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Abstract

The main aim of this paper is to introduce the notion of (&, f)-level sets with respect to intuitionistic fuzzy normed

ideals. We extend the notion of intuitionistic fuzzy normed ideals to the (&, f)-level subsets whete @ and f ate elements

in the interval [0,1]. Several related properties for (¢, f)-cut of intuitionistic fuzzy normed ideals in 2 normed ring (NR)

will be studied and proven. Further, for any two normed rings NR, NR’ with a mapping f:NR — NR’, a relation
between the intuitionistic fuzzy normed ideal I of NR and the intuitionistic fuzzy normed ideal f I) (the image of I) of
NR’ will be obtained with the supportt of their (a, f)-level subsets.
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Introduction

The conception of a fuzzy set was created as a generalization of a crisp set by Zadeh [1], which led
to the foundation of fuzzy set theory. These sets characterize a membership function that assigns
each object a grade of membership between 0 and 1. Followed by the studies of fuzzy subgroup by
Rosenfeld [2] which utilized the notion of fuzzy sets to groups theory, he specified subgroups and
subgroupoids and characterized various related properties. Later, Liu [3] presented the notion of the
fuzzy ring and studied fuzzy subrings and fuzzy ideals and proved some fundamental properties. In
[4], Atanassov initiated the idea of intuitionistic fuzzy sets as a characterization of fuzzy sets, various
properties that were connected to the operations and relations defined over intuitionistic fuzzy sets
were proved. Later, various researchers utilized this notion in various sections of mathematics,
especially in algebra. Biswas [5] initiated the notion of intuitionistic fuzzy groups and investigated
their properties. Followed by a work by Hur et al. [6] who studied intuitionistic fuzzy subgroups and
intuitionistic fuzzy subrings and examined some of their characteristics. Also, intuitionistic fuzzy
ideals were defined along with the properties of their level subsets. The same year, Banerjee and
Basnet [7] studied intuitionistic fuzzy subrings and ideals based on intuitionistic fuzzy sets. The
conception of intuitionistic fuzzy normed rings was defined. In the paper [8], they initiated the
concepts of intuitionistic fuzzy normed subrings and intuitionistic fuzzy normed ideals. In [9], Basent

introduced («, f)-cut of intuitionistic fuzzy ideals and established some important links among
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intuitionistic fuzzy sets and crisp sets. Later, Sharma [10] introduced the (a, f)-cut of intuitionistic fuzzy
groups and studied intuitionistic fuzzy subgroup with the help of their (a, f)-level subsets. In [11],
various different types of interval (o, f) cut-set of generalized interval-valued intuitionistic fuzzy sets
were investigated.

In this study, («, B)-cut of intuitionistic fuzzy normed ideals is investigated and various related properties
for (a, f)-cut of intuitionistic fuzzy normed ideals are examined and proved. In addition, the relation

between the intuitionistic fuzzy normed ideals under epimorphism mapping with the support of their
(a0, B)-level subsets will be defined.

2 | Preliminaries

In this section, the most significant definitions and results needed for the following section are
presented.

Definition 1 ([1]). The fuzzy set (FS) E on a universal X is a set of ordered pairs:

E = {(x, HE x)):x € X],

where, ug(x) is the membership function of x in E satisfies 0 < up(x) <1 for all x € X.

Definition 2 ([4]). An intuitionistic fuzzy set (IFS) A in X is defined as an object of the following form:

A= [(x, Ha X), VA x)):x € X},

where the functions p4(x): X — [0,1] and y4(x): X — [0,1] denotes the degree of membership and the
degree of nonmembership, respectively, where 0 < p4(x) +p4(x) <1 for all x € X. An intuitionistic
fuzzy set A is written symbolically in the form A = (u4, Y 4)-

Definition 3 ([4]). Let A and B be two intuitionistic fuzzy sets. The following operations and relations
are valid:

I A=Bif uy(x) = up(x) and y(x) = yp(x) for all x € X.

