  𝑥2 )) 

= 𝜈𝒞0
 (𝑓 ( 𝑥1) ∗ 𝑓 ( 𝑥2 )) 

⋎ ( 𝜈𝒞  ( 𝑥1 + 𝑥2 ) , 𝜈𝒞  ( 𝑥1 ∗  𝑥2)) = ⋎ (𝜈𝒞0
 (𝑓 ( 𝑥1) + 𝑓 ( 𝑥2 )) , 𝜈𝒞0

 (𝑓 ( 𝑥1) ∗ 𝑓 ( 𝑥2 )))  

≤ ⋎ (𝜈𝒞0
 (𝑓 ( 𝑥1)) , 𝜈𝒞0

 (𝑓 ( 𝑥2 )))  

≤ ⋎ (𝜈𝒞  ( 𝑥1) , 𝛾𝒞  ( 𝑥2 )).  

Definition 11. Let 𝒞 = {  𝛾𝒞 , 𝜈𝒞 }  be cubic set of ℸ and the cubic level subset is defined as                                                        

𝒞(𝛼 ,𝛽)={ 𝑥0  ∈ ℸ /  𝛾𝒞  (𝑥0) ≥ 𝛼, 𝜈𝒞  (𝑥0) ≤ 𝛽 }. 

Theorem 6. For a cubic set 𝒞 = {  𝛾𝒞 , 𝜈𝒞 } ∈ 𝒞  (ℸ), the following are equivalent (𝒞  (ℸ)  is the family of 

cubic sets in a set ℸ ). 

I. 𝒞 = {  𝛾̅𝒞 , 𝜈𝒞 }  is a cubic subincline of ℸ . 

II. The non-empty cubic level set of 𝒞 = {  𝛾̅𝒞 , 𝜈𝒞 }  is a subincline of ℸ. 

Proof: Assume that 𝒞 = {  γ̅𝒞 , ν𝒞 }  is a cubic subincline of  ℸ. 

Let 𝑥0 , 𝑦0  ∈ 𝒞  (𝒞  , (𝛼 , 𝛽))   for all 𝛼  ∈ D[0, 1] ;  𝛽 ∈ [0, 1]. 

Then 𝛾𝒞  (𝑥0) ≥ 𝛼 , 𝛾𝒞  (𝑦0) ≥ 𝛼 ; 𝜈𝒞  (𝑥0) ≤  𝛽 , 𝜈𝒞  (𝑦0) ≤  𝛽.  

By the definition of subincline 

 ⋏̅  ( 𝛾𝒞  ( 𝑥0 + 𝑦0 ) , 𝛾𝒞  (  𝑥0 ∗  𝑦0))  ≥  ⋏̅  ( 𝛾𝒞  ( 𝑥0) , 𝛾𝒞  ( 𝑦0)) 

 = ⋏̅  ( 𝛼 , 𝛼) =  𝛼 

    ⋎ ( 𝜈𝒞  ( 𝑥0 + 𝑦0 ) , 𝜈𝒞  (  𝑥0 ∗  𝑦0))  ≤  ⋎ ( 𝜈𝒞  ( 𝑥0) , 𝜈𝒞  ( 𝑦0)) 

 = ⋎ ( 𝛽 , 𝛽) =  𝛽. 

So that 𝑥0 + 𝑦0  &  𝑥0 ∗  𝑦0  ∈  𝒞  (𝒞  , (𝛼 , 𝛽)).         

Therefore, the non-empty cubic level subset of 𝒞 = {  𝛾𝒞 , 𝜈𝒞 } is a subincline of ℸ. 

