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In this paper, we define the conceps of complex fuzzy Lie subalgebras and complex fuzzy ideals of Lie algebras with
respect to t-norms and investigate some of characteristics and relationship between them. Next, we introduce the
concepos of quotient subalgebras, intersection, sum and direct product of them and prove some results about them.
Finally, we introduce and study the image and the inverse image of them under Lie algebra homomorphisms.
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1 | Introduction

Lie algebras were introduced to study the concept of infinitesimal transformations by
Marius Sophus Lie in the 1870s and independently discovered by Wilhelm Killing in the 1880s.
The name Lie algebra was given by Hermann Weyl in the 1930s. The notion of fuzzy sets was
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firstly introduced by Zadeh [1]. The fuzzy set theory states that there are propositions with
an infinite number of truth values, assuming two extreme values, 1 (totally true), O (totally
false) and a continuum in between, that justify the term fuzzy. Applications of this theory can
be found, for example, in artificial intelligence, computer science, control engineering, decision
theory, logic and management science. After the introduction of fuzzy sets by Zadeh [1], there are
a number of generalizations of this fundamental concept. The notion of complex fuzzy sets is
introduced by Ramot et al. [2] is one among them. Here, the membership values are complex
numbers, drawn from the unit disc of the complex plane. For more details on complex fuzzy
sets, we refer the readers to [2], [3]. The fuzzy Lie subalgebras and fuzzy Lie ideals are considered by
Kim and Lee [4], and by Yehia [5], [6]. The author by using norms, investigated some properties of
fuzzy algebraic structures |7]-[23]. By using t-norms, the objective of this article is to present the
notion of complex fuzzy Lie subalgebras as CFST(L) and complex fuzzy ideals as CFIT(L) of Lie
algebra L such that we characterize them with the level subset of subalgebras and ideasl of Lie
subalgebras and prove some fundamental results about them. Next we define the intersection, sum
and direct product of them and we prove thatif yq, up € CFST(L) and 91,8, € CFIT(L), then p; N py,
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Ui+€CFST(L)  and  9;19,9;+8€CFIT(L). Also if  1;6CFST(L;), 1,€CFST(L,) and
9,€CFIT(Ly), 9,6CFIT(L,), then pu;xu,eCFST(L;xL,)  and 8;x8;CFIIL;xL,). Finally, we
investigate the image and the inverse image of them under Lie algebra homomorphisms. If £L—M be
an epimorphism of Lie algebras such that ¢ eCFST(L), SeCFIT(L) and aeCFST(M), BeCF IT(M), then
Au)eCFSTIM), f(S)eCF IT(M) and f1(a)eCFST (L), f*(B)eCF IT(L).

2 | Preliminaries

In this section, we first review some elementary aspects that are necessary for this paper. For
more details we refer the readers to [3], [7].

Definition 1. A Lie algebra is a vector space L over a field F (equal to R or C) on which
LxL—L denoted by (x,y) — [x,y] is defined satisfying the following axioms:

I.  [xy]is bilineat.
1. [xx/ = 0Ofor all xeL.
L. [/xy] z]+[[y,z] x]+[[z x]y]=0 (Jacobi identity).

For all x,y,zeL.

In this paper by L will be denoted a Lie algebra. We note that the multiplication in a Lie
algebra is not associative, ie., it is not true in general that [[X,y],z]z[x,[y,z]]. But it is anti
commutative, ie., [xyl={yx]. A subspace H of L closed under [,] wil be called a Lie

subalgebra. A subspace I of L with the property [, LJCIwill be called a Lie ideal of L. Obviously, any Lie
ideal is a subalgebra.

Definition 2. Let L; and L, be Lie algebras over a field F. A linear transformation £:L;—L,is called a
Lie homomotphism if f(/x y])=[f(x), fy)] for all x, yeL,.

Definition 3. Let X be a nonempty set. A complex fuzzy set A on X is an object having
the form A ={(X pa(x))/x € X}, where 1, denotes the degree of membership function that
assigns each element x € X' a complex number z,4(x) lies within the unit circle in the complex
plane. We shall assume that is u,(x) will be represented by ryse™4® where i=+v-1 , and
r:X—[01] and w:X — [02r]. Note that by setting w(x)=0 in the definition above, we
return back to the traditional fuzzy subset. Let y;=r;e™?, and u,=r,e"? be two complex numbers lie
within the unit circle in the complex plane. By u; < u,, we mean r; <r,and w; < wo.

