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Abstract

Investment Portfolio Optimization (IPO) is one of the most important problems in the financial area. Also, one of the most
important features of financial markets is their embedded uncertainty. Thus, it is essential to propose a novel IPO model that
can be employed in the presence of uncertain data. Accordingly, the main goal of this paper is to propose a novel Fuzzy Multi-
Period Multi-Objective Portfolio Optimization (FMPMOPO) model that is capable to be used under data ambiguity and
practical constraints including budget constraint, cardinality constraint, and bound constraint. It should be noted that three
objectives including terminal wealth, risk, and liquidity as well as practical constraints are considered in proposed FMPMOPO
model. Also, the alpha-cut method is employed to deal with fuzzy data. Finally, the proposed Fuzzy Multi-Period Wealth-Risk-
Liquidity (FMPWRL) model is implemented in real-world case study from Tehran Stock Exchange (ITSE). The expetimental
results show the applicability and efficacy of the proposed FMPWRL model for fuzzy multi-petiod multi-objective investment
portfolio optimization problem under fuzzy environment.

Keywords: Portfolio optimization, Multi-Petiod problem, Fuzzy optimization, Alpha-Cut method, Data ambiguity,
Investment problem, Stock market.
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Because, in real cases, financial data such as rate of return and liquidity can be tainted by uncertainty.
Thus, it is essential to propose a new portfolio optimization model that can be applied under ambiguity
and uncertainty. Fuzzy Mathematical Programming (FMP) is one of the popular and effective
approaches to deal with data uncertainty and linguistic variables [14]-[20]. Sadjadi et al. [21] proposed
Fuzzy Multi-Period Portfolio Selection (FMPPS) model with different rates for borrowing and lending.

Liu et al. [22] introduced FMPPS approach by considering return, transaction cost, risk and skewness
of portfolio. Zhang et al. [23] presented possibilistic mean-semi variance-entropy model for FMPPS
problem, and designed hybrid intelligent algorithm for solving the presented model. Zhang et al. [24]
applied Particle Swarm Optimization (PSO) algorithm for solving fuzzy multi-period portfolio
optimization model under possibility measures. Zhang and Zhang [25] proposed fuzzy multi-period
mean-absolute deviation (MAD) for portfolio selection problem by considering risk control and
cardinality constraints. Zhang et al. [26] presented a new FMP approach for multi-period portfolio
optimization with return demand and risk control. Mehlawat [27] proposed credibilistic mean-entropy
models for FMPPS with multi-choice aspiration levels by considering wealth, risk, transaction cost,
liquidity, and cardinality constraint. Wang et al. [28] introduced a new uncertain multi-period portfolio
selection model with dynamic risk/expected-return level that is capable to be used in the presence of
fuzzy random uncertainty.

Liu and Zhang [29] proposed fuzzy multi-period portfolio selection optimization model based on
possibility theory and applied Genetic Algorithm (GA) to solve the proposed model. Liagkouras and
Metaxiotis [30] discussed the multi-period mean—variance portfolio optimization problem with
transaction costs and fuzzy variables to count for the uncertainty of future returns and liquidities on
assets. Cao [31] employed PSO algorithm for solving multi-objective portfolio optimization problem
under fuzzy environment, in which the return rates and the turnover rates are characterized by fuzzy
variables. Liu & Zhang [32] examined possibilistic moment models for FMPPS with fuzzy returns by
taking into account some realistic constraints including budget constraint, higher moments, cardinality
constraint, round-lot constraint, and bound constraint. Gupta et al. [33] proposed intuitionistic fuzzy
optimistic and pessimistic multi-period portfolio optimization models. Last but not the least, Gupta et
al. [34] used coherent fuzzy numbers to model the returns and the investor attitude in credibilistic multi-
period multi-objective portfolio optimization problem.

The goal of this paper is to propose a new Fuzzy Multi-Period Multi-Objective Portfolio Optimization
EFMPMOPO) model by considering three objectives including wealth, risk, and liquidity. Notably, to
reach this goal, the alpha-cut technique and goal programming approach are applied. Additionally, to
show the applicability and efficacy of proposed FMPMOPO model, a real-world case study from Tehran
stock market is utilized. The rest of this paper is organized as follows. The research background of the
paper will be explained in Section 2. The mathematical modeling of fuzzy multi-period multi-objective
portfolio optimization approach will be proposed in Section 3. Then, the implementation of the
proposed FMPMOPO model in Tehran Stock Exchange (TSE) will be discussed in Section 4. Finally,
conclusions as well as some directions for future research will be introduced in Section 5.

2 | Research Background

In this section, the research background of the paper to propose FMPMOPO model including alpha-

cut method and goal programming technique as well as required equations, formulations, and
explanations will be introduced.
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2.1 | Alpha-Cut Method

An alpha-cut operation is one of the important solution methods that widely applied in literature to solve

Fuzzy Linear Programming (FLP) problem [35]. For more details, let § be a triangular fuzzy number that
is determined by B=(B,, B,, B,). B, <, < 8, . The membership function of f is defined as Eg. (7):

0, if x<p,;

X=Py ifB, <x<p,;

%23 - 0)

, B, <x<B;
if x>B,.

Pg(x) =

6 P

The alpha-cut of the fuzzy number g is defined as B, ={xeR/u(x)zaf where a is the confidence

level [36]. Accordingly, the alpha-cut of g is actually a close interval of the real number field as follows:

B, =[B. (), B ()]=[(B, =B )ax+B,, B (B, —B,)a]. a<[0,1] @

The graphical presentation of alpha-cut method for triangular fuzzy number is shown in Fg. 7:

1)

A .

Bela) po x

B Bula) P

Fig. 1. Alpha-Cut of triangular fuzzy number.

Notably, by applying the alpha-cut method, FLP can be transformed to Interval-Parameter Linear
Programming (IPLP). Finally, the resulting IPLP problem can be solved as a crisp linear programming
(CLP) model for a given « with some variable substitutions.

2.2 | Goal Programming Technique

So far, several approaches and algorithms have been proposed to solve Multiple-Objectives Decision
Making (MODM) problems in which some objectives are conflicting and non-commensurable. Goal
Programming (GP) is one of the popular, powerful, and effective solution methods for MODM problems.
The major variants of GP in terms of underlying distance metric are lexicographic, weighted, and
Chebyshev goal programming. Also, GP in terms of the mathematical nature of the decision variables
and/or goals can be categorized into fuzzy, integer, binaty, and fractional goal programming [37]-[39].

Please consider following multiple objective linear programming (MOLP) problem that ¢, a,and b, are
the objective function coefficient, the technological coefficient, and the right-hand-side, respectively:



Max icjlxj 3)

Assume that a set of K goals {@],...,@k,...,@,(} is specified by the Decision Maker (DM) for

objective functions. Goal programming try to achieve an optimal solution “as close as possible” to the

set of specified goals which may not be simultaneously attainable. The equivalent weighted GP
mathematical formulation to the above MOLP is written as follows:

Min i(xka; +A5;) @
k=1

ax <b ,6 Vi
= J ] 1
=

7Yk Tk T

x,5;,5; 20. ),k

It should be explained that non-negative variables 6, and o, are deviational variables of goal k. Also,

A, and A} are weights assigned to the deviational variables of goal k that determined by the DM.

Notably, the weighted GP mathematical formulation can be extended to handle the objectives (goals) at
different priority levels and classes.

3 | The Proposed FMPMOPO Model

In this section, the fuzzy multi-period multi-objective portfolio optimization model will be introduced.
It should be noted that three objectives including wealth, risk, and liquidity as well as practical constraints
are considered in FMPMOPO model. The indices, parameters, and decision variables that will be used
in this study are described as follows:
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I: the indices of risky assets i=1,..,1

t: the indices of investment periods ¢=1,..., 7.

Vit * the return of It risky asset in ¢ th investment period (triangular fuzzy number).

My - The liquidity of | # risky asset in t t investment period (triangular fuzzy number).
The lower bound of budget allocation for i t risky asset in t * investment petiod.

it * The upper bound of budget allocation for | t risky asset in t ® investment period.

Pit © The transaction cost rate of i risky asset in t * investment period.

P, The expected return of portfolio X, in t t investment period.

X, The total transaction cost of portfolio X, in t * investment petiod.

I, The return of portfolio X in t ™ investment period

Q- The maximum number of risky assets of portfolio X in t ® investment period.
v The expected value of wealth at the beginning of investment petiod t .

A

¢ the absolute deviation of portfolio in t th investment period.
it * The weight of I t risky asset in portfolio in t ® investment period.

A binary variable which will be one if i ® risky asset is selected in t t investment period and zero otherwise.

Assume that the investor acquires his initial wealth at the beginning of the first period and the terminal
wealth at the end of period 7. The investor can reinvest the wealth among these risky assets at the beginning
of each T -1 sub-periods. The investor does not invest any additional wealth in the entire investment

horizon. Also, the return and the liquidity of risky assets have a triangular fuzzy distribution 3 ¢3/, 7, 7)
and 7 (7', 7°,7°) inwhich »'<)? <y’ and ' <7° <7’.

In the following, the objective functions and constraints of FMPMOPO model will be described. Notably,
the terminal wealth is the investor's wealth in the last period of his investment. To find the terminal wealth,
it is necessary to obtain the general relation of the wealth gained in each period. The wealth earned in each
period consists of two components: the expected return of portfolio, and the transaction cost. The
expected return of portfolio is calculated as follows:

1
o} =Z:wityit. vt ©)

In order to calculate the transaction cost, the V-shape function is used, which is the difference between
two consecutive portfolios:

1

Y = Z:(Pit

i=

Wy — wit—l‘ :

vt ©)

As a result, the return of portfolio in t ® investment period is defined as follows:



[[=0 -Y,. Vt %
Then, the wealth of investor in t * investment period is calculated as follows:
W =W, (1+T,). vt ®)

By replacing Egs. (5) - (7) in Eg. (8), the wealth of investor in each investment petiod is desctibed as
follows:

lPt = IIltfl [1+§a)n77it _Z(pn |a)|t _a)|t1|J .Vt ©)

Accordingly, the fuzzy multi-objective wealth-risk-liquidity model for multi-period portfolio
optimization problem under fuzzy environment is proposed as Mode/ (10):

Max V_, (10)

Wy — Wiy |J , Vit

w,>2& 1, Vit

it7it 7
&, 10,1}, Vit

w,20. Vit

It should be explained that some practical constraints including budget constraint, cardinality constraint,
and bound constraint are taking into account in proposed FMPMOPO model. Finally, the FMPMOPO
model is transformed to single objective model by applying goal programming technique. Also, alpha-
cut method is employed to deal with fuzzy data of return and liquidity of risky assets.
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Min (A5, +A,0, +A.5; ) (11)

1< _
T2 wit[(ﬂi—ﬂi)ami/ﬂi—(ni—ni)a}éf@y

,,
Il
|
—
Il
|

i=1 i=1

1 T
AW - =YW | vt
T&
I I
‘{/t :\Ilt—l[1+ wit|: (ylzt _Vilt)a_'_yilt’ yi _(V?t _’Vlzt)a} _Z(pit (Pit +Qit)J , Vit

wit 2 E’itlit 4 Vi’t

w, —w, =P, —Qit , Vi, t

it it—

g €l0,1), Vit

w. 0,00, P

it” "k’ Tk’ it/

Q,>0. Vi tk

To solve the proposed FMPMOPO model, Mode/ (17) is run once for the lower bound of the alpha-cut
interval and again for the upper bound of the alpha-cut interval.

4 | Case Study and Experimental Results

In this section, the proposed fuzzy multi-petiod multi-objective portfolio optimization model will be
implemented for a real-wotld case study from the Tehran Stock Exchange (TSE). TSE, with a history of
nearly half a century, is one of the most attractive financial markets in the Middle East region. Accordingly,
the data set of 30 stocks for 5 periods are extracted from TSE. Tables (1) and (2) show the data set for
return and liquidity of 30 stocks for 5 periods under triangular fuzzy distribution:



Table 1. Fuzzy data set for return.

Stocks

First Period

Second Period

Third Period

Fourth Period

Fifth Period

Stock 01

Stock 02

Stock 03

Stock 04

Stock 05

Stock 06

Stock 07

Stock 08

Stock 09

Stock 10

Stock 11

Stock 12

Stock 13

Stock 14

Stock 15

Stock 16

Stock 17

Stock 18

Stock 19

Stock 20

Stock 21

Stock 22

Stock 23

Stock 24

Stock 25

Stock 26

Stock 27

Stock 28

Stock 29

Stock 30

(-0.042, 0.000, 0.049)

(-0.022, 0.001, 0.001)

(-0.0406, 0.001, 0.040)

(-0.025, -0.006, 0.047)

(-0.005, 0.004, 0.008)

(-0.183, 0.004, 0.012)

(-0.047, 0.008, 0.049)

(-0.021, 0.001, 0.031)

(-0.045, 0.001, 0.054)

(-0.046, 0.000, 0.038)

(-0.016, 0.001, 0.048)

(-0.022, 0.001, 0.048)

(-0.211, -0.003, 0.032)

(0.003, -0.001, 0.040)

(-0.019, -0.001, 0.040)

(:0.046, 0.003, 0.041)

(-0.019, -0.002, 0.018)

(-0.022, -0.002, 0.049)

(-0.022, -0.003, 0.035)

(:0.015, 0.011, 0.022)

(:0.033, 0.011, 0.048)

(-:0.024, 0.001, 0.035)

(:0.020, -0.006, 0.022)

(-:0.020, -0.006, 0.064)

(-:0.022, -0.005, 0.050)

(-:0.004, -0.003, 0.018)

(-0.042, -0.003, 0.050)

(-0.043, 0.002, 0.012)

(-0.005, -0.002, 0.023)

(-0.034, -0.002, 0.028)

(-0.036, -0.004, 0.050)
(-0.002, 0.000, 0.002)
(-0.049, -0.004, 0.050)

(-0.026, -0.003, 0.015)

(-0.003, 0.000, 0.003)
(-0.026, 0.045, 0.048)
(-0.041, -0.002, 0.028)
(-0.013, -0.006, 0.001)
(-0.048, 0.032, 0.049)
(:0.017, 0.005, 0.015)
(:0.007, -0.002, 0.000)
(-:0.046, 0.040, 0.047)
(:0.022, -0.005, 0.031)
(:0.001, -0.003, 0.004)
(:0.211, 0.000, 0.049)
(-:0.028, 0.000, 0.021)
(-:0.014, -0.008, 0.003)
(-:0.046, 0.043, 0.060)
(:0.026, 0.011, 0.028)

(:0.017, -0.005, -0.001)
(:0.030, 0.013, 0.049)
(-:0.040, -0.001, 0.048)
(:0.001, -0.001, 0.006)
(:0.050, 0.000, 0.066)
(-:0.025, -0.008, 0.101)
(-:0.015, 0.036, 0.049)
(-:0.025, 0.002, 0.101)
(-:0.010, -0.009, 0.017)
(0.011, -0.010, 0.000)

(-0.043, 0.006, 0.019)

(-0.049, 0.002, 0.040)

(-0.049, -0.002, 0.050)

(-0.034, -0.030, -0.004)

(-0.010, -0.003, 0.007)

(-0.026, -0.003, 0.048)

(-0.002, 0.002, 0.045)

(-0.0406, 0.014, 0.032)

(-0.048, 0.002, 0.049)

(-0.009, 0.032, 0.045)

(-0.018, -0.003, 0.021)

(-0.046, 0.004, 0.047)

(-0.013, 0.037, 0.040)

(-0.029, 0.006, 0.029)

(-0.211, -0.001, 0.049)

(-0.003, -0.002, 0.000)

(-0.028, -0.010, 0.041)

(-0.046, 0.012, 0.060)

(0.024, 0.043, 0.049)

(-0.027, 0.002, 0.034)

(:0.030, 0.005, 0.049)

(-:0.018, 0.009, 0.013)

(:0.050, -0.014, 0.050)

(-0.050, -0.002, 0.066)

(-:0.003, -0.002, 0.000)

(-:0.008, 0.014, 0.050)

(-:0.025, -0.001, 0.101)

(-0.001, 0.002, 0.002)

(-0.015, -0.008, 0.019)

(-0.043, 0.000, 0.019)

(-0.020, 0.000, 0.006)

(-0.036, 0.001, 0.040)

(-0.002, 0.004, 0.012)

(-0.049, 0.001, 0.054)

(-0.026, 0.001, 0.048)

(-0.003, -0.001, 0.040)

(-0.026, -0.002, 0.049)

(-0.041, 0.011, 0.048)

(-0.013, -0.006, 0.064)

(-0.048, -0.003, 0.050)

(-0.017, -0.002, 0.028)

(-0.007, -0.004, 0.020)

(-0.046, 0.000, 0.023)

(-0.022, 0.000, 0.050)

(-0.001, 0.000, 0.044)

(-0.211, -0.017, 0.044)

(-0.028, -0.046, 0.048)

(-0.014, -0.003, 0.046)

(-0.046, 0.039, 0.048)

(-0.026, -0.032, 0.042)

(:0.017, 0.004, 0.050)

(:0.030, 0.045, 0.048)

(:0.040, 0.032, 0.049)

(:0.001, 0.040, 0.047)

(:0.050, 0.000, 0.049)

(:0.025, 0.043, 0.060)

(:0.015, 0.013, 0.049)

(-0.025, 0.000, 0.066)

(-0.010, 0.002, 0.101)

(0.011, 0.006, 0.019)

(-0.043, 0.000, 0.034)

(-0.049, -0.004, 0.050)

(-0.026, 0.045, 0.048)

(-0.048, 0.032, 0.049)

(-0.046, 0.040, 0.047)

(-0.211, 0.000, 0.049)

(-0.0406, 0.043, 0.060)

(-0.030, 0.013, 0.049)

(-0.050, 0.000, 0.066)

(-0.025, 0.002, 0.101)

(-0.043, 0.0006, 0.019)

(-0.033, 0.000, 0.034)

(-0.050, 0.000, 0.049)

(-0.040, 0.012, 0.047)

(-0.048, 0.039, 0.069)

(-0.049, 0.018, 0.058)

(:0.047, 0.004, 0.065)

(-0.049, 0.008, 0.049)

(-0.049, -0.012, 0.095)

(:0.138, 0.007, 0.049)

(:0.075, 0.001, 0.047)

(:0.183, 0.004, 0.014)

(:0.048, 0.001, 0.054)

(:0.126, 0.001, 0.056)

(:0.173, 0.001, 0.067)

(:0.082, -0.002, 0.050)

(:0.050, 0.011, 0.106)

(-0.053, -0.006, 0.064)

(-0.130, -0.003, 0.050)

(-0.034, -0.002, 0.028)

(-0.014, -0.004, 0.020)
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Table 2. Fuzzy data set for liquidity.

Stocks

First Period

Second Period

Third Period

Fourth Period

Fifth Period

Stock 01

Stock 02

Stock 03

Stock 04

Stock 05

Stock 06

Stock 07

Stock 08

Stock 09

Stock 10

Stock 11

Stock 12

Stock 13

Stock 14

Stock 15

Stock 16

Stock 17

Stock 18

Stock 19

Stock 20

Stock 21

Stock 22

Stock 23

Stock 24

Stock 25

Stock 26

Stock 27

Stock 28

Stock 29

Stock 30

(0.068, 0.024, 0.068)

(0.007, 0.024, 0.070)

(0.000, 0.025, 0.089)

(0.039, 0.032, 0.039)

(0.012, 0.032, 0.039)

(0.000, 0.022, 0.056)

(0.056, 0.030, 0.056)

(0.015, 0.030, 0.056)

(0.017, 0.033, 0.066)

(0.038, 0.013, 0.038)

(0.007, 0.013, 0.040)

(0.008, 0.007, 0.054)

(0.053, 0.021, 0.053)

(0.015, 0.021, 0.053)

(0.005, 0.019, 0.062)

(0.048, 0,028, 0.048)

(0.009, 0.028, 0.048)

(0.013, 0.010, 0.054)

(0.066, 0.026, 0.066)

(0.012, 0,026, 0.066)

(0.011, 0,021, 0.069)

(0.078, 0,041, 0.078)

(0.008, 0.041, 0.078)

(0.000, 0.041, 0.072)

(0.084, 0.055, 0.084)

(0.022, 0.055, 0.084)

(0.000, 0.024, 0.063)

(0.019, 0.000, 0.019)

(0.000, 0.000, 0.049)

(0.000, 0.000, 0.025)

(0.014, 0.021, 0.078)

(0.000, 0.023, 0.078)

(0.022, 0.023, 0.052)

(0.013, 0.015, 0.023)

(0.008, 0.018, 0.047)

(0.021, 0.025, 0.030)

(0.014, 0.018, 0.050)

(0.000, 0.014, 0.047)

(0.025, 0.034, 0.035)

(0.007, 0.025, 0.041)

(0.000, 0.029, 0.053)

(0.019, 0.025, 0.040)

(0.000, 0.023, 0.042)

(0.000, 0.023, 0.054)

(0.017, 0.030, 0.051)

(0.008, 0.012, 0.023)

(0.000, 0.022, 0.046)

(0.016, 0.017, 0.020)

(0.012, 0.014, 0.035)

(0.000, 0.014, 0.047)

(0.017, 0,024, 0.036)

(0.006, 0,030, 0.043)

(0.000, 0.030, 0.059)

(0.009, 0.011, 0.030)

(0.019, 0,040, 0.066)

(0.000, 0,025, 0.060)

(0.032, 0.035, 0.063)

(0.000, 0.000, 0.013)

(0.000, 0.005, 0.017)

(0.000, 0.001, 0.049)

(0.008, 0.038, 0.049)

(0.003, 0.022, 0.064)

(0.000, 0.015, 0.078)

(0.008, 0.021, 0.029)

(0.011, 0.030, 0.062)

(0.008, 0.043, 0.062)

(0.006, 0.024, 0.044)

(0.013, 0.034, 0.060)

(0.000, 0.028, 0.060)

(0.009, 0.034, 0.053)

(0.013, 0.025, 0.069)

(0.000, 0.039, 0.069)

(0.010, 0.016, 0.063)

(0.016, 0.051, 0.070)

(0.000, 0.023, 0.070)

(0.009, 0.025, 0.0306)

(0.008, 0.016, 0.072)

(0.000, 0.037, 0.072)

(0.000, 0.024, 0.033)

(0.000, 0.024, 0.062)

(0.000, 0.032, 0.066)

(0.004, 0.012, 0.049)

(0.000, 0.011, 0.052)

(0.000, 0.024, 0.089)

(0.012, 0.033, 0.084)

(0.001, 0.032, 0.066)

(0.000, 0.021, 0.084)

(0.000, 0.000, 0.019)

(0.000, 0.000, 0.036)

(0.000, 0.011, 0.049)

(0.008, 0.038, 0.049)

(0.008, 0.021, 0.029)

(0.006, 0.024, 0.044)

(0.009, 0.034, 0.053)

(0.010, 0.016, 0.063)

(0.009, 0.025, 0.0306)

(0.000, 0.024, 0.033)

(0.004, 0.012, 0.049)

(0.012, 0.033, 0.084)

(0.000,0.0000, 0.019)

(0.000, 0.000, 0.053)

(0.000, 0.000, 0.008)

(0.007, 0.020, 0.032)

(0.020, 0.053, 0.053)

(0.031, 0.064, 0.063)

(0.013, 0.030, 0.084)

(0.000, 0.034, 0.040)

(0.000, 0.020, 0.054)

(0.025, 0,037, 0.075)

(0.007, 0.024, 0.068)

(0.012, 0,032, 0.039)

(0.020, 0.030, 0.056)

(0.009, 0.013, 0.038)

(0.000, 0.021, 0.053)

(0.009, 0,028, 0.048)

(0.011, 0,026, 0.066)

(0.008, 0.041, 0.078)

(0.000, 0.055, 0.084)

(0.000, 0.000, 0.019)

(0.000, 0.000, 0.039)

(0.014, 0.021, 0.078)

(0.013, 0.015, 0.023)

(0.014, 0.018, 0.050)

(0.007, 0.025, 0.041)

(0.000, 0.023, 0.042)

(0.008, 0.012, 0.023)

(0.012, 0.014, 0.035)

(0.006, 0.030, 0.043)

(0.019, 0.040, 0.066)

(0.000, 0.000, 0.013)

(0.000, 0.005, 0.010)

(0.000, 0.000, 0.020)

(0.010, 0.016, 0.040)

(0.016, 0.026, 0.033)

(0.026, 0.048, 0.075)

(0.033, 0.059, 0.099)

(0.012, 0.027, 0.074)

(0.034, 0.082, 0.092)

(0.000, 0.034, 0.052)

(0.000, 0.000, 0.019)

(0.018, 0.038, 0.076)

(0.015, 0.042, 0.063)

(0.000, 0.029, 0.067)

(0.009, 0.037, 0.085)

(0.016, 0.031, 0.073)

(0.028, 0.060, 0.085)

(0.000, 0.046, 0.080)

(0.068, 0.024, 0.068)

(0.007, 0.024, 0.070)

(0.000, 0.025, 0.089)




Finally, after collecting required data, the results of proposed FMPMOPO model are presented in Table

(3) and Fig. (2) as follows:

Table 3. The results of FMPMOPO model under different Alpha-Cuts.

Alpha (x) Terminal Wealth

Risk

Liquidity

0.00

0.10

0.20

0.30

0.40

0.50

0.60

0.70

0.80

0.90

1.00

(1.000, 1.281)
(1.000, 1.251)
(1.000, 1.222)
(1.000, 1.197)
(1.000, 1.174)
(1.000, 1.151)
(1.002, 1.130)
(1.007, 1.109)
(1.021, 1.092)
(1.040, 1.078)

(1.065, 1.065)

(0.000, 0.036)
(0.000, 0.032)
(0.000, 0.028)
(0.000, 0.026)
(0.000, 0.024)
(0.000, 0.021)
(0.001, 0.018)
(0.002, 0.016)
(0.004, 0.014)
(0.006, 0.012)

(0.010, 0.010)

(0.000, 0.063)
(0.000, 0.058)
(0.000, 0.055)
(0.000, 0.050)
(0.000, 0.044)
(0.001, 0.041)
(0.005, 0.038)
(0.013, 0.035)
(0.020, 0.030)
(0.022, 0.026)

(0.024, 0.024)

Alpha

Terminal Wealth

(a) First objective

Fig. 2. The presentation of objective functions under different alpha-cuts.

Alpha

Risk

(b) Second Objective

Alpha

Liquidity

(C) Third objective
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It should be explained that the parameters of the proposed FMPMOPO model including u,, ., ¢, , Q,,

t
and ¥, are set equal to 0.1, 0, 0.1%., 10, and 1, respectively. Also, ideal goal of three objectives including

terminal wealth, risk, and liquidity, are set equal to 2, 0, and 0.5, respectively. Notably, the results indicate
on applicability and efficacy of the FMPMOPO model for multi-period portfolio optimization problem
under ambiguity.

5 | Conclusions and Future Research Directions

In this paper, a new fuzzy multi-period multi-objective portfolio optimization model in the context of
fuzzy uncertainty is proposed. Notably, three objectives including wealth, risk, and liquidity as well as
practical investment constraints are considered to propose FMPMOPO model. Also, the proposed fuzzy
multi-period wealth-risk-liquidity model is implemented in real-wotld case study from Tehran stock
market. The experimental results show the applicability of the proposed FMPMOPO model. For future
studies, Robust Convex Programming (RCP) and Scenario-Based Robust Optimization (SBRO) approach
can be employed in order to deal with uncertainty of financial data [40]-[50]. Moreover, Data Envelopment
Analysis (DEA) approach can be applied for stock selection [51]-[62].
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Abstract

Transportation problem is an important network structured linear programming problem that arises in several contexts
and has deservedly received a great deal of attention in the literature. The central concept in this problem is to find the
least total transportation cost of a commodity in order to satisfy demands at destinations using available supplies at
origins in a crisp environment. In real life situations, the decision maker may not be sure about the precise values of the
coefficients belonging to the transportation problem. The aim of this paper is to introduce a formulation of fully fuzzy
transportation problem involving trapezoidal fuzzy numbers for the transportation costs and values of supplies and
demands. We propose a two-step method for solving fuzzy transportation problem where all of the parameters are
represented by triangular fuzzy numbers i.e. two interval transportation problems. Since the proposed approach is based
on classical approach it is very easy to understand and to apply on real life transportation problems for the decision
makers. To illustrate the proposed approach four application examples are solved. The results show that the proposed
method is simpler and computationally more efficient than existing methods in the literature.

Keywords: Fully fuzzy linear programming, Transportation problem, Trapezoidal fuzzy numbers, Triangular fuzzy
numbers.
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In general, transportation problems are solved with the assumptions that the transportation costs and
values of supplies and demands are specified in a precise way i.e., in crisp environment. However, in many
cases the decision maker has no crisp information about the coefficients belonging to the transportation
problem. If the nature of the information is vague, that is, if it has some lack of precision, the corresponding
coefficients or elements defining the problem can be formulated by means of fuzzy sets, and thus fuzzy
transportation problems arise. Several researchers have carried out investigations on fuzzy transportation
problem. Zimmermann [4] developed Zimmermann's fuzzy linear programming into several fuzzy
optimization methods for solving the transportation problems. OhFigeartaigh [5] proposed an algorithm
for solving transportation problems where the supplies and demands are fuzzy sets with linear or triangular
membership functions. Chanas et al. [6] investigated the transportation problem with fuzzy supplies and
demands and solved them via the parametric programming technique. Their method provided solution

which simultaneously satisfies the constraints and the goal to a maximal degree.