Conversely, assume that 𝒞  (𝒞  , (𝛼 , 𝛽)) is a subincline of ℸ for all 𝛽 ∈ [0, 1]; 𝛼 ∈ D[0, 1], with 

𝒞  (𝒞  , (𝛼 , 𝛽)) ≠∅: 

I. Suppose that 𝒞   is not a cubic set and to prove 𝒞  is a cubic subincline of ℸ. There exists 𝛼′∈ D[0, 1] and  

𝑥0 , 𝑦0 ∈ ℸ such that  

  ⋏̅  ( 𝛾𝒞  ( 𝑥0 + 𝑦0 ) , 𝛾𝒞  (  𝑥0 ∗  𝑦0))  < 𝛼′  
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  ≤ ⋏̅  ( 𝛾𝒞  ( 𝑥0) , 𝛾𝒞  ( 𝑦0)) 

  ⋎ ( 𝜈𝒞  ( 𝑥0 + 𝑦0 ) , 𝜈𝒞  (  𝑥0 ∗  𝑦0)) ≤ ⋎ ( 𝜈𝒞  ( 𝑥0) , 𝜈𝒞  ( 𝑦0)), 

which implies that 𝑥0  , 𝑦0 ∈ 𝒞   (𝒞  ; 𝛼′, ⋎ ( 𝜈𝒞 ( 𝑥0) , 𝜈𝒞  (𝑦0))), 

but ( 𝑥0 + 𝑦0) , ( 𝑥0*𝑦0)  ∉ 𝒞 ( 𝒞  ; 𝛼′, ⋎ ( 𝜈𝒞  ( 𝑥0 ) , 𝜈𝒞  (𝑦0))). 

This is a contradiction.  

II.  Now assume that 𝒞  is a cubic set but 𝒞  is not a cubic subincline, then 

⋏̅  ( 𝛾𝒞  ( 𝑥0 + 𝑦0 ) , 𝛾𝒞  ( 𝑥0 ∗  𝑦0))  ≤ ⋏̅  ( 𝛾𝒞  ( 𝑥0) , 𝛾𝒞  ( 𝑦0)) and ⋎ ( 𝜈𝒞  ( 𝑥0 + 𝑦0 ) , 𝜈𝒞  (𝑥0 ∗  𝑦0)) >  𝛽′ >

 ⋎ ( 𝜈𝒞  ( 𝑥0) , 𝜈𝒞  (𝑦0)) for some 𝛽′  ∈ [0,1] and 𝑥0 , 𝑦0 ∈ ℸ.  

Thus, 𝑥0 , 𝑦0 ∈ 𝒞   (𝒞  ; ( 𝛾̅𝒞  ( 𝑥0) , 𝛾𝒞  ( 𝑦0)), 𝛽′ ), 

but ( 𝑥0 + 𝑦0) , ( 𝑥0*𝑦0)  ∉ 𝒞   (𝒞  ; ( 𝛾𝒞  ( 𝑥0) , 𝛾𝒞  ( 𝑦0)), 𝛽′ ) which is a contradiction. 

III. Assume that there exists 𝛼′∈ D[0, 1] , 𝛽′  ∈ [0,1] and 𝑥0 , 𝑦0 ∈ ℸ such that 

⋏̅  ( 𝛾𝒞  ( 𝑥0 + 𝑦0 ) , 𝛾𝒞  (  𝑥0 ∗  𝑦0))  < 𝛼′  ≤ ⋏̅  ( 𝛾𝒞  ( 𝑥0) , 𝛾𝒞  ( 𝑦0)) and  

⋎ ( 𝜈𝒞  ( 𝑥0 + 𝑦0 ) , 𝜈𝒞  (𝑥0 ∗  𝑦0)) >  𝛽′ > ⋎ ( 𝜈𝒞  ( 𝑥0) , 𝜈𝒞  (𝑦0)). 

Then  𝑥0  , 𝑦0 ∈ 𝒞   (𝒞  ; 𝛼′, 𝛽′) but ( 𝑥0 + 𝑦0) , ( 𝑥0*𝑦0)  ∉ 𝒞   (𝒞  ; 𝛼′, 𝛽′). 

This is a contradiction.  

Hence 𝒞  is a cubic set and 𝒞  is a cubic subincline of ℸ. 

Therefore, 𝒞 = { 𝛾𝒞 , 𝜈𝒞 }  is a cubic subincline of ℸ. 