. ACBif us(x) < pp(x) and y4(x) > yp(x) forall x € X.
I A°={(x, ya(x), pa(x)):x € X} and denoted by A° = Y4, ta)-
IV. AN B = {(x, min{u,(x), pp (x)}, max{y,(x),ys(x)}: x € X}.
V. AUB= {(x, max[yA X), UB x)],min{yA X), VB x)}):x € X}

Definition 4 ([12]). Let 4 be an intuitionistic fuzzy set of a universe set X. Then (@, f)-cut of 4 is a
crisp subset Cy g(A) of A and defined by

Cop(A) = {x € X pa(x) = aand ya(x) < B},

and called the («, f)-level subset of A, where ¢+ <1 and o, € [0,1].

Proposition 1 ([10]). If A and B are two IFSs of a universe set X, the following holds for all a, 8,0, 9 €
[01]:

L Cup(A) S Cye(A)ifa>0and B < 9.

. Cigp(A) € Cpup(A) € Cpi_alA).
V. Cup(ANB) =C,p(A) N Cyp(B).

V. Cop(AUB) 2 C,p(A) U Cy p(B), equality holds if a + f = 1.
VI CO,l(A) = X
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VIL  C,p(U Ay) =U C, p(Ay) for k € Kand k < oo,

Definition 5 ([13]). Let = [0; 1] x [0; 1] — [0; 1] be a binary operation. Then * is a t-norm if *
conciliates the conditions of commutativity, associativity, monotonicity and neutral element 1.
We shortly use t-norm and write x * y instead of * (x, y).

Definition 6 ([13]). Leto: [0,1] X [0,1] — [0,1] be a binary operation. Then ¢ is a s-norm if ¢ conciliates
the conditions of commutativity, associativity, —monotonicity and neutral element O.
We shortly use s-norm and write x ¢ y instead of ¢ (x, y).

A t-norm (s-norm) is called continuous if it is continuous as a function, in the usual interval topology on
[01F.

Definition 7 ([7]). Let A = {(x, ia X), V4 x)):x € X} and B = {(x, up x), yp x)):x € X} be two intuitionistic
fuzzy sets in a ring R.

Then A + B is defined as:

A+B= [(x, HA+B X), VA+B x)):x € X],

where

( ’ * 7)), ifx=v+z
Ha+s X) =4 X:Y"‘Z(HAY) e 2)) y
L 0, otherwise.

Forallx,y,z € X.

Definition 8 ([7]). Let A = {(x, pa X), ¥4 X)):x € X} and B = {(x, up(x), yp(x): x € X} be two intuitionistic
fuzzy sets in a ring R. Then A O B is defined:

AOB= l(x, HaeB X), Y AcB x)):x € XI,

where
[« ) * U 2)), if x = yz,
HaeB X) = § X =YZ taly) » s 2) g
\0, otherwise,
and
(oAl v82) if x = yz,
YAsB X) = X = YZ
1, otherwise.

Forallx,y,z € X.

Definition 9 ([14]). A normed ting (NR) is a ring that possesses a norm || ||, that is a non-negative real-
valued function || ||: NR — R, satisfies the following conditions for all x,y € NR:

L ||x||[=0x=0.
IL lx+y Il x|l +llyll.
IIL W xy U1 x Iy I
IV. ll x =l =x || (Thus, || 14 l|=1 =|| =14 || if identity exists).



Definition 10 ([15]). Let * be a continuous t-norm and ¢ be a continuous S-norm. An intuitionistic

fuzzy set S = {(x, us(x), ys(x)):x € NR} is called an intuitionistic fuzzy normed subring (IFNSR) of the
normed ring (NR, +, .) if the following are fulfilled for all x,y € NR:

L ps(x —y) = us(x) * us(y).
. us(xy) = ps(x) * us(y)-
I ys(x —y) < vs(x) o vs(y).
V. ys(xy) < vs(x) o ys(y).