In addition, Chanas et al. [7] formulated the classical, interval and fuzzy transportation problem and
discussed the methods for solution for the fuzzy transportation problem. Kuchta [8] discussed the type of
transportation problems with fuzzy cost coefficients and converted the problem into a bicriterial
transportation problem with crisp objective function. Their method only gives crisp solutions based on
efficient solutions of the converted problems. Jiménez and Verdegay [9], [10] investigated the fuzzy solid
transportation problem in which supplies, demands and conveyance capacities are represented by
trapezoidal fuzzy numbers and applied a parametric approach for finding the fuzzy solution. Liu and Kao
[11] developed a procedure, based on extension principle to derive the fuzzy objective value of fuzzy
transportation problem, in that the cost coefficients and the supply and demand quantities are fuzzy
numbers. Gani and Razak [12] presented a two-stage cost minimizing fuzzy transportation problem in
which supplies and demands are as trapezoidal fuzzy numbers and used a parametric approach for finding
a fuzzy solution with the aim of minimizing the sum of the transportation costs in the two stages. Li et al.
[13] proposed a new method based on goal programming for solving fuzzy transportation problem with
fuzzy costs. Lin [14] used genetic algorithm for solving transportation problems with fuzzy coefficients.
Dinagar and Palanivel [15] investigated fuzzy transportation problem, with the help of trapezoidal fuzzy
numbers and applied fuzzy modified distribution method to obtain the optimal solution in terms of fuzzy
numbers. Pandian and Natarajan [10] introduced a new algorithm namely, fuzzy zero-point method for
finding fuzzy optimal solution for such fuzzy transportation problem in which the transportation cost,
supply and demand are represented by trapezoidal fuzzy numbers. Kumar and Kaur [17] proposed a new
method based on fuzzy linear programming problem for finding the optimal solution of fuzzy
transportation problem. Gupta et al. [18] proposed a new method named as Mehar's method, to find the
exact fuzzy optimal solution of fully fuzzy multi-objective transportation problems. Ebrahimnejad [19]
applied a fuzzy bounded dual algorithm for solving bounded transportation problems with fuzzy supplies
and demands. Shanmugasundari and Ganesan [20] developed the fuzzy version of Vogel's and MODI
methods for obtaining the fuzzy initial basic feasible solution and fuzzy optimal feasible solution,
respectively, without converting them into classical transportation problem. Also, [21] Chandran and
Kandaswamy [21] proposed an algorithm to find an optimal solution of a fuzzy transportation problem,
where supply, demand and cost coefficients all are fuzzy numbers. Their algorithm provides decision maker
with an effective solution in comparison to existing methods. Ebrahimnejad [22] using an example showed
that their method will not always lead to a fuzzy optimal solution.

Moreover, Kumar and Kaur [23] pointed out the limitations and shortcomings of the existing methods for
solving fuzzy solid transportation problem and to overcome these limitations and shortcomings proposed
a new method to find the fuzzy optimal solution of unbalanced fuzzy solid transportation problems. In
addition, Ebrahimnejad [24] proposed a two-step method for solving fuzzy transportation problem where
all of the parameters are represented by non-negative triangular fuzzy numbers. Some researchers applied
generalized fuzzy numbers for solving transportation problems. Kumar and Kaur [25] proposed a new
method based on ranking function for solving fuzzy transportation problem by assuming that
transportation cost, supply and demand of the commodity are represented by generalized trapezoidal fuzzy
numbers. After that, Kaur and Kumar [26] introduced a similar algorithm for solving a special type of fuzzy



transportation problem by assuming that a decision maker is uncertain about the precise values of
transportation cost only but there is no uncertainty about the supply and demand of the product.
Ebrahimnejad [27] demonstrated that once the ranking function is chosen, the fuzzy transportation
problem introduced by Kaur and Kumar [26] is converted into crisp one, which is easily solved by the
standard transportation algorithms.

The contributions of the present study are summarized as follows: (a) in the Eg. (75) under
consideration, all of the parameters, such as the transportation costs, supplies and demands are
considered as fuzzy numbers. (b) According to the proposed approach, the Eg. (75) is converted into
two interval transportation problems Eg. (16) and Eg. (17). The integration of the optimal solution of
the two sub-problems provides the optimal solution of the Eg. (75). (c) In contrast to most existing
approaches, which provide a precise solution, the proposed method provides a fuzzy optimal solution.
(d) In contrast to existing methods that include negative parts in the obtained fuzzy optimal solution
and fuzzy optimal cost, the proposed method provides a fuzzy optimal solution and optimal cost. (e)
Similarly, to the competing methods in the literature, the proposed method is applicable for all types of
trapezoidal fuzzy numbers. (f) The complexity of computation is greatly reduced compared with
commonly used existing methods in the literature.

The rest of this paper is organized as follows: In Section 2, we recall the definitions of interval number
linear programming, interval numbers and fully fuzzy transportation problem. In Section 3, a new
method is proposed for obtaining the fuzzy optimal solution of the Eg. (75). The advantages of the
proposed method are discussed in Section 4. Two application examples are provided to illustrate the
effectiveness of the proposed method in Section 5, and a comparative study in Section 6. Finally,

concluding remarks ate presented in Section 7.
2| Materials and Methods

In this section, some basic definitions, arithmetic operations for closed Intervals numbers and of linear

programming problems involving interval numbers are presented [28].
2.1| A New Interval Arithmetic

In this section, some arithmetic operations for two intervals are presented [28].

Let R :{5 :[ a],a"} -a'<a’, a',a’ ER} be the set of all proper intervals. We shall use the terms

“interval” and “interval number” interchangeably. The mid-point and width (or half-width) of an interval

a*+a

1
number & =[ a],a4J are defined as m(E) = and W(E) = % . The interval number 2 can

also be expressed in terms of its midpoint and width as

5=[a1,a4} =<m(5),w(5)) (2 ;ra 2 ;a Y. 1)

For any two intervals a :[ a, a4J =( m(E), W(E)) and b :L b, b4J =( m(E), W(l_a)> , the arithmetic

operations on @ and b are defined as:

Addition: a+b=( m(a)+m(5),w(5) +w(B)> . ©)

Subtraction: @ —b=( m(a)—m(B),W(5)+W(B)>. 3)

/-
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( am(é),aw(é)) ifa>0,
Multiplication: oa = ( am(é),—aw(ﬁ)) if o <0. G

)
Jw(a)) ifa' <0,b' >0, )

2.2| A New Interval Arithmetic for Trapezoidal Fuzzy Numbers via Intervals
Numbers

The aim of this section is to present some notations, notions and results which are of useful in our further

consideration.

A number é=(a],a2,a3,a4) (where a’'<a’<a’<a’) is said to be a trapezoidal fuzzy number if its

membership function is given by [1]-[3]:

1
X—a
- 1,al£x£az,
a’-a
mx)=1 ©
X—a
- 4,a3£x£a4
a’-a

Assume that 3= (aj,az,a3,a4) = (E”/EZ") = ([ a],a"} /[ az,a3] ) ,

and b= (bl,bz, b3,b4) = (1_7]4/1_723) = ([ b],b"} /[ bz,bﬂ ) are two trapezoidal fuzzy numbers. For any

two trapezoidal fuzzy numbers &= (5]4 /a% ) and b= (l_?M /523) , the arithmetic operations on a and b ate

defined as:

ddion: 35— o (557 [ 0] o[ 0 [ 0[] )

Multiplication: b =(a"[a” ) (b"[b” )= ([ al,a“J x[ bl,b“} |[ az,aﬂ x [ bz,bﬂ ) ®)

2.3| Formulation of a Transportation Problems Involving Interval Numbers

We consider the Transportation Problem involving Interval numbers as follows [28]:



MinZ(x)=~ éﬁ;xn III-

1 Fuzzy. Exi. Appl

Subject to the constraints
n ©)

Z:Zii ~a, fori=1,2,..,m, 208
Jh _

Z‘Zij ~ b]., forj=1,2,..,n.

i=1

where . :[ C{,C?J , a. =[ a?,a‘,‘J , b. :L ],,b‘.'J are non-negative interval numbers and
7 /A 1 1 1 J J J
/

X, :L Xl‘;,xf'.J are unrestricted interval numbers.

Objective function transformation.

4 +W(Ej)w(§.,)ifx}20, (10)

And

) +W(Eij)m(§ij)ifxilj >0,
W(E.iij)z m(Eu w(?ij)+w(6. W(iij)ifxilj <Oandx§>0, (11)

m(Eu w(iij —W(E,. m(i)ifx%<0.
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n n

3% ~3 =3 m(x,),w(X,)) ~(m(3,),w(a,) for i=1,2,..,m and
-

j=1

iﬁml@ @Zz m(x,) w(x,) =~(m(b),w(b)) for j=1,2,..,n.

Now we can say that



N MinZ(5)+ 5, 31m(E5, ) (2, )

) )

I Fuzzy. Ext. Appl

Subject to the constraints

n (12
209 m(x, ) w(x, ) ~(m(3,)w(3),i=12,.m,
jd
2 m(iij),w(iij )) ~( m(Bj),w(Bj )} ,j=12,..,n.
is equivalent to
m(MmZ(x)) :;izlzm(a]iu)
Subject to the constraints
(13)

én(iii):m(ai)rfori =1,2,..,m,

:Z}n(iq) zm(Bj), forj=1,2,..,n

Optimal Solution (9) according to the choice of the decision maker:

n

% =| ] =] m(x,) - w(%, ) m(x, ) e w(x,) | whereSw(x,)2 w(@),i= 1.2 m.

j=1

Remark.
L ;)? =3,if and only if zm( ,)=m(3,) and iw(@):w(zi) for i=12,..,m

n

1L, ;)? # 3,if and only if Z:In()_() m(a,) and iw()?i],)>w(51) for i=1,2,..,m
11 ;&17.:13/, if and only if ;n()?ﬁ)=m(13) and ZW(’_‘) w(b,) for j=1,2,.

IV. X, #b, if and only if mEn()_(I).)=m<l;) and ZW( ,)>w(B) for j=1,2,.
7 =1

2.4| Formulation of a Fully Fuzzy Transportation Problem

The fuzzy linear programming formulation of a fully fuzzy transportation problem can be written as
follows as follows [2], [3]:

A new algorithm for fuzzy transportation problems with trapezoidal fuzzy numbers under fuzzy circumstances



MinZ(%)~ % nz&ijiij

=T j=T

Subject to the constraints

n (14)
zjkij ~a, fori=1,2,.., m
jmd
zf(ij ~ bj, forj=1,2,..,n
i=1
m n
with Zéf :zb], where X are unrestricted fuzzy numbers and ¢, a, and b, are non-negatives fuzzy
=1 =1
numbers.

3| Main Results

In this section, we will describe our method of solving.
3.1| Transportation Problem with Trapezoidal Fuzzy Numbers

For all the rest of this paper, we will consider the following transportation problem with trapezoidal

fuzzy numbers as follows:

n

MinZ(i)z% & X
i=1j

5y
=1

Subject to the constraints

n (15)
Z‘Zij ~a fori=12,..,m,

=)

Z‘Zij ~ bj, forj=1,2,..,n.

i=1

~ (1 2 3 4\ =~ _ 4\ L _(nl n2 23 14 ~ (1 2 3 .4
where Cq—(cy,cy,cy_,cy_), X,—(AC;—,)(;/)@/XI,-), bi—(b].,b],,b/,,bl,) and al,—(al,,al.,al.,aj) are

trapezoidal fuzzy numbers with

5= (v )= ( ot | ] g ]) where 322 <] 5t x| and 27 =] 22,

7 V]

7 by LA by J

&, =(eri?)=( cfes] ] .cr]) where & =] el et | and 7 =] 2. |

([ bf_,bﬂ /[ b?,bﬂ) where E@{b?,b?J and E.”{b?,b?J and
J Vi J J J J J J

J

,=(557)

~

~ (=14 =23\ _ 1 4 2 3 —14 _| 1 4 —23 _| 2 3
al_—(al_ /a; )—([ai,aj/[ai,ai}) where a; —Lal,,aiJ and a; —Lal,,aiJ.

For all the rest of this paper, we will consider the following transportation problems involving interval

=14 =14 <14 714
numbers PN and b}. as follows:

/-
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m n
Min Z" (i“ ) =Y SR

§ o
=T j=T

Subject to the constraints
3% ~a for i=1,2,..,m,
7 _

ZBZ};‘ ~ bj“,forj =1,2,..,n.
i=1

(16)

And the transportation problems involving interval numbers X7, €7, a” and 1_7/23 as follows:

m
Min Z* (im ) ~ Z °rx®

Subject to the constraints

n
23 =23 .
E:Zij ~a” fori=12,..,m,
j7d
23 W23 .
z:Zij ~ bj Jforj=1,2,..,n.

i=1

an

3.2| Formulation of a Transportation Problem involving Midpoint

Thanks to the new interval arithmetic and Eg. (76), we can write the following transportation problem

involving midpoint ()_(;,4, 51]1,4 , 2’ and l;}.”) [28] as follows:

MinZ" (") =5, Som(@)

=1 =1

Subject to the constraints a8)

) m(Ef“’): 2+, , m(l_y”): bj;bj and W(EI,M): af;af

ct+col
7 g

2

where m(f’“) =

i

Thanks to the new interval arithmetic and Eg. (77), we can write the following transportation problem

involving midpoint ()_(1)2,3, 55,3, a” and 1_7/23) [28] as follows:



MinZ? (x* )= m(E?3 )x%3 ”’-
()=% 3om (e
1 Fuzzy. Exi. Appl
Subject to the constraints

n

223 =m(5i23),fori =1,2,..,m,

i

1) 212

jm
2(?}.3 =m(l_)].23),forj =1,2,..,n.

i=

3 2 3 2 3 2 3 2

_ C.+C. a +a: _ b’ + b _ a —a

where m(c?):u a )= : ): /__J and W(a,23)= LA
i 2 ! 2

Thanks to the new interval arithmetic, we can write the following proposition [28]:

Proposition 1. If x* :L x7 ,XT‘,4J is an optimal solution to the Eg. (16) and x> :L X7 ,X”T?J is an
i i g j j 7y

optimal solution to the Eg. (77), then X" = (5() is an optimal solution to the Eg. (75) with

7

X = ()_(7.4 xf3) = ([ x7 ,xfﬂ /[ x? ,xf.ﬂ ) = (xf.l,xf.z,x”.‘?,xf.“) )
7 7 7 7 7 7 7 7 7 7 7

3.3| The Steps of Our Computational Method

The steps of our method for solving the fully fuzzy transportation problem involving trapezoidal fuzzy
numbers as follows.

3.3.1| Solution procedure for transportation problem with trapezoidal fuzzy numbers

Step 1. Construct the fuzzy transportation Problem (15), and then convert it into a balanced one if it is
not. Else, go to Step 2.

Kané et al. |J. Fuzzy. Ext. Appl. 2(3) (2021) 204-225

Step 2. Solving Fg. (17) via Eg. (19). Determine X7’ :[ X7 ,xf?] :{ X7 -w (X7 ) 17 +w(x7) J by

7 i J i i

applying the following conditions:

L w(X7)=0 ifand only if x?’ =0 and
J 7

1L Zw()_(f): W(51.23> with W()_(I,Z;)Z W()‘(jf) if c; <c fori=1,..,m.
xff#ﬂ

III.  Go to Step 3.

: : : —I4 — +1 2 14 =14 14 <4
Step 3. Solving Egq. (16) via Egq. (18). Determine X; —[x. X } —{X.. —W(XI./, )’ij +w(xl./. ) J for

J i 7

i=1,..,m. Considering the following cases:

14 23
X, —X.
J J

Case LIfE, =3

+ W(EI,ZS) < W(Ei”) , then

y

X :[ x? ,XT.‘"} :[ X —W()_({‘g),x?? +W()_(;.4) J with ZW()_(??) = W(EI,M). Else, go to Case 2.

14
Xji #0



Ji—.

I Fuzzy. Ext. Appl

213

A new algorithm for fuzzy transportation problems with trapezoidal fuzzy numbers under fuzzy circumstances

Case 2. 7+ W(a )> W( ) then
K= st ] =] a5t e{52) | it (52|t 52 {52 )and g 0 Step .

Step 4. The Optimal Solution (15) according to the choice of the decision maker is:

cl,cl.cl.c )( XX ,xj,xj)=(Z’J,Z*Z,Z‘3,Z*4) where

X = ()_(7,4 X?) = ([ x7 ,xﬂ /{ x? ,xf?] ) = ( x7 x? x? x' )
7 7 7 7 7 7 7 i i i

3.3.2| Solution procedure for transportation problem with triangular fuzzy numbers

The steps of our method for solving the fully fuzzy transportation problem involving triangular fuzzy
numbers as follows:

The fuzzy number )N(f,:(x*_],x‘f,g,x’f?,xﬁ“) is said to be triangular if and only if x7=x7. Then
j VGl Rl Rl j j

3 *2

W(}?‘?):% 0. Therefore W( )

g

X' =X

and

oF +] *2 %3 4\ _ *] %2 +2 4\ _ #] *2 +4
X _(Xi/”Xi/‘ Xy o Xy )_(Xi/’xi/’ Xy o Xy )_(Xf/’XIJ' Xy )

+] *2

In this article, consider fuzzy triangular numbers by: X, = (X2 /)_(7.3) = (X% /[ X7 ,x*fﬂ ) = (x.. X7, X7 ) , where
q gy J by q by J 7
[ x? ,x*.?} :[ X7 - w()_(?),x? + W()_(?) J
q by J b J by

Step 1. Construct the fuzzy transportation Problens (15), and then convert it into a balanced one if it is not.
Else, go to Step 2.

Step 2. Solving Eg. (17) via Eq. (19). Determine X, LXQ ,xf?J = Lx‘i2 ,XT‘,ZJ = x;, for i=1,..,mand

g 7 7 7

go to Step 3.

Step 3. Solving Fg. (16) via Eq. (18). Determine )_(;,3:[)(1}1 ,x;jJ :[X?—w()_(;‘;),xf—fw()_(f) J for

7

i=1,..,m. Considering the following cases:

—xlew(@?), ten xp=| x| 2| ow(x0) e w(x0) | i

i Vi i

; W()_(f) = W(EI.B). Else, go to Case 2.

X #0
Case 2 Jow(@?), ten xP=| x| 2| ow(x0) g ww(x0) | i
W()_(f) =|x —Xj‘ and go to Step 4.

Step 4. The Optimal Solution (15) according to the choice of the decision maker is:



4| Advantages of the Proposed Method

Let us explore the main advantages of the proposed method:

The new proposed method is applicable to all Eq. (15) where 5(1), are unrestricted triangular or trapezoidal fuzzy

numbers and E'I], , a, and b]. are non-negatives triangular or trapezoidal fuzzy numbers.

The proposed technique does not use the goal and parametric approaches which are difficult to apply in real life
situations.

By applying the proposed approach for finding the fuzzy optimal solution, there is no need of much knowledge
of fuzzy linear programming technique, Zimmerman approach and crisp linear programming which are difficult
to learn for a new decision maker.

The proposed method to solve Eq. (15) is based on traditional transportation algorithms. Thus, the existing and
easily available software can be used for the same. However, the existing method [1], [2], [3], [11], [29] to solve
Eq. (15) should be implemented into a programming language.

To solve the Eq. (15) by using the existing method [1], [2], [3], [11], [29], there is need to use arithmetic
operations of generalized fuzzy numbers. While, if the proposed technique is used for the same then there is need
to use arithmetic operations of real numbers. This proves that it is much easy to apply the proposed method as
compared to the existing method [1], [2], [3], [11], [29].

Moreouver, it is possible to assume a generic ranking index for comparing the fuzzy numbers involved in the Eq.
(15), in such a way that each time in which the decision maker wants to solve the FFTP under consideration

(s)he can choose (or propose) the ranking index that best suits the Eq. (15).

5| Numerical Illustration

In this section, to illustrate the new method proposed, and the existing fully fuzzy transportation
problem due to [1], [2], [3], [11], [29], [30], presented in Examzples 14, are solved by the proposed method.

Example 1. [3].

Step 1. Construct the fuzzy transportation Problem (15), and then convert it into a balanced one if it is
not.

Table 1. Eq. (15) in trapezoidal unbalanced form.
R, R, R, R, Supply (a,)
A (10,10,10,10)  (50,50,50,50) (80,80,80,80)  (0,0,0,0) (70,90,90,100)
. (60,70,80,90) (60,60,60,60) (20,20,20,20)  (0,0,0,0) (40,60,70,80)
c (0,0,0,0) (0,0,0,0) (0,0,0,0) (0,0,0,0) (0,0,10,50)

Demand (- (30,40,50,70) (20,30,40,50) (40,50,50,80)  (20,30,30,30) I

Bj) Eli =

j
=1

[/
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m- Step 2. Solving Eg. (17) via Eq. (19). MinZ? (x™)=25x7 +65x7 +100x7, +75x % 90x 3 +0x %,
| subject to the constraints Xff+Xf; +X]2j+xfj =90, Xjf+xjj +Xj§+ij =65, Xff+x§j +X§§ +ij =
J- Puzzy. Bt Appl XP XD+ X =45, XD+ X0+ x5 =35, X5+ x5+ x50 =50 and X} + x5, + x5, = 30.

215

Optimal solutionis: x5 =45, x72 =30, x; =0, x;: =15, x5 =0, x5, =0, x5, =50, x5, =15, x5, =0
, X5 =5, x5 =0 and x3, = 0. Furthermore W(Ef‘;) =0, W(Ef) =5 and W(E;‘?) =5.
For i=1, then Zw(;‘/?)z w(3?)=0 with w(x7)=w(xZ)=w(xZ)=w(xZ)=0. We get

X2 =| 45,45|, 3% =| 50,50|, X2 =0 and X2 =| 15,15 .

For 7= 2, then Zw()_(?):w<§j3):5 with W()“(jf)zW()‘(jz) 0, W( ) 7 and

2j

X220

2j

w(x3)=4. Weget X3 =| 00|, 33 =| 00|, 32 =| 49,51| and 3 =| 12,19].

For i= 3, then ZW(X’jf)zW(E) 5 with W( ) g, W( ) 5, W( ) 0 and

xZ20

37

W(_”) 0. We get X5 5, LO]UJ X% =0 and X5 =0

Step 3. Solving Eq. (16) via Egq. (18). We get
MinZ" (x) = 25X + 705+ 1003 + 755 + 9553 + 402
subject to the constraints X' + x4 + x4 + x =85 xM + x2 + x + xI2 = 60

11 12 13 14 21 22 23 24 >
X+ X+ X+ X =25 X+ X+ X =50, Xpy+ Xy + X0y =35, X+ Xoy+ X0y =60 and
Xpp+ X+ X =25,
Optimal solution is: Xff =50, XZ =10, ij =0, XZ =25, Xéj =0, XZ =0, XZ, =60, XZ =0,

X3 =0, x5=25, x12=0 and xl; = 0. Furthermore W( ) 15, W( )=20 and w(5;4)=25

For i=1, we have

4
_ 4
E] - HXJ/
=1

a7) =|50- 45{+|10- 30|+ |0~ 0| +|25- 15+ 0= 35> 15 = w(a}*),

A new algorithm for fuzzy transportation problems with trapezoidal fuzzy numbers under fuzzy circumstances

then  w(X)!) =7 - x]

( /)Wehavew( ) 5, W( ) 20, W( ) 0 and
w(xl!)=10. We get % =| 45,55, x4 =| ~10,50| , X1 =0 and X!t =| 15,35 .

For i=2, we have



(a7 ~lo-d|Jo-ofla0-offo- 15+ 5= 30> 20- ().

2_1:1
then W()_(Z):‘ X23‘+W( ) We have W(X ):W()_(M):O,
w(x2) =11 and w(x!t)=19. Weget X%t =| 0,0|, %4=| 0,0], X =| 49,71| and

X [ 19 19J

For /=3, we have

+w |0 0| |25 q |0 0| |0 0|+5 25<25= w( ”)

3

E = i‘lxm_xzs
=1

then ZW()_(;j)zw(Ef):Z&\X/ehave W()_() a, W( ) 25, W( ) 0 and W(};):O

x5i#0
We get X = 0, x4 —L 0 50J X =0 and X = 0.

Step 4. The optimal solution according to the choice of the decision maker is:

Min Z(x)zzz/i: (cj cj,cj,c4)(x1 X2 XX )=(Z”1 z2,77 Z"4)=(930 2930, 2970, 3470) and
X, = ()_(j"/)'(f) = ([ X/] x;"] /[ xlz ,xlﬂ ) = (x x;.z,x3 x"') with

=45, 45, 45,55), x;,=(-10, 30, 30, 30), %;,=0, X;,=(15, 15, 15, 35),

12

X, =0, X,=0, x,=(49, 49, 51, 71), %, =(~19, 11, 19, 19),

21 b4 2 > 23

II
Ql
Dt

. =(00,10,50), %, =0and X, =

Example 2. [29].

Step 1. Construct the fuzzy transportation Problem (15), and then convert it into a balanced one if it is

not.

Table 2. Eq. (15) in trapezoidal balanced form.

R, R, Supply 2,

A (1 4,9 19) (1,2,5,9) (2 5,8 18) (1,5,7,9)
(8 9,12 26) (3,5,8,12) (7 9,13 28) (4,7,8,10)
C (11 12,20 27) (0,5,10,15) (4 5,8 11) (4,5,8,11)
Demand b.  (3,5,8,12 m.=n"_
emand b, ( ) (4,8,9,10)  (2,4,6,8) ;ﬁl ;‘D’

/-
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”’- Step 2. Solving Egq. (17) via Eq. (19). Optimal solution is: x, =6, x5, =0, x;, =0, x» = é , Xa=7,
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2

23 23 3 14 _2 2 _ 1 _ 3
X5 =0,x3=0, x5 = > and xJ; = 5. Furthermore W(af"') =5 1, W(323) =5 W(af) =5

For i=1, then Zw(}fj)zw(al) Iwith w(xZ)=1. We get x2=| 57|, x%=|0,0|and
x2=|00]|.

For 7i=2, then ZW(;(Zi)ZW(EB):éWithW()_(j}?):

23
XZ}.#U

x1/¢0

X :[277,2;} and X3 =| 0,0|.

. —23\ _ —23\ _ 3 23 1
For i=3, thenX;0W<X3/.)— W(a3 )_EWIth W( ) > and W( ) 1. We get X —LO OJ
%3 =| 12| and 3 =| 46].
. . . . . 14 4 14 14 5 14 9
Step 3. Solving Eg. (16) via Eq. (18). Optimal solutionis: x,, =5, x,; =0 and x;; =0, x,, = > X, =5

, Xy =0, Xész,X;':g and xJ; = 5. Furthermore W(E ) 4, W( ) 3, W( )

'\)I\l

Fori=1, we ‘have E,= ﬂ

|5 o +[0-0+[0-0]+ 1=2< 4= W( ”), then

S w (%)= w(a) = 4with w(xu)z 4. Weget Xt =| 2,9], X2 =| 0,0] and X2 =| 0,0

1
14
xU#U

For i=2, we have E,= ZJX -x7 ‘+W(é_323 _‘———

__7‘ |0 U|+—=5>w( ]4) 3, then

W()_(Z) ‘X” XM‘-‘:-W( Zf) with W()_(Z)=§ and W( 14) ]].

22

Py 119 _, J 29 _14
We get x —{ 4,2 , Xy = 2,7 and X LOOJ

For i=3, we have £, = Z‘Jx —X ‘+w(a3)_‘g_£

5| |0 0|+—=§<W(a”)—g, then

A new algorithm for fuzzy transportation problems with trapezoidal fuzzy numbers under fuzzy circumstances

S (%)= w(a“):g with w()?;j)=§ and w(x%)=2.

We get X =| 0,0], x4 =| 14| and 32 =| 3,7].

Step 4. The optimal solution according to the choice of the decision maker is:



X = (‘f/&f) - ([ X! ,xj] /[ X7 ,xj] ) :( ;?,x;?,xj,x;j) Min Z(%)= [%1,8], 173,%31 with

. |1 13 19 . |7 27290 29| .. - I -
Xﬂ:[zfn?]’ Xff[zv'z'zj’ %,=0, %20, %,=(1124) d
%,=(3467)

Example 3. [29].

Step 1. Construct the fuzzy transportation Problems (15), and then convert it into a balanced one if it is
not.

Table 3. Eq. (15) in triangular balanced form.

R, R, Supply (3,)
A (22,31,34) (15,19,29) (150,201,246)
B (30,39,54) (8,10,12) (50,99,154)

Demand ~, m no
emand (b,) (100,150,200)  (100,150,200) 5 =Y,
= =T

Step 2. Solving Fg. (17) via Eq. (19). We get MinZ”(x°) = 31x, + 19x7, +39x%, + 10x7, subject to the

constraintstI+X]22=20] X2 +X2=99, X2+Xj]=]50 and X122+X52=]50.

> 721

Optimal solution is: x2 =150, x°, =51, Xj] =0 and ij =99,

11 12

Step 3. Solving Eg. (16) via Eq. (18). We have MinZ" (x**) = 28x1] + 22x[] + 42x3 + 10x%] subject to
the

constraints X, + x5 =198, x5 + x5 =102, xii + x5 =150 and X}, + x5 =150.

11

Optimal solution is: xJ; = 150, xJ3 = 48, X =0 and x’; = 102. Furthermore w(a”) = 48,

We get X5 =| 140,160| and X% =| 10,85] .

/-
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DI o =2 =5 o5 =),
| =1

T e S w(32) = w(a?) = 52with w(x4)=0and w(x3)=52.
219
We get X5 =| 0,0| and x4 =| 50,154| .

Step 4. The optimal solution according to the choice of the decision maker is

MinZ(3)= Y S{el )%, withs; =( k)= f x7 o |)= (v a7 x) . We bave

/A
Min 2" ~ (5509/[ 3630, 9782} )=(8630,6609, 9782) whete
%, = (140,150, 160), X;,=(10,51,86),

X, =0 and X;,=(50,99,154).