Definition 4. A tnorm T is a function 7:/0 1/x[0, 1]—/0, 1] having the following four
properties:

— (T1) T(x,1)= x (neutral element).

(T2) Ttx, y)< T(x, z)if y < z(monotonicity).
(T3) Ttx, y)= T{(y, x) (commutativity).

(T4) T(x Ty, z))= T(T(x, ), 2) (associativity).

Forallx, y, z€ [0, 1]
It is clear that if x;2>x,and y; >y, then T( x;, y1)2> T x5, y2).

Example 1.

1. Standard intersection t-norm T,,(x, y)zmin[x, y].
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II. Bounded sum t-norm 7j(x, y):max{ 0 x +y- ]} .

: ”’- 11 Algebraic product t-norm 7,(x, y)= xy.
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IV. Drastic t-norm.

(y, if x=1,

Tp(x,y)=1Xx, ify=1,
0, otherwise.

V. Nilpotent minimum t-norm.

To(xy)= {min{x, y} , if x+y.>1,
0, otherwise.

VI. Hamacher product t-norm.

(0, if x=y=0,
T, 00y)=9 Y therwise.
Dxy-xy

The drastic t-norm is the pointwise smallest t-norm and the minimum is the pointwise largest
t-norm: Tp(x, )< I(x, )< T,,(x y) for all x, ye/0, 1].

Recall that t-norm T will be idempotent if for all x € /0,1]we have T{x, x)=x.

Lemma 1. Let T be a t-norm. Then

T(T(x, y), T(w, 2))= T(T(x, w), T(y, 2)).

Forallx, y, w, z €0, 1].
3 | Main Results

Definition 5. Let L be a Lie subalgebra and £ is the unit disc. Define p=re:L—E?
be a complex fuzzy set on L with rL— [01] and w:L—/[0 2r]. Then p is said to be a
complex fuzzy subalgebra of L under t-norm T if the following conditions hold:

L rix+y)>T (r(x), r(y)).
II. r(ax)>r(x),
ML r(fx y)2 Tl (y).
IV. w(x+y)>min{w(x), w(y)}.
V. wlax)>w(x),
VL wi(lxy])>min{w(x),w(y)/.

For all x,y€L and a€F.

Denote by CFST(L), the set of all complex fuzzy subgroups of L under t-norm T.

Definition 6. Let L be a Lie subalgebra and £7 is the unit disc. Define yz=re™:L—E? be a complex fuzzy
set on L with r:.L—/0,1]and w:L—[0, 2rt]. Then p is said to be a complex fuzzy Lie ideal of L under t-norm
T if the following conditions hold:

L r(x+y)>T (r(x), r(y)).
Il. rlax)>rx).
L. rdxyl)=rx).
IV. wx+y)>min{w(x),w(y)).
V. wiax)>w(x).
VL Wil y)=wix.



For all x, y €L and a€F.
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Denote by CFIT(L), the set of all complex fuzzy Lie ideals of L under t-norm T.

Example 2. It is well known that the set R7= {(x;,x5,x3) : X;,X5,x3€R} of all 3-dimensional real vectors

forms a Lie algebra over F = R with the usual cross product X: define x :R% — E?, where (E? is the unit 176
disc), by
{1, if X1=Xp=X3 :O,
r(X1,X2,X3)=140.65, if x;=x,=0 and x3 #0,
\0, otherwise,
and

(0.7, if x;=x,=x3 =0,
w(xl,x2,x3):JO.5Tc, if x,=x3=0 and x; #0,
0, otherwise.

If T(a, b)=ab for all a,b€[0,1], then ueCFST(L). Let x=(0,0, 1)EL=R’ and
y=(1, 0,1)eL=R’ then [x,y]=(0,1,0) and so r(/x,y])=r(0,1,0)=0X0.65=r(x) thus pugCFIT(L).

Lemma 2. Let y € CFST(L) and T be an idempotent t-norm.