Definition 11 ([16]). An intuitionistic fuzzy subring I = {(x, u;(x), y;(x)): x € NR} is an intuitionistic
fuzzy normed ideal of the normed ring NR if it fulfils the following conditions for all x,y € NR:

L —y) = p(x) * p(y).
I pyay) = p(x) oy (y)-

OL - yi(x—y) < yi(x) o y1(y).
IV yi(axy) < yi(x) = ().

Throughout the paper, for the intuitionistic fuzzy normed ideal, it will be shortly used IFNL

Example 1 ([14]). The field of real numbers R is a normed ring with respect to the absolute value and
the field of complex numbers Q is a normed ring with respect to the modulus. More general examples
are the ring of real square matrices with the matrix norm and the ring of real polynomials with a
polynomial norm.

Theorem 2 ([16]). If I and | are two intuitionistic fuzzy ideals of NR. Then I N[ is an IFNI of NR.
3 | (&, B)-Cut of Intuitionistic Fuzzy Normed Ideals
All through this study, Z is the set of integers, NR is a normed ring and C, g(A) is the (a, B)-level subset.

Definition 12. Let A = {(x, Ua X),Va x)):x € NR} be an intuitionistic fuzzy set of a normed ring
NR. The (a, B)-cut of A is the level subset C, 5 A) and defined as

Cop A)={x € NR: pa(x) = aand ya(x) < B,
where a+p <1landa,p € [01].
Lemma 1. If [ is an IFNL Then C, 4(I) is an ideal of NR if ;(0) > a and y(0) < p witha + f <1.
Proof: Clearly C,4(I) # ¢ as 0 € Cyp(l). Let x,y € Cyp(l). Then py(x) > a, py(y) = a and yi(x) <,
Yi(y) < B. Then, p(x —y) = py(x) * p(y) = @ and yy(x —y) < y1(x) e y(y) < B. Thus, x — y € C, 4(I). Then
Ca,p is a subring.
Now, let 7 € NR, py rx) > py r)o i X) > pp x) =, py(xr) > pp(x) o up(r) = py(x) > a and y;(rx) < y;(r) »
yi(x) < yi(x) < B, yilxr) < yp(x) + yi(r) < yi(x) < B. Then, xr and rx € C, 4(I). Therefore, C,4(I) is an
ideal.

Theotrem 3. If [ is an IFNIin NR, then C, 4(I) € Cy5(I) if @ > 6 and B < 9.

Proof: Let x € C, 4(I). Then py(x) > a and y;(x) < B.
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Asa > 6and p <9, then y(x) > a > 0 and y;(x) < p < 9. Therefore, x € Cg g(I).

Hence, C, 4(I) € Cg s(I).

Corollary 1. If @ + B <1, then Cy_gg(I) € C, 4(I) € Cp 1o (D).

Proof: Asa+ B <1, then1 - > . Then, by Theorem 3, Cy_g4(I) € C, 4(I).
Also,B<1-a,thenCop5I) S Cpp I).

Therefore, Cy_g4(I) € Cpp(I) € Cp1-al).

Theorem 4. Let Cap(D) be an ideal with a + <1 and with a, € [0,1], then I is an IFNI in NR.

Proof: Let x,y € NR and o = y;(x) * y;(y) and g = y; x) e y; y). Then pp(x) > a, yi(x) < and y;(y) = o,
Y1(¥) < B. Then x,y € C, 4(I). Since C, 4(I) is an ideal of NR, so x—y € C, 4 I). Therefore, p;(x-y) > a =

pr(x) = up(y) and y(x—y) < B = y1(x) o y1(y). Assume A = p;(x) o py(y). More precisely, let A = py(x). Since
pr(x) +yp(x) £1,50 y(x) £1-p(x) £1-A. Thenx € C, ;_,(I). Since, C, ;-5 (I) is an ideal of NR, so xy €
C1-2(D). Thus, pi(xy) = A = py(x) o ().