21

5.1| Interpretation of Results
We will now interpret the minimum total fuzzy transportation cost obtained in Example 3. by using the
proposed methods presented in Section 3. Similarly, the obtained fuzzy optimal solution will also be

interpreted. By using the methods proposed the minimum total fuzzy transportation cost is
(3630,6609, 9782), which can be physically interpreted as follows:

— The least amount of the minimum total transportation cost is 3630.

— The most possible amount of minimum total transportation cost is 6609 .

— The greatest amount of the minimum total transportation cost is 9782 i.e., the minimum total transportation cost
will always be greater than 3630 and less than 6609, and the highest chances are that the minimum total
transportation cost will be 9782 .

Example 4. [1]-[3].
Step 1. Construct the fuzzy transportation Problens (15), and then convert it into a balanced one if it is not.

Step 2. Solving Eg. (17) via Egq. (19). We get

A new algorithm for fuzzy transportation problems with trapezoidal fuzzy numbers under fuzzy circumstances

MinZ’ () = 10X, + 22x, + 103, + 20, 15:, + 2052, + 125, + 87, +20x, + 12x, + 10x, + 15X,

subject to the constraints X;, + X,, + X, + x;, = 8,

4, Xp+ X+ X +x5, =12, X, + X+ X5 =7, X3, + X2, + x5, =10

33

N



. s L2 2
Optimal solution is: x;, =7, x;,

2 _ 2 _ 2 _ 2 _
x,=0, x,=10, x;; =2 and x;,=0.

Table 4. Eq. (15) in triangular balanced form (in U.S. dollar).

?e'Sﬁlfaﬁon Chiayi Kaohsi Taipei Supply (@)

Source aichung ay onhsiung apet (000 dozen
bottles)

Changhua (88, $10, $10.8) ($20.4, $22, $24) ($8,$10,$10.6)  ($188, $20, $22) (7.2,8,8.8)
Touliu ($14, $15, $16) ($18.2, $20, $22) ($10, $12, $13) ($6, $8, $8.8) (12,14,16)
Hsinchu ($18.4, $20, $21) ($9.6, $12, $13) ($7.8, $10, $10.8) ($14, $15, $16) (10.2,12,13.8)
Demand (5)) (62,7,7.8) (89,10,111)  (658,95) (7:8,9,102) Z i E b
(000 dozen = =1
bottles)

Step 3. Solving Eq. (16) via Egq. (18). We get

MinZ" (x7) = 9.4x5] + 22.2x1] + 9.3 + 204, + 15x5 + 2013

+11.5x5 + 74x5 +19.7x%5 + 11.3x% + 9.3x 7 + 15X, subject to the constraints
X = 8 Xl = XX = 12,
XXX 27 XXX 210, X4 x4 = 8 and x4 x4 X = 9,
Optimal solution is: x}, =7

> >

3 _ 3 _ 3 _ 3 _ 3 _ 3 _ 3 _
XJZ_O’ Xm_]’ X4 _0> Xz _0> Xzz_g’ X23_5’ X24_9

x9=0, x2=10, x =2 and x¥ =0. We have w(§j3)=7j_, w(a’)=2 and w(af):g_.
Furthermore:
. ;;;:[3—;,3_55} x2=| 00|, :v;;{?iﬂ and X5 =| 0,0] where W(x;;)zé, w(x2)=0,

14

w(x5) =2 and w(%)=0.

- x| 00|, =200, x;j{g,]—;] and x;j:{]—j,%]} where  w(x5)=0,w(35)=0,

/-
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U‘lllu

- LO OJ x4 {457,5?3]/ }5:{%,]—56] and )_(;j:L0,0J with W( ) 0, W( )
W()_(I‘?)zgand w(};j):O.

33

Step 4. The optimal solution according to the choice of the decision maker is

The value of the objective function: Min Z()?) ~ Zi (C{,C?,Cj')(x ,X ) = (Z 22,7 )

with %, = (i) = (2 x| )= (7).

gty 7 b

We have Min 2" ~ 352$/{ ]25200459, 2]55049 4} [ ]22004$ 3528, 2]—549$] where

5.2| Interpretation of Results
We will now interpret the minimum total fuzzy transportation cost obtained in Example 4 by using the
proposed methods presented in Section 3. Similarly, the obtained fuzzy optimal solution will also be

interpreted. By using the methods proposed the minimum total fuzzy transportation cost is

[ ]—25204$ 3528, —2]5549 $J which can be physically interpreted as follows:

12204
3.
0

— The least amount of the minimum total transportation cost is

— The most possible amount of minimum total transportation cost is 352%.

— The greatest amount of the minimum total transportation cost is $ i.e., the minimum total transportation

04$ and less than 352%, and the highest chances are that the minimum total

cost will always be greater than

21549

8.

transportation cost will be



6| A Comparative Study

Author's of [3], [11], [29] have proposed a method to find the crisp optimal solution of such fuzzy
transportation problems in which all the parameters are represented by triangular or trapezoidal fuzzy
numbers. Then, they have used their new method proposed to find the crisp optimal solution of a real-

life fuzzy transportation problem.

However, it is often better to find a fuzzy optimal solution than a crisp optimal solution. In this section
we will therefore show how in the problem considered by [3], [11], [29], we can obtain a fuzzy optimal
solution of the same real-life problem using the new method proposed.

Example Minimum Total Fuzzy Transportation Cost

[3] [29] Method Proposed in This Paper
1 (2100,2900,3500,4200) (930,2930,2970,3470)
2 (31,80,199,460) | 81 o 0 1037
4 7 4 7 2
3 (3630,6609,9782)
4

(238.44,347.8,428.9) ,35

12204 . 21549
50 " 50

7| Concluding Remarks and Future Research Directions

7.1| Concluding Remarks

These days a number of researchers have shown interest in the area of fuzzy transportation problems
and various attempts have been made to study the solution of these problems. In this paper, to overcome
the shortcomings of the existing methods we introduced a new formulation of transportation problem
involving trapezoidal (or triangular) fuzzy numbers for the transportation costs and values of supplies
and demands. We propose a fuzzy linear programming approach for solving trapezoidal (or triangular)
fuzzy numbers transportation problem based on the converting into two interval transportation
problems Egq. (16) and Eq. (17). To show the advantages of the proposed methods over existing
methods, some fuzzy transportation problems, may or may not be solved by the existing methods, are
solved by using the proposed methods and it is shown that it is better to use the proposed methods as
compared to the existing methods for solving the transportation problems. From both theoretical and
algorithmic considerations, and examples solved in this paper, it can be noticed that some shortcomings
of the methods for solving the fuzzy transportation problems known from the literature can be resolved

by using the new methods proposed in Section 5.
7.2 | Future Research Directions

Finally, we feel that, there are many other points of research and should be studied later on interval
numbers or fuzzy numbers. Some of these points are below:

We will consider the following transportation Problems (14) with fuzzy numbers as follows:

/-
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MinZ (X) ~ ZZE‘ X subject to the constraints ZX ~ a and Z& b where

j=1i=1

¢ =(c.cn), x,=(x,x0,.x,), &, =(al,a,..,a) and b =(b,b7,...b) with

Vi) Y/

teN,,. Let X¥ =[X§,XZJ where p<q and p,q €N_,. The same applies to E'Ifq, a’ and Elf,"’.

1. Solution procedure for classical Transportation Problem (t = ]) DX, = (X;)

II. Solution procedure for Transportation Problem with Interval numbers (t 2) _f L X;,XjJ .

III. Solution procedure for Transportation Problem with Triangular fuzzy numbers (1‘=3):
~ 3
(i) -(2.5)

IV. Solution procedure for Transportation Problem with Trapezoidal fuzzy numbers (t: 4):

x, = (x50, )= (X2, %),
i Ul M R
V. Solution procedure for Transportation Problem with Pentagonal fuzzy numbers (1‘= 5):

X, = (N X0 4 X) =( X0 K

Vil ] ij 7

VI. Solution procedure for Transportation Problem with Hexagonal fuzzy numbers (t: 6):

X, = (x50, 0 X x x ) = (03 ).

g G g g VGl Rl

VII Solution  procedure for Transportation Problem with Heptagonal fuzzy numbers (t:7 )

,X /\/) (4 35/)—(25,)—(17)'

j%ﬂﬁXX
j VM

Vil Al il My U} j j
VIIL Solution procedure for Transportation Problem with Octagonal fuzzy numbers (t=8)
.-5(.,:(f,,)ﬁ,x?,xf,x?,xf,{,x‘?)—( X2, X0, x7 X ‘”’).
i S A Il (O i A S Xy o X o X
IX. Solution procedure for Transportation Problem with Nonagonal fuzzy numbers (t: 9):

X, = (X000 X0, X0, X X X) = (X0, XT3 X))

gy Ty Ty Ty Ty Tyl VR R Rl

X. Solution procedure for Transportation Problem with Decagonal fuzzy numbers (t: ]0) :
)"(..:(x?,,x? X, XX XX XX x’_”) (x”'ﬁ X7 X x”,)\ﬂa)
¥ GO T T T T g T i G
XI. Solution procedure for Transportation Problem with Hendecagonal fuzzy numbers (t=]]):

R, = (X X0 XX X X X X0 ) = (5 5

g \Tg g Ty g T VA VA

3;9 i )g]])

Vel
XII. Solution  procedure for Transportation Problem with Dodecagonal fuzzy numbers (t:]Z)
:5(.,:()(’ X X, Xy, X0 X0, X0 X0 X0, X X )(72) ( SYS S ot )‘(’]”,)‘(?”,)‘(”2)
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Abstract

Examining the trend of the global economy shows that global trade is moving towards high-tech products. Given that
these products generate very high added value, countries that can produce and export these products will have high
growth in the industrial sector. The importance of investing in advanced technologies for economic and social growth
and development is so great that it is mentioned as one of the strong levers to achieve development. It should be noted
that the policy of developing advanced technologies requires consideration of various performance aspects, risks and
future risks in the investment phase. Risk related to high-tech investment projects has a meaning other than financial
concepts only. In recent years, researchers have focused on identifying, analyzing, and prioritizing risk. There are two
important components in measuring investment risk in high-tech industries, which include identifying the characteristics
and criteria for measuring system risk and how to measure them. This study tries to evaluate and rank the investment
risks in advanced industries using fuzzy TOPSIS technique based on verbal variables.

Keywords: Investment risk, Advanced technology, Linguistc variables, Fuzzy TOPSIS.

1 | Introduction

@®Licensee Journal | Technology is one of the most important sources of changes in societies. Technology creates new

of Fuzzy Extension and solutions to man problem of daily life [1], [2]. So economic development of countries is intertwined
Applications. Thisarticle | (i hioh tech development [3]. Technology has been a key factor in economic progress over the past
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few centuries and has played an undeniable role in improving and growing production around the
world. New technological developments and constantly changing demands of customers have obliged

the Creative Commons
Attribution (CC BY)

license

companies to introduce their new or modified products faster [4].
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Technological changes improve the production process of goods and services and increase the efficiency
of the production process. In fact, technology change is an integral part of economic growth and
development, and in other words, the engine of economic growth; As it is considered the most important
factor of economic growth in developed countries in the twentieth century. By emergence of a knowledge-
based economy, research productivity, knowledge production, technological innovation, and highly skilled
manpower have become key determinants of economic growth [5]. A study of the economic condition of
the countries of the world shows that 78% of the economic growth of Germany and 76% of the economic
growth of France was due to their technological growth. That figure was 50 percent for the United States.
That was 50 percent for the United States. One of the most important features of technology is its
increasing return to scale and the fact that its transfer is low cost and after its creation and discovery by

one firm, other firms use its knowledge spillover [6].

High-techs considered as the source of technological developments and future industrial revolution,
therefore, the economic development and growth of a country in the near future depends on it. That is
why many countries have empowered themselves in these technologies and try to utilize its advantages by
innovation and technology policy [7]. These technologies are in the early stages of development and it is
not possible to make accurate predictions about their development process and dimensions [8]. The
importance of investing in high-techs for economic and social development is so great that it is mentioned
as one of the strong elements for achieving development [9]. But it should be noted that just as paying
attention to this can cause economic growth by shaping a virtues cycle, not paying attention to it may lead
to economic decline and falling into a vicious cycle. Therefore, economic growth and increasing public
welfare in the long term will not be possible without investing in these industries and paying attention to
the risks associated with it.

Investment has two components of risk and return, and the relationship between them offers different
combinations of investment. On the one hand, investors seek to maximize their return on investment, and
on the other hand, they face conditions of uncertainty in the market and industry environment, which
makes investing uncertain, therefore, success is not guaranteed. Of every 7 to 10 innovative product
concepts, only one will gain commercial success. Also, forty percent of innovative products fail at launch,
despite their successful development and passing performance tests [10]. In this regard many researchers
expressed that uncertainty affects not only on real economic activity but also on the investment decisions
of economic agents [11]. In other words, all investment decisions are based on the relationship between
risk and return. However, the high volume of global trade in high-tech products motivates investors to
enter these industries. However, it should be noted that the policy of high techs requires consideration of
various dimensions and aspects of performance and risks in the investment process. These products requitre
advanced technologies that are changing rapidly. It also requires adequate infrastructure, highly skilled
human resources, and strong links between firms and relation between firms and research centers and

universities.

In order to invest in these industries, two important factors must be paid special attention: firstly, these
industries need high investments and secondly, the investment processes in these industries face complex
risks. Risks in high-tech investment projects have dimensions other than financial ones only. There are
risks in technological, competitive, managerial aspects and some other risk arising from the presence of
asymmetric information [12]. In the process of investing and implementing high-tech projects, events may
occur that jeopardize the occurrence, implementation and profitability of the project. Therefore,
identifying, analyzing, prioritizing and having a plan to deal with these events, can play an important role
in the success of the investment project in high techs. In recent years, researchers have focused on
identifying, analyzing, and prioritizing risk in high tech. There are two important components in measuring
investment risks in high-tech industries, which include determining the criteria for measuring system risk
and how to measure them. In this research, we tried to evaluate and rank the investment risks in high tech
industries with fuzzy TOPSIS technique based on linguistic variables.



2 | Literature Review

Studies on the risk of investing in high-tech projects date back to the 1960s. Numerous experimental
studies have been performed by Myers and Marquitz. Their studies focused more on financial metrics,
but market uncertainty and project technology were not considered [13]. Until in 1970, the criteria of
technology, market and management were examined in related research. researchers divided the
evaluation criteria into four categories: production, company capacity, environmental factors, and
alternative competition. Other scholars Stated that venture capitalists should consider the five areas of
skill, technology, production, market, and investment to evaluate a new investment project [14]. Based
on the qualitative evaluation criteria, Tyebjee and Bruno [15], for the first time, used a questionnaire
method to identify evaluation factors to structure the investment risk assessment model in US projects.
They selected the 12 evaluation criteria that investors often referred to in their questionnaires. Fried and
Hisrich [16] set 15 initial evaluation criteria and divided them into three areas: strategic thinking,
management capacity, and research revenue. Manigart et al. [17] first interviewed and researched a
number of venture capital project investors from the United Kingdom, Ireland, Belgium and France.
They chose factors that affect investment income and investment risk. The team found that the risk of
the firm and the target market management team had the greatest impact on investment risk, production
innovation, and expected return on investment. They believed that the general economic situation had
the least effect on the rate of return [17]. Chotigeat et al. [18] studied the risk assessment criteria for
investment in Sti Lanka and Thailand and found that those countries have their own investment
assessment criteria. Sri Lankan empirical studies have shown that venture capitalists first emphasize the
future return on investment of the firm and then examine market demand, management team, market
growth potential and investment liquidity. Venture capitalists in Thailand, on the other hand, first looked
at the capacity of the management team and then at the return on investment. Kaplan and Stromberg's
study highlighted the criteria for investment attractiveness (market size, strategy, technical, customer),
competitiveness, and the subject matter of investment, which is often of interest to investors [19]. The
study of the investment risk of Zutshi et al. [20] in Sri Lanka shows that entreprencurial personality is the
most important factor in evaluating investment and financial factors are the least important. To create an
investment analysis system, researchers examined investment risks, which resulted in the formation of a
12-factor valuation system that falls into five areas: product differentiation, market attractiveness,
capacity, and management capacity. Economic effectiveness, and environmental impact. Given the real
situation in China where investing companies could not withdraw their capital, the investment risk
decision model proposed by previous researchers modified and a new factor called the exit strategy, which
included two exit strategies added to it. These two factors included the degree of difficulty or ease of
withdrawing capital and the method of withdrawing capital. Some scholars proposed a combined
assessment system that includes three subsystems: environmental assessment, risk assessment, and
economic income assessment, and proposed 50 criteria and factors. Han [21] proposed six indicators of
technical risk, production risk, market risk, operational risk, financial risk, and environmental risk, which
include 26 two-tier criteria. Qiu-bai [22] divide the investment risks in the project into systematic and
non-systematic risks. Systematic risks include political and social risks, economic risks and legal risks.
Unsystematic risks include technical risk, production risk, management risk, financial risk and market
risk.

Um and Kim [23] express task uncertainty as one of the most important uncertainties in innovative
projects. They identified three major causes of innovation project task uncertainty which include: product
complexity, technological novelty, and task interdependence. Fanousse et al. [24] by integrating the
previous studies, indentify 11 main uncertainties in innovation projects. Three of them are the main
uncertainties, emphasized by most scholars that are technological, market and task. Other 8 identified
uncertainties are petrceived environmental, regulatory/institutional, perceived social, collaboration,
organisational, decision, financial, operational and ontological. Also, it is obvious that there are many
differences between the environments and systems of different regions in different countries. Therefore,
investment evaluation criteria are not the same in different countries [13].
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Scholars used fuzzy mathematical methods and the Analytic Hierarchy Process to create a quantitative
model for evaluating investment risks in high-tech projects [25]. Scholars used fuzzy mathematical methods
and the Analytic Hierarchy Process to create a quantitative model for evaluating investment risks in high-
tech projects [13]. Tang et al. [26] by considering mutual influence between factors use fuzzy network
analysis to evaluate risks in urban rail transit projects. Zhao and Li [27] in their study of key risk factors of
Ultra-High Voltage projects suggest a risk index structure. Their research is based on a cloud model and
Fuzzy Comprehensive Evaluation (FCE) method. They combine the superiority of the cloud model for
reflecting randomness and discreteness with the advantages of the fuzzy comprehensive evaluation method
in handling uncertain and vague issues. Wang et al. [28] in their study of risk ranking of energy performance
contracting project, develop a multi-criteria decision-making framework under the picture fuzzy
environment model. In order to create a risk assessment framework, Wu et al. [29] use linguistic hesitant
fuzzy sets based cloud model, for seawater pumped hydro storage project under three typical public-private
partnership management modes. Baylan [30] combined AHP and TOPSIS methods to develop a multi-

criteria based decision method that prioritizes project risks at the activity level.

In Iran, in the last two decades, many high techs projects have been launched. Both public and private
sectors made a lot of investments in advanced technologies. However, many studies investigate risks in
projects (for example see [31]), few studies appear to identify and rank investment risks in high-tech
industries (for example see [32]). Of course, many positive moves have been made in the country to
suppott innovative projects, such as the establishment of technology parks ([33], [34]) and venture capital
funds, but there is still a gap in studies related to the identification and ranking of investment risks in the
field of high technologies.

3 | Theoretical Framework of Research Method

There are various methods for ranking factors in different studies. The most famous method is the family
of Multi-Criteria Decision Making (MCDM). The MCDM methods are among the best methods in dealing
with decision-making problems [35]. Multi-criteria decision-making techniques are divided into two
categories: MODM like TOPSIS, AHP [36] and MADM) like SAW [37]. MCDM techniques and group
decision making have a wide range of applications in the literature and allow managers and decision makers
to evaluate options in different dimensions. MCDM includes vatious techniques such as TOPSIS, AHP,
etc. These methods are widely used due to their practicality, so that today their use has spread to all fields
and disciplines [38].

The TOPSIS technique is one of the most popular classic MCDM techniques first introduced by Hwang
and Yoon [39]. The basic logic of TOPSIS is the definition of ideal and anti-ideal solution. The ideal
solution is a solution that maximizes positive criteria and minimizes negative criteria. the ideal solution
contains all the best values of the available criteria, while the anti-ideal solution is a combination of the
worst values of the available criteria. The optimal option is the option that has the shortest distance from
the ideal solution and the longest distance from the anti-ideal solution [40]. Because TOPSIS is a popular
method for classical MCDM problems, many researchers use it to solve ranking and prioritization
problems. In fact, TOPSIS is a practical method that compares alternatives according to their values in
each criterion and the weight of the criterion [41].

However, in many cases it is not possible to measure values with any particular degree of accuracy. Hence,
inaccuracies occur in the information obtained. The sources of imprecision are unquantifiable information,
incomplete information, non-obtainable information, and partial ignorance [42]. It should be noted that
the problem is not a lack of information, but there is uncertainty in the information. Such uncertainty can
be formulated with non-random intervals. In fact, these uncertainties can be easily modeled with fuzzy
sets. [43]

The fuzzy logic method was first proposed by Zadeh [44]. There are many inaccurate concepts around us
that are expressed on a daily basis in the form of various phrases. Fuzzy logic is a new process that replaces



the methods that require advanced and sophisticated mathematics to design and model a system with
linguistic quantities and expert knowledge [44]. Zadeh argues that humans do not have a lot of accurate
information inputs, but are able to perform adaptive control extensively [45]. In fact, fuzzy logic provides
an easy way to reach a definite result based on incomplete, erroneous, ambiguous, vague input
information. In this regard, in the present study, TOPSIS technique in fuzzy environment is used to
prioritize the factors affecting the investment risk in high-tech industries.

In the classical TOPSIS method, accurate and definite numerical values are used to rank the alternatives
and determine the weight of each criterion. But it is not always possible for decision makers to express
their thoughts and decisions accurately and quantitatively, so they use linguistic variables such as good,
bad, poor, etc. to reflect their opinions. In such cases, it is possible to use the theory of fuzzy sets to
express the views and evaluate the opinions of decision makers. The fuzzy TOPSIS algorithm is one of
the efficient algorithms in the category of multi-criteria decision making problems in which the elements
of the decision matrix or the weight of the criteria or both are expressed by linguistic variables. The
important point in the ranking process is that the metrics of this model are expressed in terms of
subjective, qualitative and linguistic variables [46].

Fuzzy set theory and fuzzy logic as mathematical theories are a very efficient and useful tool for
modeling and formulating mathematical ambiguity and inaccuracy in human cognitive processes. Fuzzy
set theory provides tools that mathematical formulate human reasoning and decision making
mathematically, so these mathematical models can be used in a variety of fields of science and technology
[47]. Using fuzzy concepts, evaluators can use verbal expressions in colloquial natural language to
evaluate effective factors, and by linking these expressions to appropriate membership functions,
analysis of scores and components will be more appropriate and accurate [48].

3.1 | Overview of TOPSIS Method and Fuzzy Calculations

In a multi-criteria decision making problem with m options and n criteria and using triangular fuzzy
numbers, the following steps are used to rank the options[35], [47], [49]- [51]:

Step 1. creating decision matrix.

In the first step, we create the decision matrix according to the criteria and options:

[Tn T2 o T
5 ix: x:22 x%ni 1)
L%ml 521112 3~Can

Where ¥;; is a triangular fuzzy number corresponding to the ith option according to the ju criterionand 7 =
1,2,..,mand j=12,.., n

If there are K decision makers and the fuzzy ranking of the kth decision maker for 7 =1,2,..., mand j =
1,2,.., n as a triangular fuzzy number is X = i, bij, Cii then the combined fuzzy ranking of decision

makers' opinions about options is X;;=a;;, by, ¢;; and can be obtained based on the following relationships:

3= MinK{aijk}/

_Ek 1 bl]k
K )

b;; )

Cl] = MaXK{Cijk}-
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Table 1. Relation of triangular numbers with linguistic variables.

Fuzzy Triangular Numbers

Linguistic Variables According to Linguistic Variables

Very low 1,1,3)
weak (1,3,5)
medium (3,5,7)
high (5,7,9)
Very high (7,9, 9)

Step 2. Determining the weighted criteria matrix.

If we consider the fuzzy matrix W=[Wy, Wy, ..., Wy,] as the weighted criteria matrix and W; be a triangular
fuzzy number as W;=wj;, wj, w3 .and If the minimum number of decision makers is equal to K and the Kth
decision maker’s significance coefficient be a triangular fuzzy number as %jk:w]-kl, Wika, Wik3 forj=12.., n,

then the combined fuzzy ranking w;=wj;, wj, Wizcan be obtained by using the following equations:
Wi = MmK{ijl b

Thot Wik2
Wip=—F )
wiz= Maxy{wjg}.
Step 3. make the decision matrix dimensionless.

In this step, linear scale transformation is used to make the fuzzy decision matrix dimensionless so the
comparison of different options is comparable. The components of the dimensionless decision matrix for

positive and negative criteria are calculated from the following equations, respectively:

ij v
Ve by ay @)
Cj*:MaXiCij,
aj_:MiIliai~.
According to the above steps, the dimensionless fuzzy decision matrix is obtained as follows:
R=[Fjlmxn A=1,2,..m;j=12,..0n
fn T o I 6)
R=|T2zr T2 Iz
1 Tm2 Frn

Where m and n represent the number of options and the number of criteria, respectively.



Step 4. Obtain the weighted decision matrix.

The weighted decision matrix is calculated by multiplying the coefficient of significance related to each
of the criteria in the fuzzy scaleless matrix and the calculation method for the positive and negative
criteria is as follows:

o~ _ A bjj A bj; Cjj
Vij=Ty - Wj= C—;/C—;/C—;) - (Wi, Wi, Wig)= (C—;-thg szrc—; Wis)
o i i ©)
s B B % % j
=Ty Wi=(=,—, =) . (Wi, Wip, Wiz)= (—. Wy, — —.Wi3).
Vij=Ty - Wj (Cij ’ . ’ aij) (W]1/ Wi2, W]3) (Cij Wit, by Wiz, i W]3)
Where w; is the significance factor of the criterion J.
According to the above, we will have:
V:[vij]an ,i:1,2,...,m ;j=1,2,...,n
[Vii Vi Yin] 0
v={Va Va2 Van |
| I N . oo
Lvml Vma - vm.nJ
Step 5. Determine the positive and negative ideal solution.
Positive ideal and negative ideal solutions are defined as follows:
A={¥],¥;,.., ¥},
®)

A =[F7],95 .., 0.

Where ; is the best value of criterion i among the options and ; is the worst value of critetion 7

among all available options. In fact, in this step we want to find the best and worst possible option.
Step 6. Distance from the ideal positive and negative fuzzy solution.
These distances can be calculated according to the following equations:

S;:Zjn:ld(vijlvj*) , 1=12,..,m

)
Si—:zjf‘:ld(vij,vj‘) , i=12,..m

Thus, the distance between two triangular fuzzy numbers (a1,b1, ¢1) and (a,,b,, ¢;) is calculated as follows:

o, ;)= [ — 202 + (by =) + (1 — €)2) (10)

Step 7. Calculate the similarity index.
Similarity index can be calculated according to the following equation:

s
CCi=g s 11)
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Step 8. Ranking the options.

At this point the options are ranked according to the CC; values. So, the options that have a higher similarity

index will have better rankings.

4 | Methods and Results of Research

The present study seeks to identify and prioritize significant risks in investing in high-tech industries.
Therefore, in line with the objectives of the research, first by reviewing the literature and measures done
in other countries, as well as using the opinions of experts, thirty factors affecting investment risk in high-

tech industries are identified and classified into six general categories including financial risk and technology

risk, production risk, market risk, management risk, and environment risk.

Finally, these factors and components through a questionnaire and obtaining the opinions of experts (30
people) were measured by verbal variables. The experts have a master or PhD degree in financial
management, metallurgical engineering, industrial engineering, chemical engineering (nanotechnology) and
financial engineering from Tehran University, Iran University of Science and Technology, Amirkabir
University, Tarbiat Modarres University, Allameh Tabatabai University and Economic Sciences University.

Also, some Experts of the capital and financial market activists of the country were included to the survey.
It is necessaty to explain that the selection of the number of people from each specialty as well as the type

of specialization is based on the nature of high-tech projects and the type of relevant questions.

Table 2. Identified risks in investing in high-tech projects.

Type of Risk

Financial capability
Ability to raise production capital
financial risk Change in interest rates
Change the exchange rate
Capital market volume
Technological advantage
Technological maturity
Technology risk Reliability of technology
Alternative technology
Professional work expetience
How difficult or easy it is to work with technology
how standard the equipment and production process
Production risk are
Employee decisions
Raw material supply capacity
Raw material prices
Product life cycle
Capacity and time of admission
Product competitiveness
Potential rival effect
Marketing capability
Network readiness
New technology acceptance network
Quality and experience of managers
The ease of obtaining information
The rate of use of collective wisdom
Project management mechanism
The desirability of legal environment policies
Macroeconomic environment desirability
Favorable social environment
the environment condition

Market risk

Management risk

Environment risk




In the next step, the information obtained from the questionnaires was extracted and after entering them

in EXCEL software and performing the fuzzy TOPSIS algorithm, the following results were extracted:

Table 3. The values of the ideals.

Positive Ideal (1,1,1)
Negative Ideal (0/111,0/111,0/111)

Table 4. Results extracted from questionnaires.