L u(0) 2u(x)for all xeL.
I u(x) = u(-x) forall x € L.
0L uxyl=ully,x]) for all x,yeL.
IV.  u(x-y)=p(0)implies that u(x)=p(y)forall x,y € L.

Proof:

I. Let xeéL. Then

Rasuli |J. Fuzzy. Ext. Appl. 4(3) (2023) 173-187

r(0)=r(x + (x)2T (r(x), 1(-x)) = T (x(x), r(x))=r(x),

and

w(0)=w(x+(-x))=min{w(x), w(-x)}>min{w(x),w(x)}=w(x).

Thus r(0)> r(x) and w(0) > w(x) and so w(Q)= r(Qe™@ > r(x)e™™ = (0).
II. Let xeL. As

r(-x)= r((-1)x)> r(x)=r(-(-x))> r(-x),

and

w(-x)=w((-1)X)= w(x)=w(-(-x))= W(-x).
So r(x)=r(-x) and w(x)=wi(-x) then p(x)=r(x)e™™ =r(-x)e™ ™ = 1(-x).
II.  Let x,yeL. Then r({x y])=r(-[y, x])=r([y, x]) and w([x,y])=w(-[y,x])= w([y, x]) which mean that

w(xyD=r([x,yl)e™"¥D=r([y x]))e™ B D=p([y,x]).
IV. Let x,y€L. Therefore



r(y)=r(x-(x-y))
-
>T (r(x),r(-(x—y)))
177 =T(r(x),x(x-y))
:T(r(x), r(O))
>T(x(x), 1(x))

I Fuzzy. Ext. Appl

2T(r(-y)x(y))
=T(r(0)x(y))
2T(x(y) ()
=r(y).

Thus r(x)=r(y). Also

w(y) =w(x-(x -y))
=w(x+(-(x - )
>min{w(x), w(-(x -y))}
=min{w(x),w(x - y)}
=min{w(x),w(0)}
>min{w(x), w(x)}
=w(x)

“w(x-y+y)
>min{w(x-y),w(y)}
=min{w(0),w(y)
>min{w(y),w(y)}
=w(y).

Thus w(x)=w(y). Therefore u(x)= r(x)e™™ =r(y)e™ " =y(y).

Proposition 1. Let L be a Lie subalgebra and u:L —/01] be a complex fuzzy set on L. If
T be idempotent t-norm, then the following statements are equivalent:

Complex fuzzy lie subalgebras and complex fuzzy ideals under t-norms

I. p=re™eCFST(L).
II. The set

Ufl:{x €L: u(x) =r(x)eWW>tl={xeL r(x)>t; w(x)>t},
is a subalgebra of L for every t€lm(u).

Proof: Let y=re™ €CFST(L) and x,y€ U}, and a€F. We prove that x+y,ax/x,y]e Uy,

As
r(x+y)=T(r(x),x(y))=T (t.)=t,

and

w(x+y)=min{w(x),w(y)}>wit t}=t.

We will have that x+ye U!. Also r(ax)>r(x)> tand w(ax)>w(x)>tso axe U..
Ve Yu #



Moreover,

(D yD=T (r()x(y)=T (tt)=t,
and

w([x,y])=min{w(x),w(y)}>w(t,t}=t.

Mean that [xy]€U]. Therefore U, will be subalgebra of L for every telm(u).
Conversely, let U, be a Lie subalgebra of L for every telm(u). let x;yeL and aeF. We
can say that uy)>u(x)=t so r(y)>r(x)=t and w(y)>w(x)=t thus xyeU and then

x+y,ax,[xyje U/‘;. Now rix+y)2t=T (r(x),r(v)) and W(X+y)2t=m1'n/ wi(x), w(y)/.
Also  rlax)>t=r(x) and w(ax)>t=w(x). Next r(x,y])=>t=T(Fx),ry)) and w(lxy))>
t=min / wi(x), W(y)/. Therefore y=re™ eCFST(L).

Corollary 1. Let L be a Lie subalgebra and p:L — [0,1] be a complex fuzzy set on L. If T
be idempotent t-norm, then the following statements are equivalent:

L. u=re™eCFST(L).
II. The set

Ufl:{x €L: u(x) =r(x)e"M>t}={xeL r(x)>t; w(x)>t},

is a subalgebra of L for every telm(u).