Similatly, it can be proven that y;(xy) < y;(x) * ¥;(y). Hence I is an IFNI of NR.

Proposition 2. Let I and | be two IFNI’s of NR. If I C ], then C, g(I) € C,4(]) for all a, B € [01].

Proof: Let x € C, g(I), then u;(x) > @ and y;(x) < B. As I C ] implies p;(x) > py(x) > @ and yy(x) < yy(x) <
B. Hence pj(x) > @ and y;(x) < B. So x € C,4(]).

Therefore, C, g(I) € C,4()).
Theorem 5. If [ and | are two IFND’s of NR. Then, C, g I N]) = C,4(I) N C, 4(]) for all &, € [01].

Proof: Since IN] CTand IN ] C J. Therefore, C,4(I NJ) € Cpp(l) and Copy(INJ) € Cpp( ] ). Hence,

Ca,[S(I N I) - Ca,[S(I) N C(x,ﬁ( ]) (1)
Also, let x € C, g(I) N Cpp(]) = x € Cpp(I) and x € C, 4(]). Then

prx) 2 a, g (x) 2 and y(x) < B,y (x) < B,
min{u;(x), uy (x)} = @ and max{y(x), y; ()} < B,
biap(x) 2 a and yrap(x) <B.

Therefore, x € C, 4(I N ]). Thus,

Ca,ﬁ I) N Ca,[& ]) < Ca,[& In ]) @
By Egs. (1) and (2), C,4(I) N Cop(]) = CopI N]).

Lemma 2. C, 4(N [k € K) =N {C, g(Iy)Ik € K} for k < oo and for all a, f € [0,1].
Proof: Letx € Cop Nl) & (N pp)(x) > «a and Ny < B,

e () > a and Vi X)< B,



©x € Cup ) forall k,
S x €N Ca,ﬂ(lk)'
Therefore, C.p NI ) =N {C,p 0}

Theorem 6. If [ and | are two IFNDs of NR. Then C,4(I) U C,4(J) € CopIU]). If a+ =1 then
Ca,ﬂ I) U Ca,ﬁ I) = Ca,ﬂ(l U ])

Proof: Since  CIU [ and ] € I U ]. Therefore, C, 4(I) € C, (I UJ) and C, 4(]) € C, 4(I UJ). Hence,

Cap Hu Caop ))c Cap IU D. 3)
Now equality holds if & + g = 1. Prove that C, z(I U ]) € C, 4(I) U C, 4(]).

Letx € C, g(I U]), then ppy(x) = a and ypy; x) < B. So, max{p(x), uy(x)} > a and min{y;(x), y;(x)} < B.
If up x) 2 o, theny; x) <1 -y x) <1-a = B. It follows that x € C, 5 [) € C, 5 I) U Cp g ]). Similarly, if
ty x) = a,theny; x) <1-p; x) <1-a = B. It follows that x € C, 5 J) € Cy g ) U Cy g ]). Therefore, x €

Cap(l) U C,p(])- Hence,

Coc,[i(I U ]) - Ca,ﬁ(I) U C(x,[S(D (4)
By qu (5) and (4)’ Ca,ﬁ(l U ]) = Ca,ﬁ(l) U Ca,ﬁ(])'

Remark 1. In Theorem 6, the equality may not hold unless @ + = 1, as shown in the following example:
Let Z5 = {0,1,2,3,4} and consider the ring (Zs, +5,%5). Let I and | be two IFNI’s in Zs with:
pr0)=0.7,u;2) = p; 5) =04, p; 1) = p; 3) =01,
y10)=01,7;2)=y;5=03,7,1)=y;3) =05,

ty 0) =08, 4y 2) =y 5) = 0.3, y; 1) = y; 3) = 0.25,

y;00=01,y;2)=y;5)=02,y;1) =y; 3) =04.