Fuzzy Average of The Distance from  The Distance from  Similarity

Types of Risks Expert Opinions The Positive Ideal The Negative Ideal Index Ranking
Financial capability (3,7/133,9) 0.403 0.659 0.62 1
Ability to raise (3,6/866,9) 0.408 0.648 0.613 2
production capital
Change in interest (1,6/266,9) 0.542 0.614 0.531 8
rates
Change the exchange  (1,5/6,9) 0.557 0.592 0.515 11
rate
Capital market volume  (1,4/466.,9) 0.59 0.559 0.486 21
Technological (1,5/466,9) 0.561 0.587 0.511 12
advantage
Technological (1,5/066,9) 0.572 0.575 0.501 16
maturity
Reliability of (1,5/066,9) 0.572 0.575 0.501 16
technology
Alternative technology  (3,6/866,9) 0.408 0.648 0.613 2
Professional work (1,6/4.9) 0.539 0.619 0.534 6
experience
How difficult or easy  (1,5/066,9) 0.572 0.575 0.501 17
it is to work with
technology
how standard the (1,5/4,9) 0.562 0.585 0.51 13
equipment and
production process
are
Employee decisions (1,4/666,9) 0.583 0.564 0.491 19
Raw material supply (1,5/1339) 0.57 0.577 0.503 16
capacity
Raw material prices (1,5/066,9) 0.572 0.575 0.501 16
Product life cycle (1,6/2,9) 0.543 0.611 0.529 9
Capacity and ime of  (1,5/866.,9) 0.551 0.6 0.521 10
admission
Product (1,6/533,9) 0.537 0.623 0.537 5

competitiveness
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Table 4. (Continued).

. Fuzzy Average of The Distance from  The Distance from  Similarity .
SRR AT Types of Risks Expert Opinions The Positive Ideal ~ The Negative Ideal ~ Index Ranking

235 Potential rival effect (1,6/266,9) 0.542 0.614 0.531 8

Marketing capability (1,6/6,9) 0.535 0.626 0.539 4

Network readiness (1,5/266.9) 0.566 0.581 0.506 14

New technology (1,5,9) 0.573 0.573 0.5 18

acceptance network

Quality and (1,6/333,9) 0.541 0.616 0.532 7

experience of

managers

The case of obtaining  (1,5/2,9) 0.568 0.579 0.505 15

information

The rate of use of (1,5,9) 0.573 0.575 0.501 17

collective wisdom

Project management (1,5/2,9) 0.568 0.579 0.504 15

mechanism

The desirability of (1,5/2,9) 0.568 0.579 0.504 15

legal environment

policies

Macroeconomic (1,6/733,9) 0.533 0.631 0.542 3

environment

desirability

Favorable social (1,4/533,9) 0.588 0.56 0.487 20

environment

the environment (1,3/333,9) 0.629 0.534 0.459 22

Ranking of different of investment risk in high-tech projects using TOPSIS method in fuzzy environment based on linguistic variables

condition

In the final stage, using the fuzzy average method and the above information, six risk categories were

ranked and the following results were obtained:

Table 5. Ranking of six risks.

Types of Risks Fuzzy Average The Distance  The Distance  Similarity = Ranking
Studied of Expert from the from the Index
Opinions Positive Ideal =~ Negative
Ideal

financial risk (1,6/066,9) 0/546 0/607 0/526 1
Technology risk (1,5/773,9) 0/553 0/597 0/519 3
Production risk (1,5/066,9) 0/571 0/575 0/502 5

Market risk (1,5/85,9) 0/551 0/6 0/521 2
Management risk (1,5/433,9) 0/562 0/586 0/510 4
Environment risk (1,4/95,9) 0/575 0/572 0/499 6

5 | Conclusion

Today, the trend of the global economy reflects the trend of trade towards products with advanced

technologies. Naturally, countries that can produce and export these products will have high growth in the

industrial sector, and on the contrary, neglecting it can cause economic decline in the future. Given the

growing importance of these products in world trade, it is necessary to move to expand investment in these

technologies in the country. The findings of this study show that investing in high-tech industries faces



many risks. If we divide these risks into six categories: financial risk, market risk, environmental risk,
technology risk, production risk and management risk, based on the opinion of elites and experts and
using the scientific method of TOPSIS evaluation model in fuzzy environment based on verbal variables.
The degree of importance of these risks in the country is in the form of financial risk, market risk,
technology risk, management risk, production risk and finally environmental risk. This ranking and
information reflect the opinion of the elites about the state of the country to invest in high-tech projects.
Naturally, paying attention to it is necessary for principled planning and accurate policy-making in the
country, as well as the awareness of domestic and foreign investors about the investment climate in the
countty.
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Abstract

In this paper we extend the notion of interval representation for interval-valued Atanassov’s intuitionistic representations,
in short Lx-representations, and use this notion to obtain the best possible one, of the Weighted Average (WA) and
Ordered Weighted Average (OWA) operators. A main characteristic of this extension is that when applied to diagonal
elements, i.e. fuzzy degrees, they provide the same results as the WA and OWA operators, respectively. Moreover, they
preserve the main algebraic properties of the WA and OWA operators. A new total order for interval-valued Atanassov’s
intuitionistic fuzzy degrees is also introduced in this paper which is used jointly with the best Lx-representation of the
WA and OWA, in a method for multi-attribute group decision making where the assesses of the experts, in order to take
in consideration uncertainty and hesitation, are interval-valued Atanassov’s intuitionistic fuzzy degrees. A characteristic
of this method is that it works with interval-valued Atanassov’s intuitionistic fuzzy values in every moments, and
therefore considers the uncertainty on the membership and non-membership in all steps of the decision making. We
apply this method in two illustrative examples and compare our result with other methods.

Keywords: Interval-Valued Atanassov’s intuitionistic fuzzy sets, WA and OWA operators, Lx-representations, Total
orders, Multi-Attribute group decision making.

1 | Introduction

@G)Licensee Journal

of Fuzzy Extension and

From the seminal paper [71] on fuzzy set theory, several extensions for this theory have been
proposed [18]. Among them, we stress “Interval-valued Fuzzy Sets Theory” [10], [19], [72] and
“Atanassov’s Intuitionistic Fuzzy Sets Theory” [2], [5], [25], [26]. Although they are mathematically
equivalents, they capture dif- ferent kinds of uncertainty in the membership degrees, i.e. they have
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1- w4 (x) , meaning that there is no doubt or hesitation in the membership degree. In [3], both extensions
are mixed by considering that we can also have an uncertainty or imprecision in the membership and
non-membership degrees if we model them with intervals. This results in other extension of fuzzy set
theory, known as Interval-Valued Atanassov’s Intuitionistic Fuzzy Sets (IVAIFES). Several applications
of IVAIFS, and extensions of usual fuzzy notions to the IVAIFS framework have been made, see for

example [4], [7], [21], [32], [51], [64].

Besides, Group Decision Making (GDM) and Multi-attribute Decision Making (MADM) are the most
well know branches of decision making. GDM consists in choosing of one or more alternatives among
several ones by a group of decision makers (experts), probably with a weight of confidence [24]. MADM
choosing one or more alternatives among several ones based in the assesses of an expert his opinion of
how much the alternative fulfills a criteria or satisties an attribute. Usually, a weighting vector for the
attributes is associated, in order to represent the importance of an attribute in the overall decision
problem. Nevertheless, complex decision making problems usually need to consider a group of experts
as well as a set of criteria or attributes, i.e. a Multi-attribute Group Decision Making (MAGDM) [28],

[43], [55], [59]-

Fuzzy logic, by their nature, has played an important role in the field of decision making, since decision
makers can be subject to uncertainty expressed in terms of fuzzy degrees [46], [47], [55], [57]. An
important mathematical tool for fuzzy decision-making are Weighted Average (WA) and the Ordered
Weighted Average (OWA) operators introduced in [69], which have triggered their “extension” for
Interval-Valued Atanassov’s Intuitionistic Fuzzy Values (IVAIFV) — see for example [65], [67].
However, in the cited cases, the proposed interval-valued Atanassov’s intuitionistic OWA, although of
preserve some algebraic properties of the OWA (monotonicity, idempotency, symmetry and
boundedness [16]), have not the same behaviour as the OWA when applied to diagonals elements.

In [11], [54], in order to formalize the principle of cotrectness of interval computation [37], it was
introduce the notion of interval representation of real functions. In addition, the best of the interval
representations of a real function models the notion of optimality in interval computing. This notion
has been used in the context of interval-valued fuzzy functions, to obtain interval-valued t-norms (t-
conorms, overlap functions, fuzzy negations and fuzzy implications) from t- norms (t-conorms, ovetlap
functions, fuzzy negations and fuzzy implications) in [1], [8], [14], [34]. In this paper we extend the
notion of interval-valued representation and the best interval-valued representation of fuzzy functions
for the interval-valued Atanassov’s intuitionistic representations of fuzzy and interval- valued fuzzy
functions. In particular, we provide a novel extension of the WA and OWA operator for IVAIEFS, based
on the best interval-valued Atanassov’s intu- itionistic fuzzy representation, which preserve the main
properties of the OWA operators and when restrict to the diagonals elements itis an OWA in 0, 1. This
new IVAIFAF OWA together with some total orders for IVAIFV are used to develop a method to rank
alternatives from the individual interval-valued Atanassov’s intuitionistic decision matrices of a group
of experts reflecting how much each alternative satisfy each attribute. Two illustrative examples are
considered in order to show the use of the method and to show that the final ranking of alternatives
obtained by the method is adequate.

This paper is organized as follows: Section 2 introduces Atanassov intuitionisc and interval-valued fuzzy
sets, the score and accuracy index and the notion of representation in particular in the interval-valued
and Atanassov intuitionisc best representation of the WA and OWA operators. In Section 3 it is consider
the notion of interval-valued intuitionistic fuzzy set and some orders for interval-valued. Atanassov’s
intuitionistic fuzzy values are presented. In particular, based in a novel notion of membership and
subsets, interval-valued intuitionistic fuzzy degrees are seen as an interval of interval-valued fuzzy
degrees and based in this

point of view a new total order for IVAIFV is provided. In Section 4 it is introduced the notion of
IVAIFV representation and it is provide a canonical way of obtain the best representation of an interval-
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valued fuzzy function and of a fuzzy func- tion, which is used to obtain the best IVAIFV representation
of the WA and OWA operators. In Section 5 the total orders on IVAIFV and the best IVAIFV
representation of the WA and OWA are used to develop a method to solve MAGDMP and this method

is used in two illustrative examples. Finally in Section 6 some final remarks on the paper are provided.
2| Preliminaries

Atanassov in [2] extended the notion of fuzzy sets, by adding an extra degree to model the hesitation or
uncertainty in the membership degree. This second degree is called non-membership degree. In fuzzy set
theory, by default, this non- membership degree is given by the complement of the membership degree,
i.e. one minus the membership degree, and therefore is fixed whereas in Atanassov intuitionistic fuzzy sets

the non-membership degree may take any value between zero and one minus the membership degree.

Definition 1. [2]. Let X be a non-empty set and two functions z, ,v,: X —/0,1]. Then

A={(x,u,(x),v,(x))/x eX],

is an Atanassov Intuitionistic Fuzzy Set (AIFS) over X if u,(x)+v,(x)<1 for each x € X.

The functions u, and v, provide the membership and non-membership degrees of elements in X to the
AIFS A. Let L ={(x,y)e[0,1F /x+y<1}. Elements of L are calledL -values. We define the
projections /4 r: L' —/0, 1] by /(x,5)=x and 7(x,5)=y, but by notational simplicity, we will denote x and X
instead of /(x) and r(x), respectively.
The usual partial order on L' is the following:

x<Lyifx<yand y<X.

Deschrijver and Kerre [33] proved that(L,<.) is a complete lattice and therefore that AIFS are a

particular kind of L-fuzzy set, in the sense of Goguen [35].

Let A be an AIFS over X. The intuitionistic fuzzy index! of an element x € Xto A is given by
7, (x)=1-,(x)-v,(x). In particular, the intuitionistic fuzzy index of x € L'is defined in a similar way,

Le. 7, (x)=1-I(x)—r(x). This index measures the hesitation degree in each x € L".

In [27], Chen and Tan, introduce the notion of score of a L' -value as the function S : L' —/—1, 1] defined
by

S'(x)=x—-X M

In [38], Hong and Choi, introduce the notion of accuracy function for an L' -value as the function

k' :L —{0,1] defined by

h'(x) =x+X @

! In the seminal paper on AIFS, i.c. in [2], this index was called degree of indeterminacy of an element x e X'to A.



Xu and Yager in [68], based on the score and accuracy index on L' and with the goal of rank L' -

values, introduce the total order on L defined by

X<,y if s"(x) <s"(y) or (s"(x) =s"(y) and h"(x) <h’(y)) . 3)

In [36], [40], [52], [72] and in an independent way, fuzzy set theory was extended by considering
subintervals of the unit interval [0,1] instead of a single value in [0,1]. The main goal was to represent
the uncertainty in the process of assigning the membership degrees.

Definition 2. Let X be a non-empty set and L={/a,b]//0 < a < b < 1/be the set of closed
subintervals of [0,1]. An Interval-Valued Fuzzy Set IVES) A over X is an expression

A={(x,u,(x))/xeX}

Where p, - X —L.

Define the projections! V,A : L —/0,1]byV (Jab]) =a and NJab]) =b.

For notational simplicity, for an arbitrary X e L, we will denote V(x)and A(x)by X and X,
respectively. An interval X e Lis degenerate if X = X, ie. X=/xx] for some x € [0,1] . Given X € L,
we denote its standard complement /7—-X, 7-X/by X. A more general notion of complement (or

negation) for L' -values can be found in [§].

We can consider the following partial order on L,

X<, Yiff X<Yand X<Y.

As itis well-known, ( L,<,) is a complete lattice and so it can be seen as a Goguen L-fuzzy set.

As pointed by Moore in [45], an interval has a dual nature: as a set of real numbers and as a new kind of

number (an ordered pair of real numbers with the restriction that the first component is smaller than or
equal to the second one). The order <, is an order which stresses the nature of ordered pair for elements

in L. whereas the inclusion of sets stresses the nature of set for elements in [.. Nevertheless, the inclusion
order on L can also be expressed using the ordered pair nature as follows:

XeYiff Y<X <X<Y.

The score and accuracy function for interval fuzzy values, i.e. of an arbitrary interval X € Lare defined
as follows:

s(X) = v(X) -1 and h(X)=1-w(x).

Where v(X)=X+Xand w(X)=X-X.

1These projections are particular cases of Atanassov’s Ku-operator for intervals [19], [48].
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As it is well known, the lattices (L*,SL) and (L,<,) are isomorphic. The map p: L —L defined by

p(X): (X, 1-X)is a such an isomorphism. Although both lattices are algebraically equivalent, from a

semantical point of view they are different [61].

Remark 1. Note that, the score and the accuracy indexes on L and L' are related as follows: s=s" 0 p
and h=h" o p. Notice that the partial order <, on L obtained from the partial order<, in Egq.(3) by

XY

using this isomorphism, i.e. X<, Yiff p(X)<  p(Y), can be equivalently obtained as following:

XY

X<, Yiff s(X) <, s(Y) or (s(X) =s(Y) and h(X) < h(Y)). “

—XY

Bustince et al. [22] introduced the notion of admissible orders in the context of interval-valued fuzzy

functions in order to always be possible to compare intervals which is important in some kind of
applications [23]. An order < on L is admissible if it refines< <, , i.e. X< Ywhenever X<, Y. In
particular<, = is an admissible order. Other examples of admissible orders can be found in [53]. In addition,
when we translate the notion of intuitionistic fuzzy index for interval values, we get the interval-valued
fuzzy index I7(X) =" (p(X))= X~ X = w(X) for each X e L. Thus, the length of an interval is a measure

of their indeterminacy or imprecision.

2.1| The Best L and L* Representation of the OWA Operator

In [13], it was adapted the notion of interval representation of [11], [54] in the context of interval-valued
fuzzy sets theory for the particular case of the intervalvalued t-norms. Interval representation captures, in
a formal way, the property of correctness of interval functions in the sense of [37]. From then, interval
representations of several other connectives and fuzzy constructions (see for example [8], [12], [49]) have
been studied. Here we are interested in considering the case of n-ary increasing fuzzy functions. Let’s start

recalling some notions.

Definition 3. Letf: /1] —/[01]be an n-ary function. A functionF: L' —Lis an interval

representation or I-representation of fif for each X,...., X eLand x, € X,with /=1,...,n we have that

(XX, ) eF(X,, ... X ).

LetF,G: ' L. We write Fc —, G, if for any X,,...,. X eL, G(X,,...,X )cF(X,...,X ).
Notice that if X,Y eLand XcYthen A(X)> h(Y). Thus, Fc —, G means that G is always more
accurate than F,ie. A(F(X,,....,X )< h(G(X,,...., X ))for any X,,...., X €L . Notice also that if G is

an I -representation of a function fand Fc — , G then Fis also an I -representation of £, but less accurate

than G. Therefore, G is a better I-representation of fthan F.

Proposition 1. [34]. Let f: [01]" —/01]be an n-ary increasing fuzzy function. Then the function
£: I" —Ldefined by

FOX ey X)) =X eeees X)X oo, X )] ®)
is an I ~representation of £, Moreover, for any other I -representation Fof f, F <, f.

£ is therefore the more accurate L-representation of f, i.e. the best L-representation w.r.t. the <, order. So

£ has the property of optimality in the sense of [37].



Remark 2. [10]. An important characteristic of the best I-representation is that when we identify points
and degenerate intervals, via the merging m('x)=[x,x/,fand fhave the same behavior, i.e.
m(f(x,..,x, )= 12( m(x,),..,m(x,)). Another property of the best I-representation of some increasing
function is that it is isotone with respect to both, the inclusion order and the < L order, i.e. if X, Y, L
and 7=1,...,n then f(Xl, v, X,) C f(Yl, v, Yy) and, analogously, if X; <y Y; for each i=1,..,n then
fX, 0, X) <o f(Y1, o0, Y

Let A =(Aq, ..., A,) € [01]" be an n-ary weighting vector, i.e. Mit; A; = 1. The weighted average (WA)
operator is defined by

n
wap(Xq, o, Xp) = 2 A
i=1
The Ordered Weighted Averaging (OWA) operator introduced by Yager [69] is defined by

n
owa (X, ., Xp) = E AiX),
i=1

Where 0:{1,..,n} — {1,..,n} is the permutation such that x,; > X,y for any i=1,..,n -1, ie. it

orders in decreasing way a n-tuple of values in [0,1] and so x,(i) is the ith greatest element of {xy, ..., x,,}.
Notice that,

Owa, (X1, ., Xp) = Wap(Xg(1y, - » Xg(n))- (6)

Several interval-valued and Atanassov intuitionistic extensions of the OWA operator have been
proposed (see for example [15], [44], [70]), but most of them are not IL (L*)-representations of the OWA
operator and do not reduce to the fuzzy OWA operator when applied to degenerate intervals.

The best IL-representation of oway, is the interval-valued function owa,:IL" — IL defined by

n
SWaA(X1, o, Xp) = [owan(Xy, o, X ), owan (X7, -, Xn) | = 2 Aoy
i=1

> Xy(i+1) and

Where X,; = [Xrl(i)rirz(i)];fl:’[z: {1,..,n} = {1,..,n} are permutations such that X,

Xoy(iy = sz(iﬂ) foranyi=1,..,n—1; the scalar product is the usual in interval mathematics (see [45]),
ie foranyA€[01]and X, Y € L, AX = [AX, AX] and the sum is w.r.t. the limited addition defined by
X[+]Y = [min(X + Y, 1), min(X + Y, 1)]. Notice that, in this case, because};; A; =1,

n

= 2 )\iXi.
i=1

Where [Y/2;] is the sommatory with respect to [+] and }i; is the sommatory with respect the usual
addition between intervals (see [45]).

U

Note that for each term in the sum above, lower and upper bounds from different intervals may be
considered for a given weightA;. For example, for A; =0.2, A, =03, A3 =05, X; =[0.6,08], X, =
[0.7,09] and X3 = [0.5,1] we have that [21‘3:1 ]/\iX,- = [min(0.2-0.6 +0.3-0.7 + 0.5-0.5,1), min(0.2 - 0.8 +
03-09+0.5-1,1)] =[0.58,093] =[0.2-0.6 +0.3-0.7+0.5-05,02-08+0.3:-09+05-1] =

21 A
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Analogously, a function F: (L*)" — L* is an L*-representation of a function f:[0,1]" — [0,1] if for each x; €
L*and x; € [x;,1 - X,], withi =1, ...,n,

F(xq, ., Xpn) < f(Xq, oo, X)) <1 =F(Xq, o, Xp)- @®

Let F,G:(L*)" — L*. We denote by F C;+ G, if for any Xy, ..., X, € L*, G(Xy, ..., X;,) Sp» F(xq, ..., X;;), where
xCpry if x<y and ¥ < 7. Notice that although of this order be the usual on R?, considering the
mathematical equivalence of L* and IL, we have that x C;+ y iff p™(X) € p~}(Y). Thus, F C;+ G means than
the result of G is always more accurate than the result of F, i.e. h*(F(xy, ..., x,)) < h*(G(xy, ..., x,;)) for any
X1, -, X, €L

Proposition 2. Let f:[0,1]" — [0,1] be an increasing function. Then the function f:(L*)" — L* defined by

£(x1, e %) = ((x1, o Xp), 1 = (1 = X7, 1 = X))
is the greatest L*-representation of f w.t.t. £+ order and so is the best one.

Proof. If x; € [x;,1—-Xx,] for each i =1,...,n, then because f is increasing we have that f(xy,..,x,) <
flxy, e, x,) < fl-x7,..1-%,) and therefore, f(xy,...,x,) < f(xq, ..., x,) <1 - f(xy, .., x,). So,

f(xq, ..., x,) is an L*-representation of f.

Now, suppose that F is another L"-representation of f, then by Eg. (8) and because f is increasing, we

have that F(xq, ..., x,,) < f(x1, ..., x,) < f(l = x7, ... 1 =x,) <1 —=F(xy, ..., x,). Therefore,
flxq, ., x,) S F(xq, ..., x,), 1.e. FT* f.

Moreover, if f is an aggregation function then f is also an L*-valued aggregation function [42] (Lemma 1).
Clearly, f = po fop, or equivalently, f = p~' o f o p. Therefore, owa, it is the best L*-representation of
oway .

Proposition 3. Tet f,g:[01]" = [0,1]. If f < g thenf<gand f < g.

Proof. Straightforward.

Remark 3. owa as well as owa are interval-valued and Atanassov intuitionistic aggregation functions in
the sense of [42]. Moreover, both are symmetric and idempotent, and as a consequence of the above
proposition, they are bounded by owa, o1y (0OWa _ g1)), i.e. min (min) and owa o o) (OWaqg o)), i-c.
max (max).

3| Interval-Valued Atanassov’s Intuitionistic Fuzzy Sets

Definition 4. [3]. An IVAIFS A over a nonempty set X is an expression given by

A = {(x, pa(x),va(X))/x € X],
where 4, v4: X — 1L with the condition pi4(x) +v4(x) < 1.
Deschrijver and Kerre [33] provide an alternative approach for Atanassov intuitionistic fuzzy sets in term

of L-fuzzy sets in the sense of Goguen [35]. Analogously, we can also see IVAIFS as a particular case of
L-fuzzy set by considering the complete lattice (IL*, <y ) where



L'={(X,Y)e LxL/X+Y <1}. ”’-

And
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(Xl, Xz) S]L* (Yl, Yz) iff Xl S]L Yl and YZ S]L Xz.

Notice that Op+ = ([0,0],[1,1]) and 1+ = ([1,1],[0,0]). Analogously to the case of L*, we define the
projections I, :IL* — IL by

1(X1,X) =X; and r(Xy, X3) =X,
and for each X € IL*, we denote I(X) and #(X) by X and X, respectively.

Elements of IL* will be called L*-values. An IL*-value X is a semi-diagonal element if X and X are
degenerate intervals. X € IL* is a diagonal element if X + X = [1,1] i.e. if X = ([x,x],[1 —x,1 —x]) for
some x € [0,1]. We denote by Y5 and & the sets of semi-diagonal and diagonal elements of L,
respectively. Cleatly, & C s and there is a bijection between [0,1] and Z (¢p(x) = ([x,x], [1 — x,1 — x])),
between L* and Z5 (P (x) = ([x, x], [¥,X])) and between L and Zs (p(X) = ([X, X], (X, X]°), i.e. p=1op)
[29].

3.1 | Some indexes for L"-Values

In [50] the Atanassov intuitionistic fuzzy index was extended for IVAIFS, in order to provide an interval
measure of the hesitation degree in IVAIFS. Let A be an IVAIFS over a set X. The interval-valued
Atanassov intuitionistic fuzzy index of an element x € X for the IVAIFS A is determined by the

expression IT*(x) =[1,1] - pa(x) —va(x). In an analogous way the interval-valued Atanassov
intuitionistic fuzzy index of an (X, Y) € IL* is defined by

(X, Y) = [11] - X - Y. ©)

The Chen and Tan scote measure was extended for " in [66] 1 and [41].

Da Silva et al. |J. Fuzzy. Ext. Appl. 2(3) (2021) 239-261

In this paper we consider Xu’s definition: Let S:IL* — [-1,1] be defined by
v(X) — V(>~()

—

For each X € I*, S(X) is called the score of X.

S(X) =

Remark 4. S when applied to semi-diagonal elements is the same, up to an isomorphism 1, as s*, i.c.
S((x)) = s*(x) for any x € L*. Analogously, S when applied to semi-diagonal elements is the same, up to
an isomorphism @, as s, i.e. S(p(X)) = s(X) for any X € IL. Moreover, the range of S ([-1,1]) is the same
as that of s* and S can be obtained from s and s*, as shown by the Eg. (70).

*(00,(X)) o
2

Since we can have two different L*-values with the same score, for example 5([0.2,0.3],[0.4,0.5]) =
5([0.1,0.2],[0.3,0.4]) = —0.2, the score determines just a pre-order on IL*:

S(X) =

X <5 Y iff S(X) < S(Y).

1 Because this reference is in Chinese, we are based on the definition in [64].
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Since <g is a pre-otdet, it defines the following natural equivalence relation: X =g Y iff X <g Yand Y <g X

Another important index for IL*-values is the extension of the accuracy function. Nevertheless, in the
literature several non-equivalent such “extensions” have been proposes. In [29], [30], it was made an
analysis of five of such proposals concluding that the more reasonable would be the new accuracy function
proposed in that paper and the one proposed in [66]. Here we will consider Xu’s accuracy function:

v(X) +v(X)
—

because, analogously to the case of S, the Xu’s accuracy function when applied to semi-diagonal elements

H(X) =

is the same, up to an isomorphisms ¢ and @, as h* and h, respectively, i.e. H(i(x)) = h*(x) for any x € L*
and H(p(X)) = h(X) for any X € IL. In addition, the range of H, h and h* are the same.

3.2| Otrder for L*-Values

In [56], it was introduced the notion of n-dimensional fuzzy interval and it was observed that 4-dimensional
fuzzy sets are isomorphic to IVAIFS. The degrees in an n-dimensional fuzzy interval take values in
L,([01]) = {(xy, ..., x,) € [01]"/x; < x;,4 for each i=1,...,n—=1}. In [9] the elements of L,([0,1]) ate called
n-dimensional intervals and the bijection g:IL* — Ly([0,1]) defined by o(X) = (V(X),A (X),1 -A (X)1 -
V(X)) was provided. One of the possible interpretations considered in [9] for the 4-dimensional intervals
(%1, %, Xx3,%4) is that the intervals [x, x,] and [x3, x4] represent an interval uncertainty in the bounds of an
interval-valued degree, i.e. of an element [x,y] € IL, and so x € [x,x,] and y € [x3,x,]. Having it in mind,
we introduce the notion of membership of IL-values in IL*-values.

Definition 5. Let X € IL and X € IL*. We say that X € X if X € X and X € X°.

Observe that this notion is strongly related to the notion of nesting given in
[6], [7] and therefore also can be wused as a representation of IVAIFS by pairs of
AIFS.

Notice that, for each X,Y,Z € IL,

I. fXCYCZandX,Z€Y forsomeY ell*, thenY €Y
II. X< Y Zand X, Z€Y forsome Y € L', thenY € Y;
. YepX)iff Y =X.

For any X € IL* we will denote

X =[V(X),V(X9)] and X =[a (X),a (X9)], (1)

ie. X = [V(X),1 -4 (X)]and X = [A (X),1 - V(X)]. Notice that, the set Sy = {X € IL/X € X} is bounded, i.e.
for any X € Sy, X < X < Xand X, X € Sx. Thus, Sy is a closed interval ([}_(), X1) of IL-values and hence,
analogously to LL-values, IL*-values also have a dual nature: as an ordered pair of L-values with some

condition and as a set (an interval) of IL-values.
3.2.1 | Subset otrder for L*-values

Since the usual membership relation is used to introduce the subset relation in set theory, the relation €
will allow us to introduce a notion of subset between IL*-values. Let X, Y € IL*, we say that X C Y if for
cach X € X we have that X € Y. Analogously to the case of L-values, we can also define this inclusion
relation via the bounds of the interval associated to IL*-values.



Proposition 4. Let X,Y € IL*. Then the following expression are equivalents

L XcY;

II. Sx € Sy;
. Y< X< X< Vs
IV. XCY and XCY.

L 1=2: If X_(C)Y then for each X_(€) X also X_(€)Y, and so § XCS Y.

1I. 2 = 3: Straightforwatrd once that Sy = [?(, )?]

M. 324 If Y<; X< X< Y then by definition [V(Y), V(Y9)] <y [V(X), V(X)] <1 [ (X),0
(X)) < [2 (V)4 (YO)] So, V(Y) < V(X) <A (X) <A (Y) and V(Y©) < V(XY) <a (X°) <a (Y°), ie
1-a(Y)<1-2(X) <1-V(X) <1-V(Y). Therefore X CY and X CY.

IV. 4= 1:1fX € X then X € X and X € X°. So, because X C Y and X C Y, then X € Y and X € Y*.
Therefore, X € Y and hence X C Y.