Theorem 7. For a subset ℳ  of  ℸ , let  𝒞 = {  𝛾𝒞 , 𝜈𝒞 }  ∈ 𝒞  (ℸ) be defined by 

and 

 

where 𝛼 ∈ D [0, 1] , 𝛽  ∈ [0, 1] with   <  . 𝛼2 Then 

I. If ℳ  is a subincline of ℸ then 𝒞 = {  𝛾̅𝒞 , 𝜈𝒞 } is a cubic subincline of ℸ and 𝒞  (𝒞  , (𝛼 , 𝛽)) = ℳ . 

II. If 𝒞 = {  𝛾̅𝒞 , 𝜈𝒞 } is a cubic subincline of  ℸ , then ℳ  is a subincline of ℸ. 

Proof: Assume ℳ   is a subincline of ℸ.  

Obviously, 𝒞  (𝒞  , (𝛼 , 𝛽)) = ℳ .  

Let 𝑥0, 𝑦0  ∈  ℸ if 𝑥0 , 𝑦0  ∈  ℳ  then 𝑥0 + 𝑦0 , 𝑥0 ∗ 𝑦0  ∈  ℳ  and so  

   ⋏̅  ( 𝛾𝒞  ( 𝑥0 + 𝑦0 ) , 𝛾𝒞  ( 𝑥0 ∗  𝑦0)) =  𝛼    

γ̅𝒞  (x0) = {
α̅,   if x0 + y0, x0 ∗ y0  ∈  ℳ ,

0̅,                                 otherwise,
  

ν𝒞  (x0) = {
1,   if x0 +  y0, x0 ∗ y0  ∈  ℳ ,

β,                                     otherwise,
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   = ⋏̅  { 𝛼 , 𝛼 } 

     ≤ ⋏̅  ( 𝛾𝒞  ( 𝑥0) , 𝛾𝒞  (𝑦0)) 

     ⋎ ( 𝜈𝒞  ( 𝑥0 + 𝑦0 ) , 𝜈𝒞  (𝑥0 ∗  𝑦0)) = 1 = ⋎ ( 𝜈𝒞  ( 𝑥0) , 𝜈𝒞  (𝑦0)).  

I. If 𝑥0 + 𝑦0 , 𝑥0 ∗ 𝑦0  ∉  ℳ  then  

     𝛾𝒞  ( 𝑥0 + 𝑦0 ) = 0̅ =   𝛾𝒞  ( 𝑥0 ∗  𝑦0 )   and  

     ( 𝜈𝒞  ( 𝑥0 + 𝑦0 ) = 𝛽 =  𝜈𝒞  (𝑥0 ∗  𝑦0)).  

Hence, ⋏̅ ( 𝛾𝒞  ( 𝑥0 + 𝑦0 ) ,  𝛾𝒞  ( 𝑥0 ∗  𝑦0 ) ) ≥ 0̅    

    = ⋏̅ (0̅, 0̅ ) 

     = ⋏̅   (𝛾𝒞  ( 𝑥0) , 𝛾𝒞  ( 𝑦0) ) 

     ⋎ ( 𝜈𝒞  ( 𝑥0 + 𝑦0 ), 𝜈𝒞  ( 𝑥0 ∗  𝑦0 ) ) ≥ 𝛽    

    = ⋎ (𝛽, 𝛽) 

     = ⋎  (𝜈𝒞  ( 𝑥0) , 𝜈𝒞  ( 𝑦0) ). 