Proposition 2. Let L be a Lie subalgebra and p:L—/01] be a complex fuzzy set on L. If
T be idempotent t-norm, then the following statements are equivalent:

L u= re™ e CFIT(L).
II.  The set

Uj={x €L: p(x) =r(x)e WM >t}={xeL :r(x)>t; w(x)>t},
is an ideal of L for every telm(u).
Proof: The proof is similar to the Proposition 1.

Corollary 2. Let L be a Lie subalgebra and g :L—[01] be a complex fuzzy set on L. If T
be idempotent t-norm, then the following statements are equivalent:

L. u=re™eCFST(L).
II. 'The set

Ufl:{x €L: u(x) =r(x)e™W>t}={x€L r(x)>t; w(x)>t},
is an ideal of L for every t € Im(u).

Definition 7. Let £G—H be a mapping and  ug=rce™¢ and uy=rye™H be two
complex fuzzy sets on G and H respectively. Define f(i5):H—[0,1] as:
f(ug) = f(rge™e) = f(rg)elfwa).

Such that for all h € H, we define:
f(rg)(h)=suprc(g) | g € G:f(g) =h},

{17
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and

, ”’- f(wg)(h)=sup{wq(g) | g€G; f(g)=h}.

Also define £ (up):G—[0,1] as:
£ (rpe™ )= 1 (rpell (1),
179 Such that for all geG, we define:
£ (e 1) g)= ri(f())e™ @),

Definition 8. Let u;=r;e™’ and wu,=r,e™? be two complex fuzzy sets on L. Define the

I Fuzzy. Ext. Appl

intersection 1,/ u, as:
W NUo=r1e™1N ryeV2=(r;Nr,)e!W1Mw2),

Such that r;Nr,: L—[0,1] and w;nw,: L—[0, 2] and for all x € L define:
(r1Nr2)()=T (r1(x),12(x)),

g and
g (w1Nw)(x)=minfw; (x),w1 (x)}.
_§ Proposition 3. Let yy = r1e™1 € CFST(L) and u,=r,e™?€CFST(L). Then 11;u,6CFST(L).
=1
% Proof: Let x,yeL and aeF. Then
]
g I
=
E (r1Nr2)(x+y)=T(r1(x + y),r2(x + y))
& >T(T(r;(x),11(y)), T(x209,x2(y))
s =(T(r1(0,12(x)), T(x1(y),r2(y)))
2 T((r1Nr2)(x),(r1Nr2)(y)),
%ﬁ and
;; (W1 NWy)(x +y) = minf{w; (x+y),wo(x+y)
>min{min{w; (), w1 (y)},min{w (), w(y)}}
¥ = min{min{w (x),w(x)},minfw (y),wa(y)}}
cE =min{(w;Nw)(x), (W1Nw7)(y)},
%: thus
g
© (r1Nr2)(x+y) =T ((r1Nr2)(x),(r1Nr2)(y)),
and
w1Nwo)(x+y)Zmin{(w1Nw)(x), (w1Nw2)(y)}.
1L

(10 ([x,yD=TCr: [y D ea(x,yD)

>T (T(r (1) T(r20012(9)

= T(T(1:(%), 12(0), T(x1(y), £2(y)))

= T((r1Nry)(x),(r1Nr2)(y)),

(r1Nr2)([x,yD2T((r1Nr2) (%), (110 (y) ).
Also



(w1Nwo)([x, yI) =minfw1 ([x,y]),wa([x,y])}
Zmin{min[wl (x),wa(y) },min{wZ(x),wz(y)}} ”’-
=min{min{w; (x),w,(x)}, min{w;(y),wa(y)}}
min{(w;Nw3)(x), (W1Nw2)(y)},

thus 180

(w1Nw)([x,y])Zmin{(w1Nw5)(x), (W1Nw;)(y)}.
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II1.

(r1N12)(x)=T(r1(x),12(x)) 2 T(r1(X),1r2(x))=(r1Nr2)(%),

and
(wW1Nwy)(ax)=min{wq (ax),w(ax)} = min{wy (x),wo(x)} =(w1Nwo)(x).

Thus Cases (1) to (3) give us that u;Nu,eCFST(L).
Proposition 4. Let y;=r;e™1€CFIT(L) and u,=r,e™?eCFST(L). Then ,Lz]n,tzZGCF[T(L).
Proof: It is similar to the proof of Proposition 3.