Remark 5. Some properties of —(S):
i. Itis a partial order on IL*-values;
ii. ForeachX,YelL,p(X)SpY)iffX=Y;
iii. For eachx,y € [0,1], p(x) S () iff x =y;
iv. Defining the complement of IL*-values by X¢ = (X, X), then X CYiff X CYe.

3.2.2| Extension of <yy total order for L"-values

In order to rank any possible set of IL*-values it is necessaty to provide a total order on IL*, as made in
[68] for L*-values which was based on the score and accuracy index. Following the same idea, we define

the next binary relation on IL*-values:

X<gY or

Xssn Y i {3250 00 Hoo < HOY "

forany X,Y € ¥, where X <5 Yiff X <g Y and X =5 Y.

Nevertheless, as noted in [64], this relation is not an order. However, in [64] it was provided the next

total order! for IL*:

X <gY or
X=Y and H(X) < H(Y) or
X<Y iff {X=5Y and H(X)=H(Y) and T(X) < T(Y) or 13)

X =Y and H(X)=H(Y) and T(X)=T(Y) and G(X) < G(Y)

for any X, Y € IL*, where T(X) = w(X) — w(X) and G(X) = w(X) + w(X).

1 In [64] was not claimed this, but from Proposition 4.1. of [31], it is possible to conclude that this order is total.
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In [29], it was defined a new total order for IL*-values, denoted here by <, which is based on the total order
for L*-values of Xu and Yager given by Eq. (3).

Theorem 1. [29] The binary relation < on LL*, defined for any X, Y € IL* by

X3Y iff X<xyY or (X=Y and X<y Y), (14)

is a total order.

Observe that the order 5 is a particular instance of the admissible orders on IL* introduced in [30], [31] (see
also [32]), i.e. is total and refines <p-.

Here, we propose a new total order, with the same principle as (14), but by considering other intervals:
Theorem 2. The binary relation g on IL*, defined for any X, Y € IL*, by

XgY iff )_)(<XY? or ()_)(:? and <)_(SXY Y) (15)
is a total order.

Proof. Trivially, £ is reflexive and antisymmetric. The transitivity of § follows from the transitivity of <yy
and equality. Analogously, the totallity of 5 follows from the totality of <yy.

4| L*-Representation of OWA

4.1 | L*-Representations of L-Functions

The notion of membership on IL*-values also allows us to adapt the notion of interval representation for

LL* in the following way.

Definition 6. Let F:IL” — L and . : (L*)" — IL*. F is an IL*-representation of F if for each X; € IL*, and
X;e X, withi=1,..,n, F(Xq,..,X,) € AX, .., Xp)

Let 7,7 :(IL")" = IL*. We say that & is narrower than &, denoted by & Cy+ .7, if for any X; € IL* with
i=1,..,n,7(Xy,..,X,) € %X, .., X,). Analogously to the case of IL-representation, we say that an IL*-

representation .# of a function F:IL" — L is better than another IL*-representation & of F if & Ty 7.

Theorem 3. Let F:IL" — LL be an isotone function. Then F: (L*)" — IL* defined by

B0 Xa) = ([F(X3 oo Xa) B X) | |1 - FOG - 30),1-F(G - X)) a0

is an L*-representation of F. Moreover, if .7 is another IL*-representation of F then .7 Ty« F.

Proof. Iet X; € IL* with i =1,...,n. Since, F is isotone w.r.t. <p, then for each X; € X; with i =1, ..., n,
F(Xy, .., X)) <p F(Xy, .., X,) < F(Xy, .., X,) and so F(Xj,.., X)) <FE(X,..,X,) <FX,..,X,) and

(X, ..., X,) < F(Xy, ., X,) < F(X), ..., X,,). Thetefore,



F(Xy, ..., X,) € [FX), .., X)), F(Xy, .., X)] = E(Xy, .., X,)) and F(X, ..., X,,) €

[E(Xy, o, X)), E(Xq, o, X )] = ECX, o, X
HCHCC, F(Xl, ey Xn) g F(Xl, ,Xn).

F (L)' — LL* is another IL*-representation of F, then for each X; € L*, and X; € X;, withi=1, ..., n,
F(Xy, .., X,) € F (X4, ..., X,). In particular, F(X;, ..., X,), F(X}, .., X,,) € FAX, ..., X,,). So, by definition

of & F(Xy, ., X, F(Xy, -, X)) € F(Xy, o, X,) and F(X, o, X)), F(X,, ., X,) € F (X, o, X)), e 1=

FX,, .., X)1-FXy, ., X)) € F(Xy, ., X,). Therefore, E(Xy,..,X,) S F(X,,..,X,) and
F(Xl, ,X,) CF (Xl, .., X;;) and so, by Proposltlon 4, F(Xy, .., X,) € 7 (Xy, .., X,,). Hence, & - F.

Corollary 1. Let F:IL™ — L be an isotone function. Then
B(Xy, .., Xp) = F(Xy, .., X,) and F(Xy, .., X,) = F(Xy, .., X,). a7
Proof. Straightforward from Theorenz 3 and Eq. (11).

Corollary 2. Let f:[0,1]" — [0,1] be an isotone function. Then

¢ e Xa) = 06, o), E (X, X0)). (18)

Proof. Straightforward from Theorenz 3 and eq. (11).

Corollary 3. Tet f,g:[0,1]" —[0,1] be isotone functions such that f <g. Then, f <3, ie
f(Xy,..,X,) <1» (X4, ..., X,,) for each X; € L* withi =1, ... ,n

Proof. Straightforward from Corollary 2 and definition of <.
Proposition 5. Let F: L™ — IL be an isotone function. Then F(Zg) € Z5 and B(Z) € &

Proof. Foranyi=1,..,n,let X; € Ys. Then X; = ([x;,x;], [y;,y:]) for some x;,y; € [0,1] such that x; +
y; < 1. Since X, = [x;,1- yil= X, then, by Eq. (16), F(X4, ..., X,,) and F(Xl, ..., X,,) are degenerate intervals
and so F(Xy, ..., X,)) € .

Foranyi=1,..,nlet X; € Z. Then X; = ([x;,x;], [1 — x;,1 — x;]) for some x; € [0,1]. Since }? =[x, x] =
}? then, by equation (16), F(Xj, ..., X,) and F(Xl, ., X,) are degenerate intervals and F(X, .., X,) =
F(Xl,.. X,). So F(X3, ..., X,) € &.

= ~ =

Lemmal. LetX,Y € L. Then XCY and X C Yiff X <Y and X Y. Dually, XC Y and X C Yiff X <
Yand X< Y.

Proof. X CY and X C Y iff V(Y) < V(X), A (Y) <A (X), V(X¢) < V(Y) and A (X) <A (YO) iff X< Y
and X¢ < YO iff X <Y and X < Y. The other case is analogous.

Proposition 6. Let F:IL™ — L be an isotone function. Then

B(Xy, ., Xp) = F(Xy, .., X)) and B(X, ., X,) = F(Xy, .., Xq,). (19)

Proof. Straightforward from Lemma 1 and Corollary 1.
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Proposition 7. Let F,G:IL" — IL be isotone functions. If F Ty G then F T+ G.

Proof. LetX; € L* foranyi =1, ...,n. Since, F Ty G, then G(X3, ..., X,,) € F(X3, ..., X,,) and G(X3, ..., X;,) C
F(Xy,..,X,) and so F(Xy,..,X,)<G(Xy, .., X)) <GXy, .., X)) <EXy, .., X,) and F(Xy,..,X,) <

GXq, .., X)) < G(Xy, .., X)) < F(X3, ..., X,). Therefore, by Theorem 3, E(X1, ..., X,)) € G(Xy, ..., X,,). Hence,
Fo- G

Note that, considering the interval point of view for IL*-values, we have that

BXq, o, X)) = [FOX, o, X0), BXY, o, X1

4.2 | L*-Representations of [0, 1]-Functions

Let x € [0,1] and X € L*. Then x € X if ¢(x) C X, i.e. if 1 = V(X) < x <A (X). There is a close relation

between € and €™ as can we see in the next proposition.

Proposition 8. LetX el and X e L. X € X if and only if X €” X and X e X

— —

Proof. Since, trivially, ¢(x) = [x,x] = p(x) for any x € L, then

XeX iff X<pX<pX
iff X< IX X< [X,X] < X
iff X)X and ¢(X)SX by Prop. 4
iff Xe*X and Xe*X by def. of €*

With this notion of membership, we can naturally extend the notion of IL-representation of fuzzy function
for the IL*-representation of fuzzy function and introduce a new notion of inclusion for IL*-values.

Definition 7. Let f:[0,1]" — [0,1] and .7 : (IL*)" — L*. F is an L*-representation of f if for each X; € IL*
and x; € Xj, withi =1, ..., n, we have that f(xq, ..., X,) €*.F (Xy, ..., Xy)

Let X,Y € IL*. Then X €™ Y if for each x € X| also x €™ Y. However, C* is not a partial order (it is not
antisymmetric — e.g. consider X = ([0.2,0.3],[0.4,0.5]) and Y = ([0.1,0.3],[0.2,0.5])). Therefore, we just

consider C as the extension of inclusion order for IL*.

Analogously to the case of IL-representation, we said that an IL*-representation # of a function f:[0,1]" —

[0,1] is better than another IL*-representation & of f if & Ty« .7 .

Proposition 9. Let £:[0,1]* — [0,1] and F: L™ — L be isotone functions. If F is an L-representation of f

then F is an LL*-representation of f.

Proof. If x; € X; for any i=1,..,n, then ¢(x;) = ([x;, x;],[1 - x,1-x]) € X; and so, by Proposition 4,
[x;,x,] € X; and [x;, x;]° € X,, or equivalently, [x;,x;] € )?,C. Therefore, x; € X, and x; € )zc. Thus, since F is
an L-representation of f, f(xy,..,x,) € F(Xy, ..., X,) and so [f(xq, .., x,), f(x1, .., x,)] € F(Xy, ..., X,) and
[t oy ), f oo X)) CEOG, o, X, ). Hence, by Comllary 2, [f(xy, ) %), f1, e 2)] €

F(Xy, o, X,y) and [f(xq, o, x,), f(x1, o, X)]° € E(X4, ..., X,,). Therefore, ¢(f(xy, ..., x,)) S F(Xy, ..., X,.), e
f(xy, e, x,) € F(Xq, .., X,,). So, F is an L*-representation of f.



Theorem 4. Let £:[0,1]* — [0,1] be an isotone function. f is the best, w.r.t. Ty, L*-representation of f.

Proof. From Propositions 1 and 9 and Remark 2 it follows that f is an IL*-representation of f. Thus, it only
remains to prove that is the best one.

Let 7 :(IL*)" — IL* be another IL*-representation of f and X; e L* fori=1,..,n If X; € X;, forany i =
1,..,n, then by Proposition § X; € X; and X; € X,. So, because .F is L*-representation of f,
fXy o, X)) € F Xy, X)) and f(X, LX) € F (X, 0, X,). Thus, by equation  (5),
f(Xy, .., X)) € F(Xq, ., X)) and f(Xy,..,X,) € F(Xq,..,X,). Therefore, by Proposition 8,
f(Xl, o, Xy) €7 (Xq, .., X,), 1e. F is an L*-representation of f Hence, by Theorem 3, F Ty » f, and so
f is a better IL*-representation of f than 7.

4.3| The Best L*-Representation of the OWA Operator

Aggregation functions play an important role in fuzzy sets theory, so itis natural to extend this definition
for IVAIFS.

Definition 8. An n-ary function &/:(IL*)" — IL* is an n-ary interval-valued Atanassov’s intuitionistic
aggregation function if

I IfX; <pr Yy, foreachi =1, .., n, then A(Xy, ..., X)) <pr AYq, ., Yp);
1I. rﬁy(O]L*, ,O]L*) = O]L’r and M(].L*, ,].]L*) = ].]L*.

Theorem 5. Let A:[0,1]" — [0,1] be an n-ary aggregation function. Then A is an n-ary interval-valued
Atanassov’s intuitionistic aggregation function. Moreover, if A is idempotent and/or symmetric, then A

is also idempotent and/or symmettric.

Proof. Straightforward from Corollary 2 and Remark 2.

In order to motivate the next section, we will need some arithmetic operations on LL*.
Scalar product. The multiplication ® of an scalar A € [0,1] by X € IL* is defined by
AOX = (AX, AX). (20)
Division by a positive integer. Let n € Z* be a positive integer, then ;—( = %@ X
Limited addition. Let X, Y € L*. Then

XaY = (X[+]Y, X[+]Y). 1)

It is clear that these operations are well defined, i.e. they always provide an element of L.

Definition 9. Let A be an n-ary weighting vector, i.e. A = (A4, ..., A,;) € [0,1]" such that }}/.; A; = 1. The
n-dimensional interval-valued intuitionistic weighted average IL* — WA, is given by

L = WA \(Xy, .., Xp) = 32, A 0X;, 22)

where the sum is w.t.t. the limited addition.

{17
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Lemma 2. let X,YelL* and A, A, €[0,1] such that A; +A, <1. Then A;0X®A,0Y =L X+
ALY, A X + A,Y).

Proof. Straightforward from Egs. (7), (20) and (27).
Lemma 3. Let A be a weighting vector. Then, wa, (X, ..., X§)¢ = wa, (Xq, ..., Xp)-
Proof. Straightforward from Proposition T and the fact that 1 —wa, (1 - xy, ... 1 — x,,) = wa(xy, ..., x,).

Theorem 6. Let A be a weighting vector. Then IL* — WA, = way, i.c. is the best IL*-representation of the

weighted average operator.

Proof. First note that by the monotonicity of the weighted average operator, wa, (X, ..., X,) =
[qu(&/ /&)/ qu(Yll /Yn)] = ?:1 AiXi' SO’

Wan(Xy, o, X,) = (@an(Xy, ...,xn),z@(g, g)) by Cor. 2
= (Wapy(Xy, ..., X,), wa,(Xq, ..., X,)) by Lemma 23
= (Zi1 AX;, Xty AX,) by Prop. 231
=¥, A, 0X; by Lemma 2312.

Definition 10. Let A be an n-ary weighting vector, i.e. A = (A4, ..., A,;) € [0,1]" such that };7; A; =1. The
n-dimensional interval-valued intuitionistic weighted addition IL* — OWA, is given by

n
L — OWA 1 (Xy, -, X,) = Z A © Xy, (23)
i=1

where the sum is w.r.t. the limited addition and
X, = [V X002 (Xy00)] [V Ky OX,0)D)- (24)

with 4t {01..,n} = 1{01..,n} for j=1,..,4, being permutations such that V(X
X X,x00 X, 1) X,.u00

) 28 (X, i41))s V (X)) £ V(X 5041) and A (X,

i) = VX i), A

7,0 ) <A (Xm,ﬂ)) for anyi =1,..,n-1.

Lemma 4. Let A be a weighting vector. Then, owa, (X, ..., X5)" = owasr(Xy, ..., X,) where A" =
(A e s Ap)

Proof. Straightforward from Proppsition 1 and the fact that 1 —owa, (1 —xy, ... 1 —x,) = owar(xy, ..., Xp).

Theorem 7. Let A be a weighting vector. Then IL* — OWA, = oway, i.c. is the best IL*-representation of
the ordered weighted average operator.

Proof.



L' - OWA ,(Xy, ., Xp)

- Z A © Xy by eq. (23)
i=1
= L*-WA A(Xy(l)l ey Xy(n)) by eq. (2322)
= w’a\A(Xy(l), ,Xy(n)) by Thm. 23226
. . —c —c
= (waA(Xy(l), ey X),(n)),waA(X),(l) Y ,Xy(n) )C) by eq. (2322618)
= (W/a\A(Xy(l), ey X),(n)), W/a\A(X),(l), ey Xy(n))) by Lemma 23226183
= (war (VX)) K@)l [V X my) A (X ,m)],
wa ([V (X504 X))l o [V Xy & (X y)]D) by eq. (2322618324)

= ([war (VX @) VX @) wan (A (X)), A (Xy,m))]

[Wan (VX5 - V Kym)) Wan(a (K,,0), -8 X)) by eq. (23226183245)
= ([war (VX @) VX @) wap (A (X)), A (Xy,m))]

[Wanr(V (<, ), -, V K1) Wans(8 (), 2 (X))
= ([owa (VXy@), -, VX @), owa (A Xy, A (Xym))]

lowat(V (X, 1)), -, V X)), owane(a (X)), A X,@))]) by eq. (232261832456)

= (WA Ky s Xy, OWan O 0y, s Xy ) by eq. (2322618324565)
= (War(Xy, o, Xy), oWaRKG ) o s X)) by Lemma 23226183245654
= owar(Xy, -, Xy). by eq. (2322618324565418)

Corollary 4. " -~ OWA, is an idempotent and symmetric n-ary interval-valued Atanassov’s
intuitionistic aggregation function. In addition, L*—OWA, is bounded, i.e. min <p-IL*-
OWAA <r max

Proof. Straightforward from Theorerzs 7 and 5 and Corollary 3.

5| A Method for Multi-attribute Group Decision Making Based
Interval-Valued Atanassov’s Intuitionistic Decision Matrices

Let E = {ey, ..., €,} be a set of experts, X = {xy, ..., x,} be a finite set of alternatives, and A = {ay, ..., a,}
be a set of attributes or criteria. The decision makers determines a weighting vector W = (wy, ..., w,)"
for the attributes. A method for MAGDM based on IVAIDM is an algorithm which determines a
ranking of the alternatives in X based in the opinion of each expert in E of how much the alternatives
attend each attribute. In particular we consider the case where the evaluation of the experts contains

imprecision and hesitation which is represented by interval-valued Atanassov’s intuitionistic degrees.

We propose the next method (algorithm) to obtain such ranking:

X, W, and for every I =1, ..., m an IL*-valued decision matrix R! of dimension n X p where each position
(i,7) in R, denoted by Rfj, contains the interval-valued Atanassov’s intuitionistic value which reflects how

much the alternative x; attends the attribute (or criterium?) a;.

Arankingr: X — {1, ..., n}, denoting that an alternative x € X is better than an alternative y € X whenever
r(x) < r(y) and when r(x) = r(y) meaning that the method is not able of determine if x is better or worst

alternative than y2.

1 For the case of the cost criteria is considered the usal complement of these interval-valued Atanassov’s intuitionistic values.

2 The most decision making methods admits cases for which the method is unable of discriminate between two different alternatives

which is better.
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Step 1. Aggregate the IVAIDM of all experts in a single IVAIDM RC, for eachi=1,..,nandj=1,..,p,
as follows:

RE; = owap (R, .., RI). 25)

ij/
where A = (A4, ..., A,,) is the following weighting vector:

. 1 1 . m . m
1. Casemiseven: A\, =——+—; foreachi=1,..,—,and A, = A, . foreachi=—+1,..., m.
i 2 i m+1-i 2
m22
1 1

m+1+27i m+1

22 m2 2

m+1

. 1 . . m+l
2. Casemisodd: A; = +o- foreachi=1,.. o and A; = A, .q_; foreach i = -+ 1,..,m.

Table 1. Assesses of expert p;.

R! a ap as W
(10.4,0.8],[0.0,0.1]) ([0.3,0.6],[0.0,0.2]) ([0.2,0.7],[0.2,0.3]) (]0.3,0.4],]0.4,0.5])

A, (10.5,0.7],]0.1,0.2]) ([0.3,0.5],[0.2,0.4]) ([0.4,0.7],[0.0,0.2]) (]0.1,0.2],[0.7,0.8])
(10.5,0.7],]0.2,0.3])  (]0.6,0.8],[0.1,0.2]) ([0.4,0.7],[0.1,0.2]) (]0.6,0.8],[0.0,0.2])

FE is the IVAIDM of consensus of all expert opinionsl.

Step 2. For each alternative x;, with i =1, ..., n, using wayy, determine the collective overall index IL*-value
O; as follows:

Oi = Waw(%%ﬂ, ey Lg?%in). (26)

Step 3. Rank the alternatives by considering a total order on their collective overall index L*-values and
choosing the greatest one. Thus, the output function r: X — {1, ..., n} is defined by r(x;) = j iff O; is the jth
greatest collective overall index. Notice that if two or more alternatives, e.g. X and y, have the same
collective overall index, then r(x) = #(y).

Example 1. Consider the air-condition system selection problem used as example in [62]. This problem
considers three air-condition systems (alternatives) {A;, Ay, As}; four attributes: a; (economical), a,
(function), a3 (being operative) and a4 (longevity); and three experts {p;, pp, p3}. By using statistical methods,
for each expert py, alternative A; and atribute 4; an interval-valued membership degree and an interval-
valued non-membership degree, i.e. an IVAIFV, is provided. These IVAIFV are summarized in the Tables

7, 2and 3 (the same used in [62]). We consider the weighting vector W = (0.2134,0.1707,0.2805,0.3354) for

the attributes® .

Since we have three experts (m = 3), then the weighting vector A is calculated as following:

A —1+ ! + ! 1+1—02918
1723 73.2274.378° 6
A —1+ 1 + 1 —1+1—041€
2702273.22 4.3 4 6
A —1+ ! + ! —1+1—02916_
572373.22 4.3 8 6 T

1Tt is not hard of prove that when n > 1, A is a weighting vector.
21n [62] was considered the weights V = (0.35,0.28,0.46,0.55) which not satisfy the condition that the sums of the weights must be equal

to 1. W is the weighting vector obtained normalizing V' in order to satisfy this condition.



Table 2. Assesses of expert p,.

R? a a a; a,
[0-5,09.0.0,01]) (0-405.003,05) (05,08L,00,0.1]) (040.7,0-1,02]

A, (0.7,08,0.1,02]) ([0.5,0.6,02,0.3]) ([0.5,0.81,[0.0,02]) ([0.5,0.6],[0.3,0.4])
(0.5,0.61,[0.1,04]) ([0.6,0.7],[0.1,0.2]) ([0.4,0.8,(0.1,0.2]) ([0.2,0.6],[0.2,0.3])

Table 3. Assesses of expert p3.

R3 a a, a; a,
(03,090,[0.0,01]) ([02,05,,[0-1,04]) ([0-40.7L0-1,02]) ([0.3,0.6],[0-3,04])

A, (0.3,0.80,[0.1,02]) ([0.5,0.6],(0.1,0.3]) ([0.2,0.8,0.0,02]) ([0.3,0.5],[0.2,0.3])
(0.2,0.61,[0.1,02]) ([0.2,0.6,(0.2,0.3]) ([0.3,0.6],[0.1,03]) ([0.4,0.7],[0.1,0.2])

The Table 4 present the collective reflexive IVIFPR obtained from Tables 1, 2 and 3 by consider the Eg.
25).

The collective overall preference obtained by using the calculation in Eq. (26), is the following:
0O, = ([0.3509555488,0.6721], [0.140916,0.2651]),
0, = ([0.3867014634,0.6262], [0.180441,0.3184]),
O, = ([0.4086795732,0.6848], [0.111192,0.2443]).

Thus, considering this collective overall preference and the total orders shows in section IIL.B, we have
the ranking of the alternatives in the Tabl 5. Therefore, all the ranking obtained with this method, for
the different the orders considered, agree with four of the five ranking obtained in [39], [62], [63], for
this same illustrative example.

Example 2. Consider the investment choice problem used as example in [59], [60]. This problem
considers an investment company which would like to invest a sum of money in the best option among
the following five possible alternatives to invest the money: A; is a car company; A, is a food company;
Aj is a computer company; Ay is an arms company; and As is a TV company. The choice of the best
investmente must be made taking into account the following four benefit criteria: ¢ is the profit ability;
¢, is the growth analysis; c5 is the social-political impact; and ¢, is the enterprise culture. The five possible
alternatives will be evaluated considering the interval-valued intuitionistic fuzzy information given by
three decision makers e, e, and e3, who evaluate how much the alternative satisfies each one of the
criterias. These informations ate summatized in the Tables 6, 7 and § (the same considered in [58], [59],

[60]).
Since, in [59], [60] it was not considered a weight for the criteria, here we consider that all criteria have
the same weight, i.e. we consider W = (0.25,0.25,0.25,0.25). The ranking obtained by using our method

considering the four total orders and the obtained by [59], [60] is summarized in the Table 9.

Table 4. Collective reflexive IVIFPR.

RC ay ay asz day

A, (040871],0.0,01])  ([0.3,053],[0.13,0371])  ([0.371,0.73],[0.1,0.2]) ([0.33,0.571],0.271,0.371])

A, ([0.50771,00.1,02])  [0.4416,0.571],0.171,0.33]) [0.371,0.7711,[0.0,0.2]) [0.3,0.4416],[0.3875,0.4874])

A [0.4125,0.63],0.13,0.3]) ([0.4833,0.7],[0.13,023])  ([0.371,0.7],0.1,0.23]) ([0.4,0.7],]0.1,0.23])
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Table 5. Ranking obtained for the alternatives considering several total orders and the obtained in [62],

[63].
= 3 < [62] [63] (a), (b) and (d) [63] (c)
A3 A3 A3 AS AS AZ
Ay Ay Ay Ay Ay Ay
A, A, A, A, A, As

Table 6. Assesses of expert e;.

R! ap a az ay

A, (04051,0.3,04]) ([0-4,0.6,]02,04]) ([0-1,031,0-5,0.6]) ([0.3,04],[0.3,0.5])
A, (0.6,0.71,[02,03]) ([0.6,0.7,,[0.2,0.3]) ([0.4,0.7,0.1,02]) ([0.5,0.6],[0.1,0.3])
A, (0.6,0.70,[0.1,02]) ([0.5,0.61,[0.3,04]) ([0.5,0.6],[0.1,03]) ([0.4,0.5],[0.2,0.4])
A, (0.3,041,[02,03]) ([0.6,0.7,,[0.1,0.3]) ([0.3,04],[0.1,02]) ([0.3,0.7],(0.1,0.2])
As (0.7,080,[0.1,02]) ([0.3,0.5,(0.1,0.3]) ([0.5,0.6],0.2,03]) ([0.3,0.4],[0.5,0.6])

Table 7. Assesses of expert e,.

R? a a, a; ay

Ay (10.3,0.4],]0.4,0.5]) (]0.5,0.6],[0.1,0.3]) ([0.4,0.5],]0.3,0.4]) (]0.4,0.6],]0.2,0.4])
A, (10.3,0.6],[0.3,0.4]) (]0.4,0.7],[0.1,0.2]) ([0.5,0.6],]0.2,0.3]) ([0.6,0.7],]0.2,0.3])
A, (10.6,0.8],]0.1,0.2]) (]0.5,0.6],[0.1,0.2]) ([0.5,0.7],]0.2,0.3]) ([0.1,0.3],]0.5,0.6])
Ay (10.4,0.5],]0.3,0.5]) (]0.5,0.8],[0.1,0.2]) ([0.2,0.5],]0.3,0.4]) (]0.4,0.7],]0.1,0.2])
Ag (10.6,0.7],]0.2,0.3]) (]0.6,0.7],]0.1,0.2]) (]0.5,0.7],]0.2,0.3]) (]0.6,0.7],]0.1,0.3])

Table 8. Assesses of expert e;.

R3 a ap as ay

A, (10.2,0.5],]0.3,0.4]) (]0.4,0.5],[0.1,0.2]) ([0.3,0.6],]0.2,0.3]) ([0.3,0.7],][0.1,0.3])
A, (10.2,0.7],]0.2,0.3]) (]0.3,0.6],[0.2,0.4]) ([0.4,0.7],]0.1,0.2]) ([0.5,0.8],]0.1,0.2])
A, (10.5,0.6],]0.3,0.4]) (]0.7,0.8],[0.1,0.2]) ([0.5,0.6],]0.2,0.3]) ([0.4,0.5],]0.3,0.4])
A, (10.3,0.6],]0.2,0.4]) (]0.4,0.6],[0.2,0.3]) ([0.1,0.4],]0.3,0.6]) ([0.3,0.7],[0.1,0.2])
Ag (10.6,0.7],{0.1,0.3]) ([0.5,0.6],]0.3,0.4]) (]0.5,0.6],]0.2,0.3]) (]0.5,0.6],]0.2,0.4))

Table 9. Ranking obtained for the alternatives considering several total orders and the obtained in [62].

Proposed Method The methods proposed in [59], [60]

< < < [60] [59]y < 0378  [59]y = 0378 [59]0.378<y < [59]y =1
1

As As A, As Aj Az~As As As

A, Ay As A, As Aj Az~A,

Az Az Az Ay A, A, A,

Ay Ay Ay Ay Ay Ay Ay Ay

Ay Ay Ay A Ay Ay Ay Ay

Thus, making an analysis of these rankings of the alternatives we have that there is an absolute consensus
that the worst alternative is A7 and the second worst alternative is A4. On the other hand, if we consider,
for the other alternatives, the amount of times that an alternative was better ranked than the others (which
is summarized in the Table 10) we can conclude that the more rasonable ranking of the alternatives would
beAs > Ay, > A3 > Ay > Ay

which agrees with the ranking obtained in [60] and also for the proposed method with the orders  and <.

This way of aggregate or fuses many rankings of a set of alternatives corresponds to the ranking fusion
function M2 of [20].



6| Final remarks

This paper proposes a new extension of the OWA and WA operators in the context of interval-valued
intuitionistic fuzzy values, which has as main characteristic by the best L*-representation of the usual
OWA and WA operators. Therefore, when applied to the diagonal elements these new operators have
the same behaviour as the OWA and WA. This paper also extended the notion of interval
representations introduced in [54] for L*-representations, and has introduced a new notion of inclusion
for L*-values which is based in a notion of membership. Besides, we introduced a new total order for

L*-values and provide new extensions of the OWA operator for L and L*-values.

Table 10. Comparing based on the Table 9.