Then, Cj402(I) = {0} and Cy42(]) = {0}

Now,

trug0) =08, pyuy 2) = pryy(d) =04, uryy 1) = pryy 3) = 0.25,

and

Yiu(0) =01, p147(2) = y10;5) =02, y;u;(1) = yry;3) = 0.4

Then, Co402(IV]) = {0,2,5}. Correspondingly, Co402(I UJ) € Coa02(I) U Coa02())-
Therefore, C, g(I) U C, 4(J) may not equal C, g [U]) when a +p # 1.

Definition 13. et [ and | be two IFNTI’s in NR. Then,
CopI+]) = {(x, pry(x) > a and y145(x) < B):x € NR}.
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Theorem 7. For any two IFNI’s I and | of a ring NR, C, 4(I) + C,4(]) € C,p(I +]) and equality holds if
a+p=1

Proof: Let x =y + z € C, 4(I) + C, 4(]) such that y € C, 4(I) and z € C, 4(]). Then

i(y) = o, py(z) 2 aand yi(y) < B,y z) < B.
Hi(y) = py(2) = aand yry)eyy z) <B.
x:;+Z(HI(Y) * Ly Z) ) > o and X:;ﬂ (yl(y)o Y1 Z) ) <B.
HI+](X) > o and VI+] X) < B
Therefore, x € C,, 4(I +]). Hence, C, 4(I) + Cy 4(J) € Cop(I +]).

For the second part, let @ + =1 and let x € C, 5 [ +]). Then, pyj(x) > a and yp,y x) < B. Take, py,g(x) >

a= (y,(y) * U 2) ) > a = p(w) * uy(v) > a for some x = w + v. Therefore, y;(w) > a and y;(v) > a.

x=y+z
Also, yj(w) <1-p(w)<l-a=p and y;v)<1-yv)<l-a=p. Thus, yyw)<p and y;v) <B.
Hence w € C,4(I), and v € C, 4(]). Then x = w + v € C, g(I) + C, 4(])-

Thus, C,g(I +]) € C,p(I) + Cp4())- So, the equality follows:

Definition 14. Let [ and | be two IFNI’s in NR. Then, for , € [0,1].

Coplo]) = {(x piey(x) = o and ygj(x) < B):x € NR}.
Theorem 8. For any IFNI’s [ and ] in NR, C, s I)C, 5 ) € C,, 3 I ©]). Equality holds if a + g = 1.

Proof: By Definition 5,

M0 = S ((Y) * 1y 2) ) and Y1050 = 5, 01(y) © vy D) )-
Let x = yz € C, g(I)C, 4(J) such that y € C, 4(I) and z € C, 5 ]). So, ; y) 2 @, y1(y) < p and yy(2) = a,

o1 () =2y, (i(y) * 1y 2))
> p(y) * w(z)

>,

and

Ve = 1) 719)

<vi(y) * v(2)
<B.
yj(z) < B. Hence

Therefore, x € C, g(I o ]). Then, C, 4(I)C,5(J) € Cypl o).

To prove Co5 I)Cpp ) = Cyplo]) leta+p=Tandx € C,p []). Then, py.j(x) = aand y;.;(x) < B.

Now, e (%) > a = e x) = - (y,(y) * U 2) ) >a = wy)*y(z) 2 a. Then y; y) 2 aand yy z) > a.
Also, yiy)<1-py)<l-a=p and y;z)<1-p;z)<l-a=p. Then, y;y)<p and y;z)<B.
Hence y (S Ca,[g l) and z e Ca,[g ]) SO, X € CLY,/S(I)CU(,‘B(I)' ThU.S, Ca"g(l o ]) (- Ca,ﬂ(I)CU(,ﬁ(])'

Therefore, Cog(I)Cyp(J) = Capl  ])-



4 | Homomorphism of Intuitionistic Fuzzy Normed Ideals

The correlation between the intuitionistic fuzzy normed ideal I of NR and that of intuitionistic fuzzy
normed ideal f(I) of NR’ with the help of their («, f)-level subsets is obtained.