Definition 9. Let u;=r;e™’ and u,=r,e™? be two complex fuzzy sets on L. Define the
sum /,l]+/,12 as:

Hy+ pzzrleiwl + ryeV2=(r+1,)eiW1tw2),

Such that r;+r, :L—[0,1] and w;+w,:L — [0,277] and for all x € L define:

(r1+12)()=sup T(r1(a), r2(b)),

x=ab

and

Rasuli |J. Fuzzy. Ext. Appl. 4(3) (2023) 173-187

(W1+wy)(x)= fgla{} {wi(a),w;(b)}.

Proposition 5. Let y;=r;e™1€CFST(L) and u,=r,e™?€CFST(L). Then p1;+1,6CFST(L).

Proof: Let x,y,a,b, ¢ de€L and o € F.

(r1+17)(x+y)=  sup T(r1 (a+b), rz(c+d))

x+y=a+b+c+d

=  sup  T(T(r(a), r1(b)),T(r2(c),r2(d)))

x+y=a+b+c+d

= sup  T(T(r;(a), r2(c)), T(r1(b),r2(d)))

x+y=a+c+b+d

=T( sup T(r1(a), r2(c)), sup T(r;(b),ry(d))

X=a+cC y:b+d

=T((r1+12)(%),(r1+12)(y)),

and then

(r1+12) (x+y)2T((r1 +12)(X),(r1 +12)(y)).
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Also

(W1+wy)(x+y)=  min {wyq(a+b),wy(c+d)}
x+y=a+b+c+d

> min  minfw;(a)wi (b)), minfwa () wa ()}

= X+y=f§1+ip+b+ o Imin{w1 (a),w(c)},minfwy (b),wo(d)}}

min{ min {w;(a),wa(c)}, yg})ifd {w1(b),wa(d)}}

=min{(w1+w;)(x),(w1+w>)(y)}.
Thus
(W14+w7)(x+y)=min{(w +w)(x),(W1+wo)(y)}.

1I.

(r+r)(xyh)=  sup  T(ri(lab]), r2(lc,d]))
[x,yl=[a,b]+[c,d]

=2 sup  T(T(r1(a), 11(b))T(r2(c),r2(d)))
[xy]=[ab]l+[cd]

= sup  T(T(ry(a), r2(0), T(r1(b),r2(d)))
[x,yl=[a+cb+d]

=T( sup T(r1(a), r2(c)), sup T(r1(b),r2(d))

X=a+c y:b+d

=T((r1+12)(%),(r1+12)(Y)),
(r1+12) (DY) 2T ((r1+12)(X),(r1+12)(y))-
Also

(wi+wo)([xyD=_ min {w;([ab]),w,([cd])}

x+y=a+b+c+d

= [xy] =r[2}0r]1+ [cd] {min{w (a),w; (b)} min{wy(c) wa(d)}}

= [le]:f{;ifgm . {min{w(a),w(c)},minfw (b),w(d)}}

=min{ fﬁiﬂ{wl (a),ws(0)}, yeriP L {w1(b),wy(d)} }

—min{(w; +wo) (x), (Wi +wo) ()},

Thus

(W1 +w)([x,y])=min{(w;+w;)(x),(w1+w;)(y)}.



IIT.

(r1+1p)(ax)=  sup T(rl(oca), r2(ocb))

ax=aa+ab

> sup T(r;(a), r2(b))

x=a+b

=(ry+12)(%),

and

(Wi+wy)(ax)= axg}glab {wi(aa),w(ab)}
> min {w;(a),wi(b)}

=(W1+w,)(x),

Then from Cases (1) to (3) we get that u;+ 1;€CFST(L).

Proposition 6. Let u;=r;e™1eCFST(L) and u,=r,e™?eCFST(L). Then u;+u,€CFST(L).

Proof: It is similar to the proof of Proposition 5.

Definition 10. Let L be a Lie subalgebra and I be an ideal of L: define /Jé.‘él —/[0,1] as:
I

wr (x+1I)
uL(x+D)=rp(x+I)e T
T T

Such that 2= —[0,1] with
I

r(x+D)= { T(r(x),r(i)), if x#i,

I 1, otherwise,

and Wé.’% —[0,1] with
7

wi(x+D)=

{min{w(x),w(i)}, if x#i,
I

1, otherwise.