R3 A, Aj As
A, - 5 1
A 3 - 1
A, 7 5 -

We have shown the validity of our theoretical develpments by means of an illustrative decision-making
example. In [32] was introduced an interval-valued Atanassov’s intuitionistic extension of OWA’s where
the weights are assigned by decreasingly ordering the inputs with respect to an admissible order. The
problem with this OWA is that in general it is not increasing with respect to the admissible order. So, as
future work we intend to investigate OWAs on IL* which are increasing with respect to a fixed admissible
order. In addition, based on [17], we will use such OWAs in a method to select the most important
vertice of an Interval-Valued Intuitionistic Fuzzy Graph [7].
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Abstract

The main concept of neutrosophy is that any idea has not only a certain degree of truth but also a degree of falsity and indeterminacy
in its own right. Although thete are many applications of neutrosophy in different disciplines, the incorporation of its logic in education
and psychology is rather scarce compared to other fields. In this study, the Satisfaction with Life Scale was converted into the
neutrosophic form and the results were compated in terms of confirmatory analysis by convolutional neural networks. To sum up,
two different formulas are proposed at the end of the study to determine the validity of any scale in terms of neutrosophy. While the
Lawshe methodology concentrates on the dominating opinions of experts limited by a one-dimensional data space analysis, it should
be advocated that the options can be placed in three-dimensional data space in the neutrosophic analysis. The effect may be negligible
for a small number of items and participants, but it may create enormous changes for a large number of items and participants.
Secondly, the degree of freedom of Lawshe technique is only 1 in 3D space, whereas the degree of freedom of neutrosophical scale is
3, so researchers have to employ three separate parameters of 3D space in neutrosophical scale while a resarcher is restricted in a 1D
space in Lawshe technique in 3D space. The third distinction relates to the analysis of statistics. The Lawhe technical approach focuses
on the experts' ratio of choices, whereas the importance and correlation level of each item for the analysis in neutrosophical logic are
analysed. The fourth relates to the opinion of experts. The Lawshe technique is focused on expert opinions, yet in many ways the
word expert is not defined. In a neutrosophical scale, however, researchers primarily address actual participants in order to understand
whether the item is comprehended or opposed to or is imprecise. In this research, an alternative technique is presented to construct a
valid scale in which the scale first is transformed into a neutrosophical one before being compared using neural networks. It may be
concluded that each measuring scale is used for the desired aim to evaluate how suitable and representative the measurements obtained
are so that it's content validity can be evaluated.

Keywords: Convolutional neural network, Neutrosophic logic, Scale development, Neutrosophic social science, Validity.
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statistical methods such as factor analysis, item analysis, and test analysis, and tests its validity and reliability
with scientific methods [2].

Neutrosophical set is a potent field of study that has shown its efficiency and strength in various
applications. In the meantime, most contributions were theoretical and only validated using mathematical
examples or limited data sets and did not use other applications in general [37]. When the literature is
reviewed, although it has many applications in natural sciences, recent works focus on the applications of
the neutrosophic logic in social sciences [38]. Neutrosophic sets are even more suitable than fuzzy sets to
represent the possible responses to questionnaires. The former enables the individual polled to
communicate their genuine ideas and emotions even more precisely, thanks to the indeterminacy function
of their membership. The benefit of the neutrosophical method is that responders may describe their ideas
and emotions more correctly, since both indeterminacy and an independent membership function of
falsehood are taken into account [39], [40]. In this respect, this research aims to use the application of the
neutrosophic philosophy in social sciences especially in education and assessment and evaluation methods

of scale development.
2| Preliminaries

The numerical properties obtained depending on the group to which a test is applied are generally called
test statistics. Some of the test statistics can be calculated based on item statistics. In general, the test
statistics like the average of the test, the average difficulty of the test, the variance of the test, and other
test statistics are highly useful [3]. Researchers want to show whether there is harmony in an instrument's
responses. Factor analysis is one of the multivariate approaches that social scientists use to validate
psychological aspects. When several independent variables are grouped in a single study, statistical analysis
can become rather challenging. It is often advantageous to group together those variables that are
correlated with one another. Factor analysis is a technique that allows researchers to see whether many
variables can be portrayed as a few factors [4]. Factor analysis seeks to identify some new specific factors
by putting together a small number of factors that aren't connected (a p-dimensional space) [5]. It is
recommended that the scale of the explanatory factor analysis process should be tested through
confirmatory factor analysis [6]. Confirmatory factor analysis could be considered as a way to verify the
validity of factor structures. Using this method, it is attempted to prove that the observed variables are
connected with the hidden variables and hidden variables are connected. To investigate these relationships,

measurement models were built |7].

There are three types of factors for developing a more grounded scale: (i) reliability; (i) validity; and (iii)
sensitivity. Reliability refers to the extent to which a measurement of a phenomenon produces consistent
results as given in Fjg. 7 [8]. Therefore, reliability means consistency or stability. Consistency of any
measurement scale is important for objective scientific research and this concept is related to ‘agreement’,
‘reproducibility’, and ‘repeatability’ of any measurement. The agreement is the closeness of two
measurements made on the same subject as opposed to one another. Reliability includes repeatability.
Repeatability means measuring accurately the same variable again and again for the same circumstances
[9]. A test or measure is said to be reliable if there are always identical results using the same testing
procedure [10]. This means that regardless of how many times the measurement has been taken or by
whom it has been performed, you will always obtain the same value. This means two things: first of all,
you should get the same result each time you use the measure, and secondly, you should use the measure
as many times as possible. This can be an issue in data collection when several people are involved [11].
Reproducibility referred to variations in test results while tests were performed on subjects on different
occasions. The changed circumstances may be due to the use of various methods of measurement or
instruments, measurement by several observers or raters, or measurements during a period in which the
variable's etror-free level may undergo a non-negligible change [9].

Reliability is, therefore, the level of error-free. As the amount of error decreases as a result of measurement,
reliability increases, and as the number of errors increases, reliability decreases. Reliability levels of



measurement tools are determined by reliability analysis. Reliability is best expressed with the reliability
coefficient (r) ranging from 0.00 to +1.00. The closer the reliability coefficient of the measurement tool
is to 1, the higher the reliability, the closer to 0, the lower the reliability [12].

RELIABILITY

CONSISTENCY

AGREEMENT REPRODUCIBILITY REPEATABILITY

Fig. 1. Reliability and its components.

Validity simply means “measure what is intended to be measured” [13]. There are different types of
validity in social sciences (Fig. 2). Face validity is a subjective judgment on the operationalization of a
construct whether it is appropriate, unambiguous, simple, and proper [14]. Content validity refers to
how appropriate and representative the measurements collected are for the desired assessment purpose.
The representativeness criterion may have two definitions. Quantifying the extent of sampling is one of
them. The second is the extent to which items reflect the structures of the whole scale [15]. Construct
is a pattern formed by certain elements that are thought to be related to each other or by the relationships
between them. The construct validity measurement tool shows to what extent it can accurately measure
the structure and concept that it claims to measure [12]. Construct validity refers to how well you
translated or transformed a concept, idea, or behavior that is a construct into a functioning and operating
reality, the operationalization [14]. Construct validity is used when trying to quantify a hypothetical
construct, like fear. Convergent and discriminant validity should be used to determine the validity of a
construct by suggesting that the new measurements are correlated with other measurements of that
construct and that the dimensions proposed are inappropriate to the construct unrelated, respectively
[16]. Discriminant validity is the extent to which latent variable a discriminates from other latent
variables. The Convergent Validity is the degree to which two measurements of a construct are
connected theoretically [14]. The validity of the criterion is also divided into concurrent and predictive
validity, where the validity of the criterion deals with the correlation between the current measurement
and the criterion measurement (such as the gold standard) [16]. Content and construct validity in social
sciences are defined as credibility/internal validity. Internal validity is related to the question of whether
the research findings fit with reality in the external world. Internal validity is determined by
experimenting with specific characteristics and no specific biases. For example, the question of "can we
recognize people by looking at their faces?" can be examined. This question is answered by asking two
more questions. First, is the independent variable the cause of the dependent variable? Second, can other
possible explanations for the relationship between independent variable and dependent be logically
climinated? If the answer to these questions is yes, the researchers can claim that the experiment has
internal validity [17]. Criterion validity is the degree to which it is empirically relevant to the outcome.
This is something that calculates how well one measure predicts another measure. There are three types
of criterion validity namely; concurrent validity, predictive and postdictive validity [14].
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Predictive
validity

Criterion Concurrent
validity validity
Face validity P?/S;ﬁé‘i::\l/ve
Validity
—
Construct validity
validity

Fig. 2. Subtypes of various forms of validity tests.

Convergent
valldlty

Fig. 3. llustrates how reliability and validity are related. In the first target, the shots reached the same spot,
but none were effective in reaching the same point. The second target can be regarded as valid but not
reliable since the points are expanding over the entire place. The third target did not present reliability or
validity, since they hit spread points. The fourth target stands as an indicator of reliability and validity; the
shots landed right in the target center and were consistent, right in the target center [18].

Valid, not reliable .

Valid and reliable

Not valid, not reliable

Not valid, reliable
Fig. 3. Possible combinations of validity and reliability of measurement instruments [18].

Sensitivity is defined as the consensus closeness between randomly selected individual measurements or
results. It is therefore concerned with the variance of repeated measurements. A measurement tool with
low variance is more sensitive than those with a higher variance. For example, as a researcher, one wants
to know what is the smallest sample you can use that will take into consideration the variability in the
dependent measure and yet be sensitive enough to notice a statistically meaningful difference, whether
there is one. Our capacity to distinguish significant differences between groups is defined in patt by the
variability of individuals in our sample and how much variability occurs among them. Therefore, less
variability may contribute to greater sensitivity, and more variability results in less sensitivity [19].

As mentioned above, the key aim of developing questionnaires or scales is to collect correct and
appropriate data. The reliability and validity of scale or questionnaire formats is an important feature of
testing methodology [14]. The reliable and accurate measurement may, in the simplest intuitive terms,
indicate that the current measurement is equal with, or follows, the truth. However, it is often impractical
to require the new measurement to be identical to the truth, either because 1) we accept the measurement
of a tolerable (or acceptable) error or 2) the truth is simply impossible for us (either because it is not



measurable or because it is only measurable with some degree of error) [16]. In this regard, data space
and data range are the important dimensions of developing scales because it also changes the data type,
the logical space of the analysis, methodology, and validity and reliability of the results (Fig. 4).

Validity and Reliability

Analysis

Methodology

Logic Space

Data Type

—

Data range

Data space

Fig. 4. Data space and data range determines the validity and reliability of any scale.

Data space in measurement tools like scale refers to the set of independent options regarding the
particular item of the scale. For example, on any Likert-type scale, the participant can express only one
option, so the data space is 1d, whereas on the neutrosophic scale, there are three independent
dimensions regarding any item as undecided, agree, and disagree.As it can be seen, data space is 1d in
any Likert-type scale and 3d in neutrosophic space and if our measurement tools become more
qualitative, like having items requiring free opinions in a paragraph like choices, it has more dimensions,
even in ideal cases it has infinite dimensions. However, although n-dimensional space is more
appropriate for better valid and reliable results, less dimensional spaces have less vagueness in terms of
the interpretation of the data and they can be more easily statistically handled. Additionally, as the
dimension of space increases, the objectivity of the measurement tool in terms of measuring common
characteristics decreases. The advantage of the 3-dimensional neutrosophic scale is that it both seeks
the agreement, disagreement, and confusion levels of the participants. In daily life, many items are
encountered to give an opinion about them and we are not restricted within a 1-dimensional space where
we can only choose one answer regarding whether we agree, disagree or express uncertainly about a
particular case. However, in the three-dimensional neutrosophic space, participants express both their
agreement and disagreement level as well as the uncertainty in the items or dimensions of the scale.
People sometimes think that they understand a statement, but one word in the statement makes us
uncertain whether it is the "right meaning" intended by the source. Similatly, people sometimes agtree
on some propositions, but just because of the source of the message itself, they also disagree with the
item. Therefore, the neutrosophic scale is different from the classical Likert-type scales in terms of data

space (Fig. 5).

The second important point that distinguishes any measurement tool from each other is the data range.
The range of a set of data is the difference between the highest and lowest values in the set. Likert-type
scales are commonly arranged in terms of data, ranging from 3 point Likert-type scales to 10 point
Likert-type scales. However, the range of the neutrosophic scale is broader than the Likert-type scales.
It includes any rational number in a range between 0 and 100. As a result, neutrosophic scales have
continuous variable types, whereas Likert-type scales have discrete value types in terms of rational
numbers, so data analysis may differ as a result. This can contribute to increasing the sensitivity of the
measurement tool in this respect. This is actually what is called as neutrosophic data in some recent
researches is the piece of information that contains some indeterminacy. Similar to the classical statistics,
it can be classified as [39]:
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”’- — Continuous neutrosophic data, if the values form one or more intervals.
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— Quantitative (numerical) neutrosophic data; for example: a number in the interval [2, 5] (we do not know exactly),
47,52, 67 or 69 (we do not know exactly).

— Qualitative (categorical) neutrosophic data; for example: blue or red (we do not know exactly), white, black or green
or yellow (not knowing exactly).

— The univariate neutrosophic data is a neutrosophic data that consists of observations on a neutrosophic single

attribute.
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Fig. 5. Data space of classical Likert-type scale, neutrosophic scale.

The third important point of any measurement tool is its logic space. Logic space is important because “in
any field of knowledge, each structure is composed from two parts: a space, and a set of axioms (or laws)
acting (governing) on it. If the space, or at least one of its axioms (laws), has some indeterminacy of the
form (t, i, f) # (1, 0, 0), that structure is a (t, i, f)-Neutrosophic Structure” [41]. Thetefore the logic which
is in our focus, Neutrosophic Logic, is an emerging field where each proposition is reckoned to have the
proportion (percentage) of truth in a subset T, the proportion of indeterminacy in a subset I, and the
proportion of falsity in a subset F. A subset of truth (or falsity or indeterminacy) here is considered, rather
than just a number, since in many situations can not be precisely determined the proportions of truth and
falsity but we can only approach them. For example, suppose that a statement (or proposition) is between
32% and 48% true and 59% to 73% false; worse: 32% to 39% or 41 to 52% true (according to various
observers) and 57% or 62% to 71% false. Subsets are not basic intervals but are any set (open or closed or
semi-open/semi-closed intervals, discrete, continuous, intersections or unions of previous sets, etc.)
following the given proposition. The adventure of gaining meaning and mathematical results from
situations of uncertainty was initiated by Zadeh [20]. Fuzzy sets added a new wrinkle to the concept of
classical set theory. Elements of the sets have degrees of belongingness (in other words, membership)
according to the underlying sets. Atanassov defined intuitionistic fuzzy sets including belongingness and
non-belongingness degrees [21], [32]-[34]. Smarandache suggested neutrosophy as a computational
solution to the idea of neutrality [22]. Neutrosophic sets consider belongingness, non-belongingness, and
indeterminacy degrees. Intuitionistic fuzzy sets are defined by the degree of belongingness and non-
belongingness and uncertainty degrees by the 1-(membership degree plus non-membership degree), while
the degree of uncertainty is assessed independently of the degree of belongingness and non-belongingness
in neutrosophic sets. Here, belongingness, non-belongingness, and degree of uncertainty (uncertainty), like
degrees of truth and falsity, can be assessed according to the interpretation of the places to be utilized. This
indicates a difference between the neutrosophic set and the intuitionistic fuzzy set. The definition of
neutrosophy is, in this sense, a potential solution and representation of problems in different fields. Two



detailed and mathematical fundamental differences between relative truth (IFL) and absolute truth (NL)
are as follows:

1. NL can distinguish absolute truth (truth in all possible wotlds, according to Leibniz) from the relative
truth (truth in at least one wotld) because NL (absolute truth) = 1+ while IFL (relative truth) = 1. This
has been practiced in philosophy and linguistics (see the Neutrosophy). The standard interval [0, 1] used
in IFL has been extended to the unitary non-standard interval |~ 0, 17 [ in NL. Parallel distinctiveness
for absolute or relative falsehood and absolute or relative indeterminacy are allowed to consider in NL.

II. There do not exist any limits on T, I, F apart from they ate subsets of |~ 0, 1* [, thus: -0 <inf T + inf]
+inf F<sup T + sup I + sup F <3 *in NL. This permission allows dialetheist, paraconsistent, and
incomplete information to be identified in NL, while these situations impossible to be identified in IFL
since F (falsehood), T (truth), I (indeterminacy) are restricted either to {#7#f=Torto2+£2<1 if T T F are
all reduced to the points t, i, f respectively, ot to sup T#supl+sup F=Iif T T F are subsets of [0, 1] in IFL.

Although there are usually three options in Likert-type scales: agreement, disagreement, and vagueness,
its logic is based on one valued option located on the opposite sides of true and false values. However,
the neutrosophic set has three independent components, giving more freedom for analysis so that it
brings different logical operations as well. Therefore, the methodology of the analysis of the data should
be changed based on the logical structure of the scale. For instance, while factor analysis is used for
classical Likert-type scales, neural networks are more appropriate for the analysis of the data of the
neutrosophic scales. Nevertheless, it should be noted that classical analysis and methods can indeed be
used for neutrosophic scales based on different analysis procedures. To sum up, “a space with an item,
it means an opinion, another element induces another opinion, another element in turn induces another
opinion, and so on. The opinion of each element of the structure must be respected. In this way it
builds a neutrosophic social structure. The result is a very large socio-neutrosophic structure that is
intended to be filtered, evaluated, analyzed by scientific algorithms” [42]. Hence, we can conclude that
the validity and reliability of the measurement tools can change based on the logical structure of the
scale. As a result, in this study, we take The Satisfaction with Life Scale developed by Diener et al. [23]
and adapted in Turkish by Dagli and ve Baysal [24] and convert it into neutrosophic form, compare the
results, and use this analysis to propose new type confirmatory analysis procedures and develop
neutrosophic scales. There are many ways to evaluate and interpret data. Some recent studies reveal
important developments based on the interpretation and effective use of data [42]-[44].

2.1| The Difference between Lawshe Technique and Neutrosophic
Scale

Some argue that the well-known Lawshe technique is very similar to neutrosophic analysis and propose
what is the reason behind the logic of neutrosophic forms. Initially suggested in a seminal 1975 paper
in Lawshe [25], the method of Lawshe was common in various areas including health care, education,
organizational development, personnel psychology, and market research for determining and
quantifying content validity [26], [27].

Lawshe [25] has proposed a quantitative measure to evaluate validity of the content termed as the
Content Validity Ratio (CVR). The validity ratio of content provides information about validity of items.
The approach includes the use of an expert panel to evaluate items based on their relevance to the scale
domain. Each item on a scale is classified as a three-point rating system (1) point is irrelevant, 2) item is
important, but not essential, and 3) item is essential). The percent of experts considering items significant
or essential for the substantive content of the scale is calculated for every element of a CVR. Also a
overall measurement of the validity of the content of the scale may be created. The index is calculated
as a mean of the CVR scores for items [36].

A quantitative criteria is necessary in the Lawshe approach for determining the validity of content. The
Content Validity Index and CVR are the criterion for validity used by experts. In order for each item to
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be included in the Scale, the content validity ratio is an internationally accepted standard. For all finished
items, the Content Validity Index is the average CVR. The CVR should assess whether or not each item is
essential, and the Content Validity Index should identify the relationships between the scale items and scale
. The Content Validity Index is calculated by using the degree of agreement of the experts on the relevance
and clarity of the items. According to CVR values,

— Ifall the experts in the panel answered "not necessary” for any item, that item is completely unnecessary.

— If all of the experts on the panel gave the answer "useful but not necessary” for any item, that item is significantly
necessary.

— If the number of experts who give the answer "required” for any item is more than half, it can be commented that
the item has a certain validity value, and the validity value of the item will increase as the number of experts who give

the answer "required” increases [35].

First of all, the main difference between those two techniques is in their data space. Although there are
three choices in the Lawshe technique for each item as an a-Essential? b-Useful but not essential? Why? c-
Not necessary? Why, while membership in neutrosophic logic is very similar to Truth T, indeterminacy I,
and falsity F, their dimensions are different from each other because there is only one option regarding
each item, which corresponds to one-dimensional data space, but there are three independent data spaces
in the neutrosophic form where each data represents a different. According to this, whether all participants
agree that the information or ability that has been tested is necessary, or whether none says it is relevant,
we are sure that the component has been added or omitted. If there is no majority, the dilemma emerges.

There are two hypotheses, both compatible with existing psychophysical principles [28].

— Every item for which more than half of the experts consider any item to be "essential” has content validity.

— The wider the extent or degree of its validity is the more experts (above 50 percent) who view an item as "essential.”

Therefore, the Lawshe technique focuses on the dominant opinions of the experts which are restricted by
one-dimensional data space so that it might hide their indeterminacy or disagreement because they are
weak compared to the other options. It should be pointed out that altough Lawshe technique is not strictly
restricted by the one dimensional options for experts because it also take their suggestions, in the statistical
analysis process it focuses on only one options. For a small number of items, the effect of this can be
negligible, but for a huge number of items, it can make huge differences.

There is one parameter in the Lawshe technique. Researcher can only choose one option among agreement,
disagreement, and indeterminacy based on his/her dominant view. Hence it is actually a 1d dimensional
function in a 3-dimensional space. There are three parameters in the Neutrosophic scale. A researcher must
choose three options among agreement, disagreement, and indeterminacy. Hence it is actually a 3d
dimensional function in a 3-dimensional space. Therefore, the degtree of freedom of the Lawshe technique
is 1 in 3-d space whereas the degree of freedom of the neutrosophic scale is 3, that is, a researcher is
restricted in 1-d space in 3d space of possibilities in Lawshe technique whereas researchers must use three

independent parameters of 3d space in neutrosophic scale (Fig. 6).
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Fig. 6. The difference between the space and parameters of the Lawshe technique with neutrosophic

scale.

a) There is one parameter in the Lawshe technique. The analysis focus on one option among agreement,
disagreement and indeterminacy based on the dominant view. Hence it is actually a 1d function in 3d
space b) there are three parameters in the Neutrosophic scale. The analysis focuses on three options
among agreement, disagreement and indeterminacy. Therefore, it is a 3D function in the 3D space.

Therefore, for the participation of a huge number of researchers, the dominant view of the researcher
restricted within 1d space in the Lawshe technique may dismiss the other two parameters that cannot
be ignored in the actual case. These hidden variables can lead to huge differences especially in the case
of the analysis of the options of a huge number of participants and even this cannot be realized.
However, in neutrosophic logic, it is impossible to dismiss three parameters since the researchers must
give their opinions on them (Fg. 7).

The second difference is related to the data range. The Lawshe technique is limited by discrete data that
can be manipulated with qualitative comments. Although qualitative comments make the item better, in
terms of generalizability we may not be confident that the item is suitable for its content. Opinions of
the experts may indicate different content, but the understanding of common participants may indicate
different content in this respect.

The third difference is related to statistical analysis. In the Lawshe technique, it is focused on the ratio
of decisions of the experts, whereas in the neutrosophic logic we focus on the importance and
correlation level of each item for the analysis. In the Lawshe technique, there is no distinction between
the importance level and correlation, so it means that the item that is seen as important by experts might
not be correlated with the content in the actual applications (g &). In daily life, we wonder about
particular features and we seek them in particular sets, but the items of the set can be seen as important
but are not relevant to what we want to seek. For example, we may meet a close relative whom we have
not seen in a long time and look for him/her in a specific location, and the individuals resembling our
relative are important to us, but the importance is diminished when we discover that there is no
correlation between the actual close relative and the similar person resembling him/her.
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Fig. 7. There is no hidden variable in the neutrosophic technique but there are hidden variables in
the Lawshe technique.

Actually Sartre's vivid description [29] regarding his hypothetical appointment with Pierre can be given as
a more explicit example for the importance and correlation as follows:

I have an appointment with Pierre at four o'clock. I arrive at the cafe a quarter of an hour late. Pierre is
always punctual. Will he have waited for me? I look at the room, the patrons, and I say, "he is not here."
Is there an intuition of Pierre's absence, or does negation indeed enter in only with judgment? At first sight
it seems absurd to speak here of intuition since to be exact there could not be an intuition of nothing and
since the absence of Pierre is this nothing.....

Similarly Pierre's actual presence in a place which I do not know is also a plenitude of being. We seem to
have found fullness everywhere. But we must observe that in perception there is always the construction
of a figure on a ground. No one object, no group of objects is especially designed to be organized as
specifically either ground or figure; all depends on the direction of my attention. When 1 enter this cafe to
search for Plerre, there is formed a synthetic organization of all the objects in the cafe, on the ground of
which Pierre is given as about to appear. This organization of the cafe as the ground is an original nihilation.
Each element of the setting, a person, a table, a chair, attempts to isolate itself, to lift itself upon the ground
constituted by the totality of the other objects, only to fall back once more into the undifferentiation of
this ground; it melts into the ground. For the ground is that which is seen only in addition, that which is
the object of a purely marginal attention. Thus the original nihilation of all the figures which appear and
are swallowed up in the total neutrality of a ground is the necessary condition for the appearance of the
principle figure, which is here the person of Pierre. This nihilation is given to my intuition; i am witness to
the successive disappearance of all the objects which i look at-in particular of the faces, which detain me
for an instant (could this be Pierre?) and which as quickly decompose precisely because they "are not" the



face of Pierre. Nevertheless, if i should finally discover Pierre, my intuition would be filled by a solid
element, i should be suddenly arrested by his face and the whole cafe would organize itself around him
as a discrete presence.

VALIDITY

IMPORTANCE CORRELATION

Fig. 8. There is a distinction between the concept of importance and correlation in neutrosophic logic.

Therefore, when experts make a decision, there is no clear distinction between their decision-making

process in terms of importance or correlation.

The fourth one is related to expert opinion. Lawshe technique focuses on expert opinion, but the term
expert is not clear in many respects. For example, if somebody studies a novel concept that has not been
studied previously, how an expert decides whether the item is suitable or not besides deciding on its
grammar or meaning. Furthermore, we need different experts for decision-making about the suitability
of the item, but the ratio of those experts shouldn’t be equal in the proportion of the decision-making
process. For example, on some scales, the opinion of a psychologist might be more important than the
other experts and their contribution should vary by this. However, in the neutrosophic scales, we mainly
aim at the real participants so that we can understand to the extent whether the item is understood or

objected or vague.
3| Methodology

In the methodology, first, the items of the Satisfaction with Life Scale were converted into the
neutrosophic form where each item has three independent components referring to the agreement,
disagreement, and indeterminacy. However, to compare the neutrosophic scale, the classical scale were
also used as well. Secondly, each item of neutrosophic scale were analyzed in terms of classical scale in
terms of neural networks and Spearman correlation constant. In the second part of the study, the
Neutrosophic Life Satisfaction Scale were analyzed in terms of whole structure for confirmatory factor
analysis. Finally, the decision-making formula were created to decide to remove or keep the items on
the neutrosophic scale (Fig. 9).

In this analysis varl refers to the variable number and a (such as varla) stands for agreement b stands
for indeterminacy and c refers to disagreement. In the neural network analysis for the study, for the level
of the analysis of each item, the input variables are three sub-items of each item on the neutrosophic
scale and the output variable is each classical scale. Similarly, for the whole structure for confirmatory
factor analysis, the input variables are all the items on the neutrosophic scale and output variables are
the classical items of the classical scale. The activation function both for the hidden and output layer
was chosen as the sigmoid function. The number of hidden layers in each analysis was chosen to be two
(Fig. 10). Criteria training=batch optimization=gradientdescent was chosen as the criterion. In the
analysis of the data, independent variable importance analysis was used.
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Fig. 9. The procedure for the development of neutrosophic scale.

Agreement  Variable a

%N 5
SEOSRO s

Indeterminacy  Variable b : ;' ,“3&{__ () Classical variable
Disagreement  Variable ¢ “\\. m_\. utput layer
nput layer

Hidden layer Hidden layer
Fig. 10. The general structure of the Convolutional Neural Network (CNN) we used in this study is a
three-layer neural network with three input neurons, two hidden layers of four neurons each, and one
output layer [30].

Independent variable importance analysis performs a sensitivity analysis, which computes the importance
of each predictor in determining the neural network. The importance of an independent variable is a
measure of how much the network’s model-predicted value varies with different values of the independent
variable. Normalized importance is just the importance values that are grouped by and represented as
percentages of importance values. In another words, the importance of an independent variable is a
measure of how much the network's model-predicted value changes for different values of the independent
variable. Normalized importance is simply the importance values divided by the largest importance values
and expressed as percentages. However, it should be underlined that you cannot tell is the “direction” of
the relationship between these variables and the predicted probability of default” [31], [41]. The importance
chart is simply a bar chart of the values in the importance table, sorted in descending value of importance.
It allows to guess that a larger amount of debt indicates a greater likelihood of default, but to be sure, you
would need to use a model with more easily interpretable parameters [41]. Therefore, the spearman
correlations between the variables are examined to see the direction and relationship of the items to decide
whether they are suitable or not.

3.1| Measurement Tools

In this study, the satisfaction with Life Scale adapted into Turkish by Dagli and ve Baysal [24] which was
developed by Diener et al. [23] was converted into the neutrosophic form and the results were compared
in terms of confirmatory analysis by convolutional neural networks. One might ask why an adapted version
of a scale was chosen rather than adapting or developing a new scale in the neutrosophic form. The first
reason for this is that the method based on neutrosophic logic is a very new one so that in more grounded



levels it must be tested rather than directly using it to assess and develop scales. Secondly, the
neutrosophic form could be compared with the classical one and infer the advantageous and
disadvantageous sides of the neutrosophic scale in terms of its different aspects. Thirdly, this study is
aimed at conducting confirmatory analysis so that a particular measurement tool must be used to assess
whether the neutrosophic form can be used for the analysis. In classical confirmatory analysis, similar
measurement tools can be used to analyze this, but in this article, the main aim is to use the neutrosophic
form to conduct confirmatory analysis.