II. If 𝑥0 +  𝑦0 , 𝑥0 ∗ 𝑦0  ∉  ℳ  then  

     𝛾𝒞  ( 𝑥0 + 𝑦0 ) = 𝛼 ,   𝛾̅𝒞  ( 𝑥0 ∗  𝑦0 ) = 0̅   and  

     ( 𝜈𝒞  ( 𝑥0 + 𝑦0 ) = 1 ;   𝜈𝒞  (𝑥0 ∗  𝑦0))  =  𝛽  

     ⋏̅ ( 𝛾𝒞  ( 𝑥0 + 𝑦0 ) ,  𝛾𝒞  ( 𝑥0 ∗  𝑦0 ) ) ≥ 0̅    

    = ⋏̅ (0̅, 0̅ ) 

     = ⋏̅   (𝛾𝒞  ( 𝑥0) , 𝛾𝒞  ( 𝑦0) ) 

     ⋎ ( 𝜈𝒞  ( 𝑥0 + 𝑦0 ), 𝜈𝒞  ( 𝑥0 ∗  𝑦0 ) ) ≤ 𝛽    

    = ⋎ (1, 𝛽) 

     = ⋎  (𝜈𝒞  ( 𝑥0) , 𝜈𝒞  ( 𝑦0) ). 

III. If 𝑥0 + 𝑦0 , 𝑥0 ∗ 𝑦0  ∉  ℳ  then  

     𝛾𝒞  ( 𝑥0 + 𝑦0 ) = 0̅ ,   𝛾̅𝒞  ( 𝑥0 ∗  𝑦0 ) = 𝛼   and  

     ( 𝜈𝒞  ( 𝑥0 + 𝑦0 ) = 𝛽 ;   𝜈𝒞  (𝑥0 ∗  𝑦0))  =  1  

     ⋏̅ ( 𝛾𝒞  ( 𝑥0 + 𝑦0 ) ,  𝛾𝒞  ( 𝑥0 ∗  𝑦0 ) ) ≥ 0̅    

    = ⋏̅ (0̅, 0̅ ) 

     ≤ ⋏̅   (𝛾𝒞  ( 𝑥0) , 𝛾𝒞  ( 𝑦0) ) 

     ⋎ ( 𝜈𝒞  ( 𝑥0 + 𝑦0 ), 𝜈𝒞  ( 𝑥0 ∗  𝑦0 ) ) ≤ 𝛽    
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    = ⋎ (1, 𝛽) 

     = ⋎ (𝜈𝒞  ( 𝑥0) , 𝜈𝒞  ( 𝑦0) ). 

Therefore, 𝒞 = {  𝛾̅𝒞 , 𝜈𝒞 } is a cubic subincline of ℸ. 

Suppose that 𝒞 = {  𝛾̅𝒞 , 𝜈𝒞 } is a cubic subincline of ℸ. 

  𝑥0 +  𝑦0 , 𝑥0 ∗ 𝑦0  ∉  ℳ  then 𝛾𝒞  ( 𝑥0 + 𝑦0 ) =  𝛼  =  𝛾𝒞  ( 𝑥0 ∗  𝑦0 ), 

And   ( 𝜈𝒞  ( 𝑥0 + 𝑦0 ) = 1 =   𝜈𝒞  (𝑥0 ∗  𝑦0))   

    ⋏̅ ( 𝛾𝒞  ( 𝑥0 + 𝑦0 ) ,  𝛾𝒞  ( 𝑥0 ∗  𝑦0 ) ) ≥  (𝛾𝒞  ( 𝑥0) , 𝛾𝒞  ( 𝑦0) ) 

  = ⋏̅  {𝛼 , 𝛼  }   ≥  𝛼 

    ⋎ ( 𝜈𝒞  ( 𝑥0 + 𝑦0 ), 𝜈𝒞  ( 𝑥0 ∗  𝑦0 ) ) ≤   ⋎ ( 𝜈𝒞  ( 𝑥0 ), 𝜈𝒞  (  𝑦0 ) )  

      = ⋎ (1,1)  = 1. 

Thus, 𝑥0 +  𝑦0 , 𝑥0 ∗ 𝑦0  ∉  ℳ  and therefore, ℳ   is a subincline of ℸ.  

4 | Conclusion 

The structure of cubic subincline was introduced in this paper as an extension of the interval valued 

fuzzy subincline of incline algebra and analyzed the study of cubic subincline using homomorphic image, 

preimage, cartesian product and the level subset. The same idea can also be applied and extended to 

many other substructures like regular, filter of an incline algebra for a future scope. 
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