Proposition 7. Let u; and I be an ideal of L. Then wu€CFST, /EI /
7

Proof: Let aeFand x,y€L such that x, y# I Then

1.
ri((x+D)+(y+1))=rL((x+y)+I)
1 I
:T(r(x+y),r(i))
> T(T(x00,x() T(x)0)

=T (T(r(x),r(i)),T(r(y),r(i)))
=T(rL(x+1),rL(y+D)).
I I

Thus re(x+D)+(y+I)>T (I'E(X+]),I‘£( y+1)) .

{17

1 Fuzzy. Exi. Appl

182

Rasuli |J. Fuzzy. Ext. Appl. 4(3) (2023) 173-187



1I.

| ”’- Iy, (oc(x+I)) =r1:(ocx+I)=T(r(ocx),r(i)) ZT(r(x),r(i)) =rL(x+]).
I T I

I Fuzzy. Ext. Appl

I11.
183 L (b Ly I =rL (14D
:IT(rqx,y]),r(i))I
> T(T(x00,1() T(x)0)
= T(T(x00,x0) T(r(y)0))
= T(r%(x+l),r%(y+l)).

Then ri([x+Ly+I])>T (rL(X+1),rL( y+1)) .
IV.
wL((x+D)+(y+D)=rL((x+y)+])
1 I
=min{w(x+y),w(i)}

>min| min{w(X),W(y)} ;min{w(i),w(i)}}

min{ min{w(x),w(i)} ,minfw(y),w(i)}}
=min{wr(x+I),wi(y+D)}.
I I

Then wi(x+1)+(y+1))> min { wr(x+1),wr( y+1)} .
V.

wL (cx(x+I)) =w(ax+])=min{w(ax),w(i)}zmin{w(x),w(i)}=wL(x+]).
I I I

WL([X+Ly+I]) wL([ x,y]+I)
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—min wi(lx.y]) W(l)

=min{ min{w(x),w(i)} min{w(y)w(i)}}
=min WL(x+I) wi(y+D}.
T

Then wi([x+1, y+[ D>min{wi(x+1),wi(y+1)}.
7 7 7

{

>min( mm{w(x) w(y)} ;min{w(i),w(i)}}
{
{

Therefore Cases (1) to (6) give us that 1 €CFST (é) .
1

Definition 11. TLet u;=r;e™’ and u,=r,e™? be two complex fuzzy sets on L; and L,
respectively. Define the product p;X p, as:

Wy Xo=11eWIXr e W2=(r; xr,)eiW1Xw2),
such that ryxr, :L;x L,—[01] and wiyxw,: Ly X L,—[0,21] with
(r1Xr2)(x1, X2)= T(r1(x1),r2(x2)),

and



(W1XW3)(Xq, Xo)=min{wy(x1),w1(X,)}. ”’-

For all (X], Xz)éL] XLZ
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Proposition 8. Let y;=r;e™1€CFST(L;) and p1,=r,e"2?€CFST(L,). Then u;Xu,eCFST(L;XL,).
PI‘OpOSition 9. Let Iu]:r]eiwl ECF[T(L]) and [.12 = rzeiwz S CFIT(Lz) Then /Ll]X/lzécF[HL]XLZ )

Proposition 10. Let jp;=r;e™.eCFST(L) and FfL—M be an epimorphism of Lie
algebras. Then f(u; )eCFST(M).

Proof:

Let m;,m,eM and 1;,1,€L such that m;=£(1;) and m,=f£(l,). Then
f(rp)(my+my) = sup{rp(l;+1p) | 13, 12€L; f(l3+1p)=m; +my}

>sup{T(rp(Iy),r1.(12)) | I d2€L, £(ly) = my; £(1) = my)
=T(sup{rp(ly) | 1;€L;f(1;)=my },SUP{I’L(lz) | 1,€L;£(15)= my})
=T(f(rp)(mq) f(rp)(my)),

and so
f(ry ) (mq +m,)>T(f(rp )( my),£(ry )( my)).
Also

f(w)(my+my)=sup{wy (;+1y) | 1;,1,€L; f(l;+]1)=m;+m,}
>sup{min{wy (1;),wy ()} | 13,1,€L; f(1;) = my; f(1,) = m,}
= min{sup{w () [l €L;f(l)= my | supfwy (1) ILEL(l2)= mo))
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=min{f(w)( m;),f(wp)(m,)}.
Thus

f(wp)(m;+my)>min{f(wy )( my)f(wp)(my)}.