4| Findings
In this section, we give our findings.

4.1| Analysis of Neutrosophic Life Satisfaction Scale in terms of Reliability
Before using the neutrosophic scale it can be wondered about its reliability before comparing it with the
classical one. Cronbach's Alpha constant can be used for the neutrosophic scale. Howevert, it should be

noted that Cronbach's Alpha constant should be used three times for three independent factors as given
in Table 1 below.

Table 1. Cronbach's Alpha constant for three dimensions.

Cronbach's Alpha Constant  Variables

0.863 VAR1la VAR2a VAR3a VAR4a VARb5a
0.777 VAR1b VAR2b VAR3b VAR4b VAR5b
0.792 VAR1c VAR2c VAR3c VAR4c VAR5c

Results show that our neutrosophic scale is also reliable which also supports the reliability of the classical
scale because Cronbach's Alpha constant is an acceptable level for three dimensions.

4.2| Analysis of Neutrosophic Life Satisfaction Scale in terms of Items of Validity

According to Spearman’s tho correlation coefficient, classical variable 1 has a high positive significant
correlation with varla which is related to the agreeing level of the participants and it has an average level
negative significant level of correlation variable 1c which is related to the disagreeing level of the
participants. Both correlations can be related to the points of a participant who has either a high level
of life satisfaction or not. Besides, no correlation between vagueness and classical items shows that there
is no indeterminacy about this item.

Table 2. Correlation among neutrosophic item 1 and classical item 1.

VARla VAR1b VARIc

VARI1 Correlation Coefficient 0.678" -0.022 0417
Sig. (2-tailed) 0.000 0.768 0.000
N 189 189 189

Neural network analysis of the items reveals that participants with positive life satisfaction for item 1a
contribute 100% to classical variable 1 and participants with negative life satisfaction for item 1c
contribute 26.4% to classical variable 1. This might be related to the differentiation of the number of
participants having high-level life satisfaction and a low level of life satisfaction. However, it should be
noted that the vagueness of this item is 57.5% implies that there is a moderate level of confusion about
this article either because of meaning or the usage of the words or some unknown parameters, although
there is no correlation between varlb and classical variable.
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Table 3. Independent variable importance for classical item 1 in terms of neutrosophic items.

Independent Variable Importance

Importance Normalized Importance
VARla  (.544 100,0%
VARIb 0313 57,5%
VARIc  0.143 26,4%

According to Spearman's rho correlation coefficient, classical variable 2a has a significant positive
correlation with var2a, which is related to the participants' agreeing level, and variable 2¢ has a negative
significant low level of cotrelation, which is related to the participants' disagreeing level. Both cortelations
can be related to the points of participants who have either a high level of life satisfaction or not. Besides,

no correlation between vagueness and classical items shows that there is no indeterminacy about this item.

Table 4. Correlation among neutrosophic item 2 and classical item 2.

VAR2a VAR2b VAR2c
VAR2 Correlation Coefficient 0.732*  0.120 -0.277

Sig. (2-tailed) 0.000  0.099  0.000
N 189 189 189

Neural network analysis of the items reveals that participants with positive life satisfaction for item 2a
contribute 100% to classical variable 2 and participants with negative life satisfaction for item 2c contribute
26.6% to classical variable 2. This might be related to the differentiation of the number of participants
having high-level life satisfaction and a low level of life satisfaction. However, it should be noted that the
vagueness of this item is 31.7% implies that there is a weak level of confusion about this article either
because of meaning or the usage of the words or some unknown parameters, although there is no
correlation between varlb and classical variable.

Table 5. Independent variable importance for classical item 2 in terms of neutrosophic items.

Independent Variable Importance

Importance Normalized Importance
VAR2a  0.632 100,0%
VAR2b  0.200 31,7%
VAR2c  0.168 26,6%

According to Spearman’s rho correlation coefficient classical variable 3 has a moderate positive significant
correlation with var3a which is related to the agreeing level of the participants and it has a negative
significant moderate level of correlation which is related to the disagreeing level of the participants. Both
correlations can be related to the points of participants who have either a high level of life satisfaction or
not. However, the weak level of significant correlation between vagueness and classical item shows that
there is an indeterminacy about this item.



Table 6. Correlation among neutrosophic item 3 and classical item 3.

VAR3a VAR3b VAR3c
VAR3 Correlation Coefficient 0.474%  -0.178° -0.430*

Sig. (2-tailed) 0.000  0.014 0.000
N 189 189 189

According to the results of the neural network analysis for the items, participants with positive life
satisfaction for item 3a have a 100% contribution to classical variable 3, while participants with negative
life satisfaction for item 3c have a 38, 0% contribution to classical variable 3. This might be related to
the differentiation of the number of participants having high-level life satisfaction and a low level of life
satisfaction. However, it should be noted that the vagueness of this item 3c, which is 21,7%, implies that
there is a weak level of confusion about this article either because of meaning or the usage of the words
or some unknown parameters. It should be noted that there is also a weak level significant correlation
between item 3b and item 3.

Table 7. Independent variable importance for classical item 3 in terms of neutrosophic items.

Independent Variable Importance

Importance  Normalized Importance

VAR3a  0.626 100,0%
VAR3b  0.136 21,7%
VAR3c 0.238 38,0%

According to Spearman’s rho correlation coefficient classical variable 4 has a high-level significant
correlation with var4a which is related to agreeing on the level of the participants and it has a negative
moderate level significant correlation which is related to the disagreeing level of the participants. Both
correlations can be related to the points of participants who have either a high level of life satisfaction
or not. Besides, no correlation between vagueness and classical items shows that there is no
indeterminacy about this item (Table §).

Table 8. Correlation among neutrosophic item 4 and classical item 4.

VAR4a VAR4b VAR4c

VAR4 Correlation Coefficient 0.715%  -0.115 _0.475*
Sig. (2-tailed) 0.000  0.115 0.000
N 189 189 189

Neural network analysis of the items reveals that participants with positive life satisfaction for item 4a
contribute 95.8% to classical variable 4 and participants with negative life satisfaction for item 4c
contribute 100.0% to classical variable 4. This might be related to the differentiation of the number of
participants having high-level life satisfaction and a low level of life satisfaction. However, it should be
noted that the vagueness of this item 4c is 27,0%, implies that there is a weak level of confusion about
this article either because of meaning or the usage of the words or some unknown parameters, although
there is no correlation between variable 4b and classical variable (Table 9).
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Table 9. Independent variable importance for classical item 4 in terms of neutrosophic items.

Independent Variable Importance

Importance Normalized Importance
VAR4a  0.430 95,8%
VAR4b  0.121 27,0%
VAR4c  0.449 100,0%

According to Spearman’s rho correlation coefficient classical variable 5 has a high level of positive
significant correlation with var5a which is related to the agreeing level of the participants and it has a weak
level of negative significant correlation which is related to the disagreeing level of the participants. Both
correlations can be related to the points of participants who have either a high level of life satisfaction or
not. Besides, there is a weak level significant correlation between variable 5 and variable 5b. Therefore, the
weak level significant correlation between vagueness and classical item shows that there is an indeterminacy
about this item (Table 10).

Table 10. Cotrelation among neutrosophic item 5 and classical item 5.

VAR5a VAR5b VARS5c
VAR5 Correlation Coefficient 0.706™ 0.149* -0.347*
Sig. (2-tailed) 0.000  0.040  0.000
N 189 189 189

The results of the neural network analysis for the items show that participants with positive life satisfaction
for item 5a have a 100% contribution to the classical variable 4 and participants with negative life
satisfaction for item 5c have an 84.2% contribution to the classical variable 4. This might be related to the
differentiation of the number of participants having high-level life satisfaction and a low level of life
satisfaction. However, it should be noted that the vagueness of this item 4c is 39,6%, implies that there is
a weak level of confusion about this article either because of the meaning of the usage of the words or

some unknown parameters (Table 17).

Table 11. Correlation among neutrosophic item 5 and classical item 5.

Independent Variable Importance

Importance Normalized Importance

VARSa ) 447 100,0%
VARSb ) 177 39.,6%
VARSe () 376 84,29

4.3| Analysis of Neutrosophic Life Satisfaction Scale in terms of whole Structure
for Confirmatory Factor Analysis

Neural network analysis results for two scales can be given as follows. It seems that variable 2 and variable
5 might be problematic when considering the overall contribution of the items for the whole scale since
variable ...b items are related to the vagueness of the participants. (Table 12).



Table 12. Independent variable importance for the whole scales.

[/

Independent Variable Importance

Importance Normalized Importance J. Fuzzy. Bi. Appl
VAR5c 0.162 100.00% S
VAR2a 0.133 82.30% 278
VAR5a (.121 74.70%
VAR3a 0.1 61.50%
VARIc 0.096 59.30%
VAR2b 0.09 55.70%
VAR5b 0.083 51.10%
VAR4a 0.075 46.60%
VAR3c 0.035 21.50%
VARIla 0.032 20.00%
VAR2c 0.022 13.30%
VAR4b 0.018 11.20%
VAR4c 0.015 9.00%
VARIDb 0.013 7.80%

VAR3b 0.005 2.90%

5| Discussion and Conclusion

Content validity refers to how appropriate and representative the measurements collected are for the
desired assessment purpose. Content validity refers to how appropriate and representative the
measurements obtained are for the desired assessment purpose. The representativeness criterion may
have two definitions. Quantifying the extent of sampling is one of them. The second is the extent to
which items reflect the structures of the whole scale [15]. In this regard, the most obviating factor in
determining whether an item should be removed or not is to use the participants' vagueness choices for
each item. In this respect, we have two kinds of variables to formalize our decision-making as correlation
constant and importance level. If the decision function is labelled as d where r stands for correlation

constant and I stands for importance level, the function for decision making can be written as like this:

Duran et al. |J. Fuzzy. Ext. Appl. 2(3) (2021) 262-282

D=RxL @

The interpretation of this formula can be givenin Table 7. It should be noted that the correlation constant
is the absolute value of r as |R].

Table 13. The interpretation of the formula D=R*I.

The Interpretation of The Interpretation of Decision Criteria for Accepting or Rejecting
The Correlation The Importance Level The Item where 0<cc<1
Coefficient (r)
Decision=[correlation coefficient for vagueness
(r)]*[Importance level for vagueness]

Very weak correlation or Very weak importance level  if (0<cc<20, item acceptable

no correlation if r <0.2 if <20%

Weak correlation between  Weak importance level if  20<cc<40, item acceptable

0.2-0.4 20%-40%

A moderate correlation Moderate importance level  if  40<cc<60, the item should be modified or
between 0.4-0.6 40%-60% removed

The high correlation High importance level if  60<cc<80, the item should be modified or
between 0.6-0.8 60%-80% removed

If r>0.8, it is interpreted 1f 80%>, it is interpreted if  80<cc=100, the item should be removed
that there is a very high that there is a very high

correlation importance level
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The formula 5.1 can be applied for the findings of the items of the neutrosophic Life Satisfaction Scale
for confirmatory analysis. Let’s look at our findings based on item levels with the Eg. (7) as given in Table
74. The results show that this scale is valid because all the items are at an acceptable level.

Table 14. Application of the Eq. (1) for each item.

Importance Level (i) Correlation Constant (r) Decision Result (d=i*r)

Varl 57.5 0.22 12.65 Acceptable
Var2 31.7 0.12 3.804 Acceptable
Var3 21.7 0.178 3.8626 Acceptable
Vard 27 0.115 3.105 Acceptable
Var5 39 0.149 5.811 Acceptable

In Table 11, independent variable importance for the whole scale shows that variable 2 and variable 5 might
be problematic when considering the overall contribution of the items for the whole scale since variable
...b items are related to the vagueness of the participants. However, formula 4.1 shows that although the
importance level is high, it is not significant, so that all the items on the scale are valid. Finally, one might
ask that if the item related to vagueness is only focused on, why do we need the other two items regarding
agreement and disagreement ? Although on this scale such a conflict is not seen, this data can be used to
evaluate the validity and reliability of the scale. For instance, if both agreement and disagreement items
have a similar sign to the target item, it can be concluded that this item is also problematic because it
reflects both agreement and disagreement at the same time, implying that there is confusion about it for
determining the aimed question. Let label that the correlation of agreement item is o and the correlation
of disagreement item is £ since these items are opposite to each other their correlation should naturally be
opposite to each other so that a#f=-1. If a#f=+1 it can be concluded that there is a contradiction in this
item. If the Eq. (7) is modified for these values where 77is the importance level of the first item and 12 is
the importance level of the second item as follows:

i1 *ax ix* B)/100= d. 2

Because we don't want to deal with huge numbers in all the importance levels 100 and correlations 1 or-1,
the multiplication is divided by 100 simply by scaling the value into a more simple form.Let apply the rule
of our correlation constants in the finding section for each item in Table 3. An opposite sign indicates that
our data is consistent. Otherwise, the effect of the correlations can be examined and evaluated to be

whether the item should be removed or not just as in the classification given in Table 13.

Table 15. Decision matrix evaluating the consistency of the items in
terms of agreement and disagreement items of the neutrosophic scale.

i A iz B iy ¥*a* i* B Decision
Variable 1 100  0.678 264 -0.417 -7.4639664  Acceptable

Variable 2 100  0.732  26.6 -0.277 -5.3935224  Acceptable
Variable 3 100 0.474 38 -0.430  -7.74516 Acceptable
Variable 4 958 0.715 100 -0.475 -32.536075  Acceptable
Variable 5 100  0.706 84.2 -0.347 -20.6274844 Acceptable

5.1| Future Directions

A neutrosophic scale can be used to confirm the reliability of the classical one because the neutrosophic
scale is just an extended form of the classical one. The results show that our neutrosophic scale is also
reliable, which also supportts the reliability of the classical scale because Cronbach's Alpha constant is an
acceptable level for three dimensions. In this respect, it can be understood the Agreement dimension of
reliability because the classical scale can be extended into the neutrosophic one and assess the closeness of



two measurements made on the same subject as opposed to one another. The repeatability of the scale
can be also assessed because the same variable can be measured again and again for the same
circumstances [9]. The reproducibility of the scale can be also tested because the variations in test results

can also be tested while tests are performed on subjects on different occasions.

Validity simply means "measure what is intended to be measured” [13]. To decide whether a scale is
valid or not, its validity can be compared by comparing similar scales or decisions based on expert
opinion can be made. In this study, it is offered an alternative method for developing a valid scale where
tirst the scale is converted into a neutrosophic one and then they are compared through neural networks.
It can be inferred that any scale to assess how appropriate and representative the measurements collected
are for the desired assessment purpose so that its content validity can be evaluated. It can bee can
understood how well a concept, idea, or behavior is translated or transformed that is a construct into a
functioning and operating reality, the operationalization [14] on any scale so that its construct validity
can be understood. This method can also be used for criterion validity because how well one measure
predicts another measure can also be calculated.

This research is limited by Three-Valued Logic but it can be extended higher n-valued logics as well. It
is limited by classical statistics such as correlation or neural networks but neutrosophic statistics can be
also used or the whole data. It is limited by investigating the validity in terms of neutrosophy but this
research can be extended into more broader concepts in education. Additionally, more sophisticated

formulas can be also developed for subsequent analysis.
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Abstract

A Quadripartitioned Neutrosophic Pythagorean (QNP) set is a powerful general format framework that generalizes the
concept of Quadripartitioned Neutrosophic Sets and Neutrosophic Pythagorean Sets. In this paper, we apply the notion
of quadripartitioned Neutrosophic Pythagorean sets to Lie algebras. We develop the concept of QNP Lie subalgebras
and QNP Lie ideals. We describe some interesting results of QNP Lie ideals.
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1 | Introduction

@®Licensee Journal | The concept of Lie groups was first introduced by Sophus Lie in nineteenth century through his
of Fuzzy Extensionand | studies in geometry and integration methods for differential equations. Lie algebras were also

Applications. Thisarticle | 4;.vered by him when he attempted to classify certain smooth subgroups of a general lincar group.
is an open access article . . . . . . . . .
The importance of Lie algebras in mathematics and physics has become increasingly evident in recent

distributed under the

terms and conditions of years. In mathematics, Lie theory remains a robust tool for studying differential equations, special
the Creative Commons functions and perturbation theory. It’s noted that Lie theory has applications not only in mathematics
Attribution (CC BY) and physics but also in diverse fields like continuum mechanics, cosmology and life sciences. Lie
license algebra has been utilized by electrical engineers, mainly within the mobile robot control [5].

(http://creativecommons.

org/licenses/by/4.0). Lie algebra has also been accustomed solve the problems of computer vision. Fuzzy structures

are related to theoretical soft computing, especially Lie algebras and their different classifications,
have numerous applications to the spectroscopy of molecules, atoms and nuclei. One amongst the
key concepts within the applying of Lie algebraic method in physics is that of spectrum generating
algebras and their associated dynamic symmetries. The most important advancements within the
fascinating world of fuzzy sets started with the work of renowned scientist Zulqarnain et al. [14] with

new directions and ideas.
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Wang et al. [0] defined SVN sets as a generalization of fuzzy sets and intuitionistic fuzzy sets [4].
Algebraic structures have a major place with vast applications in various disciplines.

Neutrosophic set has been applied to algebraic structures. Fuzzification of Lie algebras has been
discussed in [1]—[3]. The idea of single valued neutrosophic Lie algebra was investigated by Akram et al.
[7]. Quadtipartitioned Neutrosophic Set and its properties were introduced by Smarandache [12].
During this case, indeterminacy is split into two components: contradiction and ignorance membership
function. The Quadripartitioned Neutrosophic Set is a particular case of Refined Neutrosophic Set.
Smarandache [12] extended the Neutrosophic Set to refined [n-valued] neutrosophic set, and to refined
neutrosophic logic, and to refined neutrosophic probability, i.e. the truth value T is refined/split into
types of sub-truths such as T1, T2, ..., similarly indeterminacy I is refined/split into types of sub-
indeterminacies 11, 12, ..., and the falschood F is refined/split into sub-falsehood F1, F2 ...

We’ve now extended our research during this Pentapartitioned neutrosophic set as a space. Also we
introduced the concept of Penta partitioned neutrosophic Pythagorean set [8]-[14] and establish
variety of its properties in our previous work. During this paper, we apply the notion of
Quadripartitioned Neutrosophic Pythagorean (QNP) sets to Lie algebras.

In this paper, we develop the concepts of QNP Lie subalgebras and investigated some of its properties.

Furthermore, we have also studied the concept of QNP Lie ideals. We describe some interesting results
of QNP Lie ideals.

2| Preliminaries

Lie algebra [1] is a vector space L over a field I (equal to R or C) on which L XL — L denoted
by (x, y) — [X, y] is defined satisfying the following axioms:

(L1) [x, y] is bilinear,

(12) [x, x] = 0 for all x €L,

L3) [[x, ¥, 2] + [[y, 2], x] + [[ x], y] = O for all x, y, z EL (Jacobi identity).

Throughout this paper, L is a Lie algebra and F is a field. We note that the multiplication

in a Lie algebra is not associative, i.c., it is not true in general that [[x, y], z] = [, [y, z]]. But it

is anti commutative, i.e., [x, y] = —[y, x]. A subspace H of LL closed under [ =, * ] will be called a
Lie subalgebra.

A fuzzy set u: L — [0, 1] is called a fuzzy Lie ideal [1] of L if

L u(x +y)>minfux), u(yv)},
L pfax) > p(x),
0L u(lx yl) = u(x),

hold for all x, y EL and a€F.
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Definition 1. [9]. Let R be a space of points (objects). A QNP set on a non-empty R is characterized by
truth membership function Al: R — [0, 1], contradiction membership function A2: R— [0, 1], ighorance
membership function A4: R — [0, 1] and false membership function A5: R — [0, 1].

Thus, R = { <r, Al(1) ,A2( 1), A4 (1),A5(1)>} satisfies with the following conditions A1+A2+A4+A5<
2, A1 + A5 < 1,A2+A4 < 1.Here A1,A2, A4, A5 are dependent neutrosophic components.

Definition 2. [7]. An SVN set N = (TN, IN, FN) on Lie algebra L is called an SVN Lie subalgebra if the

following conditions are satisfied:
1. IN(x +y) > min(TN(x), IN(y)), IN(x + y) > min(IN(x), IN(y)) and FN(x + y) < max(FN(x), FN(y)),
1II. TN{ax) > TN(x), IN(ax) > IN{(x) and FN{x) < FN(x),

L TN ([x, y]) > min {TIN(x), TN(y)}, IN ([x, y]) > min {IN(x), IN(y)} and EN ({x, y]) < max {FN(x), FN(y)/ for all x, y
€L and a€F.

Definition 3. [7]. A SVN set N = (TN, IN, FN) onL is called an SVN Lie ideal if it satisfies the Conditions
(1), (II) and the following additional condition:

Single-valued Neutrosophic Lie algebras
IV. TN(/x, y]) > TN(x), IN([x, y]) > IN(x) and FN([x, y]) < FN{(x)
for all x, y €L.

From Condition (2) it follows that:

V. TN(0) > TN(x), IN(0) > IN(x), EN(0) < EN{(x),
VL. TN (=x) > TN(x), IN (-x) > IN(x), EN (-x) < EN(X).

3 | Quadripartitioned Neutrosophic Pythagorean Lie Subalgebra
We define here QNP Lie subalgebras and QNP Lie ideal.

Definition 4. A QNP set R = (Alg, A2z, Adg, AS5g) on is called a QNP Lie subalgebra £ if the following

conditions are satisfied:
1. Alr(a+b)> min (Alr(a),AIR (D)), A2r(a+b)>min(A2r (a), A2r (b)), A4R (a + b) < max (A4 (a), A4R
(b)), A5k (a + b)< max (A5k (a), A5k (b)),
II. AIr@Ba)= Alr(a),A2r{Ba)= A2k (a), A4r Pa)< A4 R (a)and A5 g (Ba)< A5k (a).
1I1. Alr({a b])> min (Alr(a), Al r (b)), A2k ([a, b]) > min (A2 (a), A2r (b)), A4 R (/a, b]) < max (A4 r (a), A4
R (b)), A5k (la, b]) < max (A5k (a), A5k (b)).
Forall a, be ¥ ande &.

Definition 5. A QNP set R = (A1 g, A2 g, A3r, A4 g,A5 g on L is called an QNP Lie ideal if it satisfies
the following Conditions (I) and (II) and the following additional conditions:

1V. Al r(fa b))> Alr(a),A2r ([a b])> A2Rr (a), A4dR ([a, b]) < A4 R (a), A5R ([a, b]) < A5R (a),
From (1), it follows that:

V. Alr (0)> AlRr(a), A2r (0)> A2R (a), A4r (0) < A4 R (a)and A5 (0) < A5R (a),
VL AlRr(-a)> AlRr(a) A2R(-a)> A2k (a), A4R(-a)< A4 R (a)and A5k (-a)< A5R (a).

Proposition 1. Every QNP Lie ideal is a QNP Lie subalgebra.



We note here that the converse of the above proposition does not hold in general as it can be seen in

the following example. ”’-

Example 1. Consider 7= R. Let ¥ =R® ={(a, b, ¢):a, b, c€ R } be the set of all three dimensional real
vectors which forms a QNP Lie algebra and define
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RIx R > R

[a,b] @ axDb,

Wherte x is the usual cross product. We define an QNP set R = (Alg, A2g, Adg, A5r):R° — [0,1] x [0,1]
x [0,1] x [0,1] by

( 1, fa=b=c=0,
Alr(a,b,0)=403, ifa #0,b=c=0,
\ 0, otherwise

( 1, ifa=b=c=0,
A2Rr(a,b,0)={0.2, ifa #0,b=c=0,
N 0, otherwise

( 0, ifa=b=c=0,
Adr(a,b,0)={03, ifa #0,b=c=0,
N 1, otherwise

( 0, ifa=b=c=0,
A5Rr(a,b,c)=40.5, ifa #0,b=c=0.

N 1, otherwise

Then R = (Alg, A2g, Adg, A5g) is an QNP Lie subalgebra of % but R = (Alg, A2r, A4r, A5g) is not
an QNP Lie ideal of & since

Alr ([1,0,0) (1,1,1)]) = Alg (0,-1,1) =0,

A2k ([1,0,0) 1,1,1)]) = A2& (0,-1,1) =0,

Radha and Arul Mary |J. Fuzzy. Ext. Appl. 2(3) (2021) 283-296

Adg ([1,0,0) (L1D)]) = AdR (0,-1,1) =1,

A5x ([1,0,0) (LLD)]) = A5& (0,-1,1) =1,

AlR (1,0,0) =02, A2 g (1,0,0) = 0.3, Ad g (1,0,0) = 0.3, A5 & (1,0,0) = 0.5.
That is,

Al g ([1,0,0) (1,1,1)]) # Al (1,0,0),

A2 ([1,0,0) (1,L,1)]) # A2 & (1,0,0),

A4 ([1,0,0) (1,L1)]) £ Ad g (1,0,0),

A5 & ([1,0,0) (1,1,1)]) £ A5 & (1,0,0).
Proposition 2. If R is an QNP Lie ideal of ., then

I. AlIr(@)=Alr(a) A2r(0)> A2r (a), A4R (0)< A4r (a)and A5k (0)< A5k (a),
II. Alg(/a b])> max {Alr (a), Alr (b))},
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II1. AZ2r([la, b])> max (A2 (a), A2r (b)},

Iv. A4 ([a, b]) < min {A4R (a), A4k (b)),

V. A5R([a, b]) < min {A5R (a), A5k (b)),
VI AIR([a b]) =AlRrR(-[b a]) = Al ([b, a]),
VIL A2r([a, b]) =A2r (- [b, a]) = A2r ([b, a]),
VIIL. A4Rr([a b]) =A4r (- [b, a]) = A4 R ([b, a]),
IX. A5r ([a, b)) =A5r (- [b, a]) = A5k ([b, a]).

Foralla,b € &£ .
Proof. The proof follows from Definition 5.

Proposition 3. If /R;:i € ]} is a family of QNP Lie algebra of Z, then M Ri= (A Al m/A A2rRVA4RVAS rj)
is an QNP Lie ideal of - where,

A Algi (@) =inf {A Alri(a):ie], ae £},

A A2gi(a) =inf{A A2ri(a):ie], ae L},

VA4rRi(a) =sup {V Adri(a):ie], ae £},

V A5ri(a) =sup {V ASri(a):ie], ae L},
Proof. The proof follows from Definition 5.

Definition 6. Let R = (Alg, A2k, A4g, A5g) be an QNP Lie subalgebra of £ and let @,8,0,9)[0,1] X
[0,1] X [0,1] X [0,1] with @ + f+ 0 + 9 < 2. Then level subset of R is defined as

R@FOD) ={ ge £: Al(a) > a ,A2(a) > B, Ad(a) < 5,A5(a) < 9},

are called (@, 8, , 0,9 )level subsets of QNP set R. The set of all (@, 8,6, 8) € Im(Alr) X Im(A2x) X Im(A4R)
X Im(A5R) such that @ + f + 0 + 9 < 2 is known as image of R = (Alg, A2r, A4g, ASg).

Note:
R@BO®) = {a e Z: Al(a) > a ,A2(a) > B, A4(a) < 5 ,A5(a) < 9},

RO =fae X Al (a)>a} N {ae Z:A2a)> Bl N {ae Z:A4(a) <0} N{ae Z: A5(a) <
3,

R@BOY) = U (Al (a),0) N U’(A2(a), B) N ) N Lr( A 4(a),5) N L”(A5(a),9).

Theorem 1. An QNP set R = (Alg, A2r, Adg, A5g) of < is an QNP lie ideal of & iff R@FO9is 2 QNP
Lie ideal of Z for every (@,B,7,06,9)[0,1] X [0,1] X [0,1] X [0,1] witha + B+ 0+ 9 <3.

Proposition 4. Let R = (Alg, A2g, A4r, A5g) be an QNP Lie ideal of £ and (t1, s1, w1, v1), (t2, s2, uz, v2)
€ Im(ATR) X Im(A2r) X Im(A4g) X Im(A5g) with ri+ si+ ui +vi< 3 for i = 1,2. Then "% =
L) i and only if (1, s1, ul, v1) = (12, s2, u2, v2)

Theorem 2. Let Ky K 1CK, CK;......... CK ; = L be a chain of QNP Lie ideals of a QNP Lie algebra
Z. Then there exists an QNP ideal Al g of Z for which level subsets U (Al (a),a), U'(A2(a), B)
,L7( A 4(a), 5) and 1.”(A5(),9) coincide with this chain.



Proof. Let { nc k =0,1,2....n}, {sk =0,1,....n} , {urk=0,1,2...n} and {v: k = 0,1,2...n} be finite
decreasing and increasing sequences in [0,1]. Let Let R = (Alg, A2g, A4g, AS5g) be a QNP set in &
defined by Al r(Ko) = r0, A2r(K0) = s 0, A4rK0) = uo, AS5rRK o) = v, Al KK 1) = 11, A2r(K
1\1( 1,1) =Sy, A4 R(K]\I( 1,1) =u 1,A5 R(I<1\I< 1,1) =Vl for 0 <l < n. Let a, be ¥.1fa ,bEI<1\1< 11, then

a +b, Ba, [a,b] EK;

Alg (a+b) = 1= min {Alr (), Alr (b)},

A2 (a+b) =5 =min {A2r (a), A2r (b)},

A4y (a+b) <up=max {Adg (), Adg (b))},

A5g (a+ b) < v = max {A5x (a), A5r (b)},

Alr (@a) == Alg (a), A2r (@ta) = s .= A2x (a),
Adr (@a) S ui= Adg (a), A5 (@a) < v .= A5g (),
Al ([a,b]) = 1= Al (a), A2r (ja, b]) = s « = A2 (),

A4 ([a,b]) S ur=Adg (@), A5x ([a, b]) < vi= A5 ().