Definition 15 ([16]). Let NR, NR’ be two rings and f: NR — NR’ be a ring homomorphism. Let A =
{(x, pa(x), y4(x)):x € NR} and B = {(y, up(y), ¥3(v)): ¥ € NR’} be intuitionistic fuzzy subsets of NR, NR’,
respectively. Then, the image of A is denoted by f(A) and defined as f(A) = {(y, W), ¥ fa¥):y €
NR’} where:

{ iax),  iffly)#d,
Hea) Y) = 1 xefly)

L0, otherwise.

and

( *

| yax), HE1y) %06,
Y£A) y) = 1 x e f-1 y)

U1, otherwise.

Also, f7Y(B) = {(x, yffl(B)(x),yffl(B)(x)):x € NR} is called the inverse image (pre-image) of B, where
#f’l(B)(x) = pp(f(x)) and Yffl(B)(x) = yp(f(x)) for every x € NR.

Theorem 8 ([16]). Let f: NR — NR’ be an epimorphism mapping.

I. If D is an intuitionistic fuzzy subring in NR’, then f (D) is an intuitionistic fuzzy subring in NR.
II.  If S is an intuitionistic fuzzy subring in NR, then f(S) is an intuitionistic fuzzy subring in NR’.

Theorem 9. Let f: NR — NR’ be an epimorphism mapping. Let I = {(x, y;(x), y;(x)): x € NR} be an

IFNI in NR. Then f(C, 4(I)) € C,4(f(I)). The equality holds if w; has the sup property () and @ + g =
1.

Proof: Let y € f(C,4(I)). Then there exit an element x € C, g(I) such that f(x) =y, such that y;(x) > a
and y;(x) < B. Then,

gx)>a and  y; %) <B.So, by = a and yrpy) <B.
xef~1y) xef1y)

Which implies that y € C, s(f(I)). Hence, f(C,4(I)) € C,p(f(I))-

For the other way, Let y € C, 5(f(I)). Then,

trp(y) = a and ypp(y) < B,

gx)=a and  y;x)<B.
xef~1ly) xef~ly)

Since y; has the sup property so there exists z € f~'(y) suchthaty; z) =  y; x) = a. Then y; z) <
xef1y)
l-pz)<l-a=p Thus, z €C,p(l) and hence y=fz)€ f(C,p(l)). Therefore, C,4(f(I)) S

f(CapD)).

Hence, C,4(f 1)) = f(C,p(D).
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Theotem 10. Define f:NR—NR to be a homomorphism mapping. Let f7(])=
{(x, 11-14(%), ¥ 1) (1)): x € NR} be an IFNI of NR. Then C,5(f 1 ) = f™H(Cop ().

Proof: Let x € Ca,ﬁ(f‘1 ])) S Ui x)za and ey x) <

& wy(f %) = aand y(f x) <p
& fx)€Cup))
©x e fHCop().
Hence, Co5(f1 1) = FH(Co ).
5 | Conclusion

In this paper, intuitionistic fuzzy ideals, with the help of some properties of their (a, f)-level subsets, were
presented and studied. Also, some important links between intuitionistic fuzzy ideals and («, f)-level
subsets were established. Further, the homomorphic image was characterized by using the properties of
(a0, B)-level sets, such that the relation between the intuitionistic fuzzy normed ideal I of NR and the
intuitionistic fuzzy normed ideal f(I) of NR’ were generalized with the support of their («, f)-level subsets.
To extend our work, further research can be done to introduce the concept of upper and lower (a, f)-
intuitionistic fuzzy normed ideals and to examine various properties of («, f)-level subsets for intuitionistic

fuzzy normed ideals.
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