II. Let mEM, a €F and /€L such that »=£(1). Now

f(rp)(am)=sup{ry (al) |1 € L; f(al) = am}
>sup{r (1) |1 € L; f(l) = m}

=f(rp)(m),
and
f(wp)(am)=sup{wy (al) |1 € L; f(al)=am} > sup{w (1) |1 € L; f(l)=m} = f(w )(m).

III. Let m],mZEMand ]]/'IZGL such that m]:[(]]) and mzzf(lz). As

(r)([my,m;])=supfry ([I3,15]) | 11 12€L; £([11,12])=[m;,m,]}
>sup{T(r(ly), rp(12)) | 11 12€L; ([f(11) £(12)])=[m;,m,]}
=T(sup{ry () IheL; f(ly)=m; }, supiry (1) | LEL; f(1)=m,))
=T(f(rp)(my),f(r ) (my)).

Then f(r,)([m;,m,])>T(Hr)(m,),{r )(my)).

Moreover,



f(wp)([mq,m;])=sup{w([l112]) | 11,1,€L; f([l;,15]) = [my,m,]}
V| | >sup{minfw (i), wi.(2)} | 11o€L; ([fh),£02)))=[my ]
= min[SUP{WL(ll) el f(11)=m1}, sup{w(lp) | LeL; f(l)=m,}}

I Fuzzy. Ext. Appl

=min{f(wp )(m;),f(w)(my)}.

185 Then fiw)([m;,m,])> min{fiw)(m),fw)(m2)).
Therefore, Cases (1) to (3) mean that fu; )=fr;e™t ):f(rL Jeftwr) )ECFST (M).

Proposition 11. Let  pj =rpe™ € CFIT(L) and f:L—> M be an epimorphism of Lie
algebras. Then f(u; )eCFIT(M).

Proof: It is similar to the proof of Proposition 10.

Proposition 12. TLet pup =rpe” € CFST(M) and £L —M be an epimorphism of Lie
algebras. Then f~1(u;) ECFST(L).

Proof:

I. Letl;,,EL. Thus
£ () (o) =ryr (1 +12)
= ry(f(ln)+ (1))
>T (ry(f(1y),rpm(f(1))
=T (£ )W) £ () (1),

Complex fuzzy lie subalgebras and complex fuzzy ideals under t-norms

and
£ W)l +1)=w (£ 1))
=w(f(l1)+ (1))
>min{wy(f(l),wm(f(,)}
—min{f 7 (wy) (1), £ 1 (W) (1)),
and so
a0 +1)2T (F1 ) ()£ () (1))
and

£ (W) (11 +12)2 min{f 1 (w) (1), £ (W) (1) -

II. Let ll/ l2 € L. Now

£ () ([ LoD = (£, 1))
=rp([f(Ly)+ £(1)])

2T (rp(f(ly), rm(f(12))

=T (f1em) ()£ () (1)),

and

£ w11 L])=wnm (f([11f12]))

=wnm([f(ly), f12)])
>min{wy(f(l;),wy(f(15)}

:min[f Twp) )£ (wam)(L2) },



then
FL ) (11, LaD=T (F1 (a1 £ () (1)),

and

£ (W) ([ L] Zmin{f L (wy) ()£ (wa) () )
III. ILetl €L and a€F. Then
£ () (d)=rp(f(ed)) = ry(af(D) = rp(E(D) = £ (xpp) (D),
and
£ 1w (D) =w(£aD))= wir(af(D)) = w (D)= £ (W) (D).

Then from Cases (1) to (3) we get that £7(1; )JECFST(L).

Proposition 13. Let u;=r;e™LeCFIT(M) and fL —M be an epimorphism of Lie
algebras. Then f~(uy) €CFIT(L).

Proof: It is similar to the proof of Proposition 12.
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