For i> j,ifae Ki\Kijand b€ K; \ K1, then AlR(a) =r;= A1R(b), AZR(a) =5;

A4y (2) = uj= A4g (b), A5r (a) = vj = A5 (b) and a +b, aa, [a, b] € K 1. Thus

Alr (a+b)=r;=min {Alg (2), Alr (b)},

A2 (a+ b) = si= min {A2r (a), A2r ()},

A4 (a+b) <uj=max {Adr (a), Adr b)),

A5k (a+ b) < vij=max {A5r (), A5& (b)},

Alr (@a) = ri= Al (2), A2r (@a) = si= A2 (a),

Adr (@a) < uj= Adg (a), A5 (@) < vj= A5r (a),

Alr ([, b]) = 1= Alg (2), A2 ([a, b]) = s 1= A2 (a),

A4R([a, b]) < uj:A4R(a),A5R([a, b]) SV]ZASR(ZL).

Thus, we conclude that R = (Alg, A2r, A4gr, A5g) is a QNP Lie ideal of a QNP Lie algebra . and all

its non-empty level subsets are QNP Lie ideals.

Since Im (A1r) = {to, t1,f 2..oostn }, Im (A2R) = {S 0,51, 8 2.8 },

= A2y (b),

Im (A4r) = {uog,ur,uz....;un }, Im (A58) = {vo,v1,V2.....vq }, level subsets of R forms chains:

U(@Alr,t) CUALR,t1)C ....CU Algr,r) =1L,

[0k (AZR,S()) c U’(AZR,S 1) cC ...cw (AZR, Sn) =1,

{17
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L” (AS5k,v0) CL’A5k,v1) C ....C Lr(A5p, v = L.
Respectively. Indeed

U@Alr,t0)={a€ L:Alr (@) =10} = K,

U (A2r,s0) = {a€ L: A2r (a) = s} = Ky,

L’ (Adr,ug)={a€ L:Adr (a) S uo} = Ky,

L” (ASr,vo)={a€ L:AS5r (@) < v} =K.
We prove that UALr,t1) = U'(A2r,s1) = D’(Adr,u) =L’A5r,v) =K ifor0<1<n.
Cleatly, K\ €U(Alg, 1), KI€ U(A2R,s1), KI€ L’(Ad4r,u), KIE L”(A5r, v)).
If a EUATRr, 1)), then Alr (a) = r1and fora & K, forj > 1. Hence Alr(a) € {ro, r112.....01 §,

Which implies a € ;for some j < 1. Since K ;€ Ky, it follows that a € K| .Consequently, U (Alr,r)) = K

| for some 0 <1 < n.
Ifa€ U (A2r,s1), then A2g (a) = siand fora € K, forj > 1. Hence A2r(a) € {s0,S1,52.---,51 |,

Which implies a € K for some j < 1. Since K ;€ K ,it follows that a € K| .Consequently, U(A2x, s 1)
=K for some 0 <I < n.

Ifa € I’(A4r,u), then A4g (a) < ujand fora & K i, ,for m > 1. Hence A4g(a) € {uo,uu....,u1},

Quadripartitioned neutrosophic pythagorean Lie subalgebra

Which implies a € K 1, for some m < 1. Since K nC K| ,it follows that a € K .
Consequently, I (A4r ,u)) = K| for some 0 <I < n.
Ifa € L”(A5R ,v1),then A5k (a) < viand fora & K, ,for m > 1. Hence A5gr(a) € {vo,Viva.....,v1 },
Which implies 2 € K 1, for some m < 1. Since K € K} ,it follows thata € K.
Consequently, L”(A5r , v 1) = K for some 0 <l < n. This completes the proof.
Theorem 3. If R = (Alg, A2g, Adg, A5g) is an QNP Lie ideal of a QNP Lie algebra &, then
Alg (a) = sup {r € [0,1] \ a € UAlx, 1)},
A2g (a) = sup {s € [0,1] \ a € U’(A2r, s)},
A4 g (2) =inf {u€ [0,1] \ a € L’(Ad4r, u)},
A5r () =inf {v€ [0,1] \ a €EUA5R,V)},

for everyae Z.



Proof. The proof follows from Definition 5.

Definition 7. Let f be a map from a set £1 to a set £ 2 If R = (Alg, A2r, Adg, A5r) and

R = (Alg, A2, Adg, A5g) ate QNP sets in Z7 and £, respectively, then the preimage of R2 under f,

denoted by f~1(R2), is a QNP set defined by

FTIR2) = (F~ YAl ), f ™ HA2R0),f~ L (Adr),f~ (A5 ko).

Theorem 4. Let f : Z1— #> be an onto homomorphisms of Lie algebras. If R = (Alg, A2r, A4, A5r)
is a QNP Lie ideal of £5, then the preimage

FIR2) = (f (Al r),f ™ L(A2R0),f ™ 1 (Adro),f ~ L(A5r2)) under fis a QNP Lie ideal of £; .
Proof. The proof follows from Definitions 5 and 7.

Theorem 5. Let f: Z1— #> be an epimorphisms of QNP Lie algebras. If R = (Algr, A2g, Adg, ASg) is
a QNP Lie ideal of #», then the preimage f~}((R1)¢) = (f~1(R1))¢

Proof. The proof follows from Definitions 5 and 7.

Theotem 6. Let £ : Z1— Z2 be an epimorphisms of QNP Lie algebras. If R = (Algr, A2g, A4r, A5g) is
a QNP Lie ideal of Z> and R = (Algr, A2g, Adg, A5g) is the preimage of R = (Algr, A2g, Adg, A5r)
under f. Then R2 is a QNP Lie ideal of Z1.

Proof. The proof follows from Definitions 5 and 7.

Definition 8. Let #1and Z2 be two QNP Lie algebras and f be a mapping of Z7into L2 IfR =
(Algr, A2g, Adg, A5g) is a QNP set of £y, then the image of R1 under fis the QNP set in L defined by

SUP 1) Algi (a), if f71(b) 20,
0, otherwise

A1) = |

o1
FA2 1)) = {supaef_l (b)Ale (a), iff "(b) %0,
0, otherwise

1, otherwise

inf,c¢14,)ASri(a), if 7 l(b) #0,

-1
A () = {1 foer1p)Adr1(a), if £77(b) # 0,
{ 1, otherwise

f(AS R1) (b =

for each be & »

Theorem 7. Let f :. 21— .£> be an epimorphisms of QNP Lie algebras. If R = (Alg, A2r, A4r, A5g) is
a QNP Lie ideal of #1, then f(R1) is a QNP Lie ideal of #.

Proof. The proof follows from Definitions 5 and §.
Definition 9. Let f : #1— #> be an homomorphisms of QNP Lie algebras, For any QNP set, If R =

(Alr, A2r, Adr, A5g) is a QNP Lie ideal of #5 we define a PNP set Rf = (A1k, A2k, A4k, A5L)in 21
by

{17
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Al (a) = Alr (f(2), A2k (a) = A2k (f(a)), Adk(a) = A4 (f(a)), ASL(a) = ASR (f(a)), foralla € Z;.

I Lemma 1. Let f :L1— %> be an homomorphisms of QNP Lie algebras, If R = (Alg, A2r, A4r, A5g) isa
J- Puzzy. B Ayl QNP Lie ideal of %, then Rf = (A1§, A2%, A4k, A5 ) is a QNP Lie ideal in % .

291 Proof. Leta,b € Fand f € 7. Then

Alf (a +b) = Al (f(a + b)) = Alx (f(2) + (b)) = min{ Alr (f(2)), Alx (f(b))} = min{Alk(a),
AlR(b)},

A2% (a + b) = A2 (fla + b)) = A2 (f(a) + (b)) = min{ A2x (f(a)), A2x (f(b))} = min{A2%
(@), A2 (b)),

A4§ (a+b) = Adg (f(a + b)) = Adr (f(a) + f(b)) < min{ A4r (f(a)), Adr (f(b))} = min {A4§(a),
A4 ()},

A5 (a+b) = ASx (f(a + b)) = A5g (f(a) + f(b)) < min{ A5g (f(a)), A5& (f(b))} = min{A5(a),
A5 (b)},

Al (Ba) = Al (f(Ba)) = Alx (Bf(2)) = Al (f(2)) = Alk(a),
A2k (Ba) = A2x (f(Ba)) = A2x (Bf(@) = A2x (f(a) = A2R(a),
A4k (Ba) = Adr (f(Ba)) = Adr (Bf(2)) < Adr (fa) = Adk(a),
A5 (Ba) = A5 (f(Ba)) = A5k (Bf(a)) < A5k (f(a)) = A5L(a).

Similarly,

Quadripartitioned neutrosophic pythagorean Lie subalgebra

AR (Ja, b)) = Alr (fla, b)) = Al ([ f@), fb]) = Al r (Fa)) = Al&(a),
A% ([a, bl) = A2 (f([a,b]) = A2k ([f(), {B)]) = A2k (f2)) = A2} (a),
A4L ([a, b)) = A4 (f([a, b]) = A4 (f(a), fB)]) < Adr (f@) = AdR(),
A5 ([a, b]) = A5k (f([a, b)) = A5 ([f@), fb)]) < A5 (f()) = A5k (a).
This proves that Rf = (A1}, A2}, A4f, A5),)is a QNP Lie ideal in Z .
We now characterize the QNP Lie ideals of Lie algebras.

Theorem 8. Let f: #1— %> be an epimorphisms of QNP Lie algebras. Then Rf = (A1, A2£, A4£, A5£ )
is a QNP Lie ideal in & iff R = (Alg, A2g, Adr, A5r)is a QNP Lie ideal of Z.

Definition 10. Let R = (Alg, A2r, Adg, A5r) be a QNP Lie ideal in .#. Define a inductively a sequences
of QNP Lie ideals in & by R°=R R! =/R°, R’/ R?> =/R},R?],....R"= [R"1,R"}].

R" is called the n th detived QNP Lie ideal of . A series R® 2 R' 2 R?2...2R" D -+

is called derived series of 2 QNP Lie ideal R in .Z.



Definition 11. A QNP Lie ideal R in is called a solvable QNP Lie ideal, if there exists a positive integer

n such that R 2 R 2 R? 2....2 R"=(0,0,0) ”’-

Theorem 9. Homomorphic images of solvable QNP Lie ideals are solvable QNP Lie ideals.

Proof. Let f :L;— #2 be homomorphisms of QNP Lie algebras. Suppose that R = (Alg, A2g, Adg, 292
A5) is a QNP Lie ideal of ;. We prove by induction on n that fR") 2 [f(R)]", where n is any positive
integer. First we claim that f([R, A])2 [f(R ), f( R)]. Let y € %. Then
f(<<Algr,Alr>>)(y) = sup {<<Alg, Alr>>y)\f(x) =y}
= sup{sup{min(Alr(a), Alr(b))\a,b € Z,[a, b] = x, f(x) = y}}
= sup{min(Alr(@), Alr())\a, b € Z,,[a, b] = x, f(x) = y}}
= sup{min(A1lr(a), Alr(b))\a,b € £, [f(a), f(b)] = x}
= sup{min(A1r(@), Alr(b))\a,b € Z,f(a) = u, f(b) = v,[u, v] = y}}
2sup {min(Sup g1y Al (@), min(SuPpep-14,)Alr(b)\[u, v] =y}
= sup{min{f(A1 r)(W),f(AL )W)\ [u, v] =y}
= <<f(Alg), f(A1r)>>(y),
f(<K<A2gr, A2g>>)(y) = sup { <<A2g, A2r>>{)\f(x) =y}
= sup{sup{min(A2r(a), A2r(b))\a, b € Z},[a, b] = x, f(x) = y}}
= sup{min(A2 r(a), A2x(b))\a, b € Z}, [a, b] = x, f(x) = y}}

= sup{min(A2r(a), A2r(b))\a, b € £, [f(a), f{(b)] = x}

Radha and Arul Mary |J. Fuzzy. Ext. Appl. 2(3) (2021) 283-296

= sup{min(A2 r(a), A2r(b))\a, b € 7 ,f@a) = u, f(b) = v,[u, v] = y}}
sup {min(Sup p-1) A2 R(@), Min(suPpee1qy) A2rRM\[u, v] = v}
= sup {min {f(A2 r)(),f(A2 ) (V))\[u, v] = v}
= <<f(A2y), f(A2ZR)>>(y),
f(<<Adr , Ad>>)(y) = inf { <<Ad g, Adx>>F)\fx) = v}
= inf{inf{max(Adr(@), A4r®)\a, b € Lq,[a, b] = x, f(x) = y}}
= inf{max(A4 r(@), A4 r(b))\a, b € Ly,[a, b] = x, f(x) = y}}
= inf {max(A4r(), A4r(b)\a, b € Ly,[f(a), f(b)] = x}
= inf{max(A4 r(), A4r(b)\a, b € L1,f(a) = u, fb) = v,[u, v] = y}}

<inf{max(inf,ef1(y) Adr(a), min(infpee-1yy) A4rb)\[u, v] = v}
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= inf{max {f(A4 r)(w),f{A4 )W)\ [u, v] = y}
= <<f(A4v), f(A4R)>>(y),
f(<<AS5w , A5r>>)(y) = inf { <<A5g, A5r>>(y)\f(x) = v}
= inf{inf{max(A5 r(2), A5r(b))\a, b € Ly,[a, b] = x, f(x) = y}}
= inf{max(A5r(a), A5r(b))\a, b € Ly,[a, b] = x, f(x) = y}}
= inf {max(A5r(2), A5r(b))\a, b € Ly,[f(a), f(b)] = x}
= inf{max(A5 (), A5r(b))\a, b € Lq,f(a) = u, f(b) = v,[u, v] = y}}
<inf{max(infye-1¢y) A5 (@), min(infy 1., A5r(b)\[u, v] = v}
= inf{max {f(A5 r)(),f(A5 ) (V))\[u, V] = y}
= <<f(A5), f(A5R)>>(y).
Thus (R, R]) 2 f(<<A,A>>) 2 <<f(R), f(R)>> = [f(R), f(R)].
Now for n> 1, we get f(R™)= f([R™1,R™"1]) 2 [f(R1), {(R™1)].
This completes the proof

Definition 12. Let R = (A1, A2g, A4r,A5Rr) be a QNP Lie ideal in .#. We define a inductively a sequences
Of QNP Lie ideals in g by RO: R Rl :[R R()], RZ: m, Rl] . Rn :m, Rn—l]'

A setiesRg 2R; 2R, 2...2R, 2 -
is called descending central series of a QNP Lie ideal R in Z.

Definition 13. An QNP Lie ideal R is called a nilpotent QNP Lie ideal in & , if there exists a positive
integer n such that Ry 2 Ry 2 R, 2...2 R, =(0,00).

Theorem 10. Homomorphic image of a nilpotent QNP Lie ideal is a nilpotent QNP Lie ideal.

Proof. It is obvious

Theorem 14. Let K be a QNP Lie ideal of a QNP Lie algebra . If R = (Alg, A2r, Adr,A5R) is a QNP
Lie ideal of &, then the QNP set *R = (*Al g, *A2 g, *A4 g ,*A5y) of & /K defined by

*Alr(a + K) = supyexAlg(a + x),
*A2r(a + K) = supycxA2g(a + x),
*Adgr(a + K) =inf, g Adg(a + x),
*A5g(a + K) =inf, cx ASr(a + X),

is a QNP Lie ideal of the quotient QNP Lie algebra & /K of & with respect to K.



Proof. Cleatly,*R is defined. Let x + K,y + K e £/ K. Then

*Alp(x + K) + (v + K) = *Al r((x + y) + K)
= SupzeKAlR((X +y)+ Z),

= Supz:s+teKA1R((X +y)+(s+ t)),
> supg exMin{Alg(x +s), Alg(y + t)},
= min { supgeg AlR(X + 8),sUp e AlR(y + 1)},
= minf{* Alg(x + s),* Alg(y + t)},
FATrB(x + K) = *Alr(Bx + K) = supex Alr(BX + 2) 2 sup g Alr(x + 2)=*Al r(x + K).
*Alr([x + K, *Alr(a + K) =sup,xAlr(a + x),
y + KJ) = *Alr(x, y] + K) = sup,ecAlr([x, y] + 2) > sup e Alr([x, y] + 2)=*Al r(x + K).

Thus *Al g is a PNP Lie ideal of £/ K. In a similar way, we can verify that *A2g, *Ad4rand *A5r
PNP Lie ideals of - /K. Hence *R = (*Al g, *A2 g, ¥*Adg ,*A5 ) is 2 QNP Lie ideal of & /K.

Theotem 15. Let K be a QNP Lie ideal of a QNP Lie algebra £, Then thete is a one-to=one
correspondence between the set of QNP Lie ideals R = (Al g, A2r, Adr,A5Rr) of Zsuch that R(0) =
A(s) for all s € K and the set of all QNP Lie ideals *R = (*Al g, *A2r, *A4r,*A5R) of Z /K.

Proof. Let R = (A1 R, A2 R, A4R ,A5 R) be QNP Lie ideal of .#. Using Theorem 3.27, we prove that

*A1R, *A2 R, *A4R *A5 R defined by
*AlR(a + K) =sup,cxAl R(a + x),
*A2R(a + K) = sup,exA2 R(a + x),
*A4R(a + K) = inf A4 R(a + ),
*A5R(a + K) =inf, g A5 R(a + ),

are QNP Lie ideals of . /K. Since A1R(0) = A1 R(s), A2 R(0) = A2 R(s),
A4R(0) = A4 R(s), A5 R(0) = A5 R(s) for all s € K,
A1R(@ + s) = min(A1 R(a), Al R(s)) = Al R(a),
A2R(a + s) = min(A2 R(a), A2 R(s)) = A2 R(a),
A4R(@ + s) < max(A4 R(a), A4 R(s)) = A4 R(a),
A5R(a + 5) < min(A5 R(a), A5 R(s)) = A5 R(a).

Again,
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A1R(@) = AlR(@a + s - s) = min(Al R@a + s), A1 R(s)) = Al Ra + s),
A2 R(a) = A2R(a + s - 5) = min(A2 R(a + s), A2 R(s)) = A2 R(a + s),
A4 R(2) = A4R(a + s - s) < max(A4 R(a + s), A4 R(s)) = A4 R(a + s),
A5 R(2) = A5R(a + s - 5) < max(A5 R(a + 5), A5 R(s) = A5 Ra + s).

Thus R(a + s) = R(a) for all s € K. Hence the correspondence R — *R is one- to -one. Let *R be a QNP
Lie ideal of .2 / K and define a PNP set R = (A1 R, A2 R, A4R ,A5 R) in & by

Al R(2) = * A1R(@@ +K),A2 R(a) = * A2 R(a +K), A4 R(a) = * A4 R(a +K), A5 R(a) = * A5 R(a +K).
For ab€ &, we have

AlR(a + b) = *A1 R((a + b) +K) = * A1 R((a +K) + (b + K)),

>min{*Al R@ + K), *A1 R(b + K)} ,

=min { A1 R@a), Al R(b)},
A1 R(Ba) = * AIR(Ba +K) = * A1 R@a +K) = Al R(a),
A1R(a, b)) = * Al R(fa,b] +K) = * A1 R(fa + K, b + K]),
> * AlR(a +K) = A1 R(a).

Thus Al Ris a QNP lie ideal of .Z. In a similar way, we can verify that A2 R, A4 R and A5R are QNP
Lie ideals of Z. Hence R = (A1 R, A2 R, A4R ,A5 R) is a QNP Lie ideal of Z.

Note that A1 R(a) = * A1R(a +K),A2 R(a) = * A2 R(a +K), A4 R(a) = * A4 R(a +K), A5 R(a) = * A5R(a
+K).

This completes the proof.

4| Conclusion

In this article, we have discussed above QNP Lie subalgebra and QNP Lie ideals of a QNP Lie Algebra.
We have also investigated some of its properties of Quadripartitioned Neutrosophic Pythagorean Lie
ideals. In future, we are planned to study on Lie rings. We may also develop for heptapartitioned
neutrosophic sets and other hybrid sets.
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Abstract

We present the notion of Pythagorean Fuzzy Weak Bi-Ideals (PFWBI) and interval valued Pythagorean fuzzy weak bi-

ideals of I'-near-rings and studies some of its properties. We present the notion of interval valued Pythagorean fuzzy

weak bi-ideal and establish some of its properties. We study interval valued Pythagorean fuzzy weak bi-ideals of I'-near-

ring using homomorphism.
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Introduction

Zadeh [26] defined Fuzzy Set (FS) to deal with uncertainty. Atanassov [2] presented the notion of
Intuitionistic FS (IFS) and studied some of its properties. Later, Yager [24], [25] defined and studied
the properties of Pythagorean Fuzzy Set (PFS) and also used PES to solve Multi-Criteria Decision-
Making (MCDM) problems. Booth [3] presented the properties of I'-near-rings. Chinnadurai and
Kadalarasi [7] studied the near-ring properties of Fuzzy Weak Bi-Ideals (FWBI). Chinnadurai et al.
[4],[5] studied the I'-near-rings characterization of fuzzy weak bi-ideal and interval-valued fuzzy weak
bi-ideal. Later, Chinnadurai et al. [6] discussed the I'-near-rings properties of interval-valued fuzzy
ideals.

Akram [1] established the properties of fuzzy lie algebras. Kim and Kim [13] studied the near-rings
concept of fuzzy ideals. Kaviyarasu et al. [10]-[12] studied the different type of ideals in INK- algebras.
Jun et al. [9] presented the notion of fuzzy ideals and studied their properties in I'-near-rings.
Manikantan [14] defined and studied some of the near-rings properties of fuzzy bi-ideals.
Meenakumari and Chelvam [15] presented the I'-near-ringsproperties of fuzzy bi-ideals. Narayanan
and Manikatan [16] introduced the near-rings notions of fuzzy subnear-ring, fuzzy ideal, and fuzzy
quasi-ideal.
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Pilz [17] introduced the concept of anti fuzzy soft gamma rings and studied their properties. Rao and
Swaminathan [20] presented the notion of anti-homomorphism between two fuzzy rings and established
its properties. Rao and Venkateswarlu [21] studied the properties of anti fuzzy ideal and pre-image of
fuzzy ideal. Satyanarayana [18] dealt with the theory of near-rings. Salah Abou-Zaid [19] studied fuzzy
ideals of a near-ring. Chelvam and Meenakumari [22] obtained the characterization for gamma near-
fields. Thillaigovindan et al. [23] introduced the notion of generalized T-fuzzy bi-ideals of a gamma-
semigroup. Cho et al. [8] presented the notion of bi-ideals in near-rings and used it in near-fields.

We introduce the notion of Pythagorean fuzzy weak bi-ideal of I'-near-rings and interval valued
Pythagorean fuzzy weak bi-ideal of I'-near-rings. We discuss and present some properties of
homomorphism of Pythagorean fuzzy weak bi-ideal and homomorphism of an interval valued
Pythagorean fuzzy weak bi-ideal in gamma near-ring.

2| Preliminaries

Definition 1. [16]. A fuzzy set w of a I'-near-ring M is called a fuzzy left (resp. right) ideal of M if

L 7(k=1) = min{n(k), n(l)}, for allk,l € M,
II. nly+x-y)=n(x),forallx,y €M,
III.  m(ua(x +v) — uav) > ni(x), (resp. n(xau) > n(x)) for allx,u,ve M anda €I .

Definition 2. [15]. A fuzzy set T of M is called a fuzzy bi-ideal of M if

I 7m(x—vy) = min{n(x), n(y)} for all x,y € M,
II.  m(xaypz) = min{n(x), n(z)} for all x,y,z€e Mand a, B €T

Definition 3. [2]. An intuitionistic fuzzy set A is a nonempty set X'is an object having the form A =
{x,(mta(x), 94(x)): x € X} where the functions 1t4 - X — [0,1] and 9, - X — [0,1] define the degree of
membership and non-membership of the element x € X to the set A, which is a subset of Xrespectively
0 <ma(x) +94(x) <1 we use the simple A = (114,9,) .

Definition 4. [25]. A Pythagorean fuzzy subset P is a nonempty set Xis an object having the form P =
{(x, mp(x), Op(x))/x € X}, where the functions mp: X — [0,1] and 9p: X — [0,1] denote the degree of
membership and non membership of each element x € X to the set P, respectively, and 0 < (1p(x))? +
(9p(x))* <1 for all xe X. For the sake of simplicity, for the Pythagorean fuzzy subset P =
{(x, 7tp(x), 9p(x)) /x € X

3| Pythagorean Fuzzy Weak Bi-Ideals of I'near Ring

In this section, we initiate the notion of Pythagorean fuzzy weak bi-ideal of M and discuss some of its
properties.

Definition 4. A subgroup W of (M, +) is said to be a weak bi-ideal of M if WITWI'W C W.

Definition 5. A Pythagorean fuzzy setP = (np, 9p) of M is called a Pythagorean fuzzy weak bi-ideal of
M, it

I mp(x —y) > min{np(x), np(y)}.
IL. Sp(x —y) < max{9p(x), Sp(y)}.
I mtp(xyyyz) = min{mp(x), 7p(y), mp(z)}.
IV. Sp(xyyyz) < max{Sp(x),9p(y), 9p(2)} forallx,y,ze M anda,f€T.
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Example 1. Let M = {w, x, y, z} be a nonempty set with binary operation * + "and I' = {y’} be a nonempty

”’- set of binary operations as the following tables:
i

- Ww x y z
299 Xx w zy
Yy z

Z 7

W X

X W

~

and

Y w

W w

Hoox

X w
Yw xy 2z

Zw Xy z

Letmp : M — [0,1] be a Pythagorean fuzzy subset defined by mtp(w) = 0.7, tp(x) = 0.6, tp(y) = 7tp(z) = 0.5.
and Ip(w) = 0.3,9p(x) = 0.5, 9p(y) = 0.8 = 9p(z). Then P = (1tp, p) is a Pythagorean fuzzy weak bi-ideal
of M.

Theorem 1. Let P = (1tp, 9p) be a Pythagorean fuzzy subgroup of M. Then P = (rtp, 9p) is a Pythagorean
fuzzy weak bi-ideal of M if and only if 7tp % 7p * mp C 71p and Ip * 9p * Ip 2 Ip.

Proof. Assume that P = (7tp, 9p) be a Pythagorean fuzzy weak bi-ideal of M. Let x,y,2,11,¥, € M and
a,B €I such that x = yaz and y = y,8y,. Then

(Ttp * Ttp * Ttp)(X) = sup {min{(1tp * Tp)(y), Tip(2)}}
X=yaz

Pythagorean fuzzy weak bi-ideals of I'- near ring

sup {min{ sup min{np(y;), p(y2)}, p(2)}}
x=yaz y=y1By2

sup sup {min{min{rp(y;), p(y2)}, Tp(2)}}
X=yazy=yipys

sup {min{roy), To(y), 7o),

x=y1pyzaz
since 7p is a fuzzy weak bi-ideal of M,
Tp(y1By202) = min{rip(y1), Tp(y2), Tp(2)}

< sup Tp(y1Pyq20z)
x=y1pyzaz

= Tip (X)
And

(Sp x Jp * Ip)(x) = Xif}}gz{min{(sp * 3p)(y), Sp(2)}},

= inf {max{ in

z R f min{dp(y1), Sp(y2)}, Sp(2)}}
X=yaz y=y1By2



= inf sup {max{max{3p(y1), 9p(y2)}, ¥p(2)}}
XY Zy—y1Bys

= infLmax{Sp2), 96(r2), 350,

x=y1py20z
since 9p is a fuzzy weak bi-ideal of M,
Ip(y1By20z) < max{dp(y1), 9p(y2), ¥p(2)}

> inf dp(yiByr0z)
x=y1By20z

= dp(x).
If x can not be expressed as x = yaz, then (1p * mp * 71p)(x) = 0 < 71p(x) and
(Sp % Ip % Ip)(x) =0 > 9p(x). In both cases 7p * 7tp * 7tp C Ttp, and Ip * Sp *x Ip 2 Ip.
Conversely, assume that 7p % 7tp % 71p € mp. For x7,x,y,z€e Mand a, B, a1, €T
Let x7 be such that x/ = xaypz.

Then mp(xaypz) = mtp(xr) = (1p * Ttp * TTp)(X7)

sup {min{(Tp * Tp)(p), Ttp(q)}}
Xr=pa1q

= Ssup {min{ sup miﬂ{TCP(PD/T(P(Pz)},TCP(q)}}
xr=paiq p=p1f1p2

= sup {min{“P(Pl)r“P(Pz),TCP(q)”
x'=p1p1p20t1q

> min{rp(x), Ttp(y), Ttp(2)}-
Sp(xaypz) = Ip(x/) < (Sp * dp * dp)(x/)

= inf q{max{(Sp + 3p)(p), Sp(P}}

X/=paig

= inf {max{ inf min{Sp(p;), Sp(p2)}, Sp(q}}
Xr=pa1q pP=p1P1p2

= inf  {max{3p(p1), dp(p2), dp(P}}
x/=p1p1p201q

< max{9p(x), dp(y), ¥p(2)}.
Hence mtp(xaypz) > min{mp(x), mp(y), 7p(2)}, and Sp(xaypz) < max{Sp(x), 9p(y), 9p(2)}-

Lemma 1. Let 7tp = (71py, Ttpp) and 9p = (Spy1, 9pp) be Pythagorean fuzzy weak bi-ideals of M. Then the
products 7tp * 3p and 9p * mp are also Pythagorean fuzzy weak bi-ideals of M.

Proof. Let tp and 9p be a Pythagorean fuzzy weak bi-ideals of M and let a, ay,a; € I'. Then
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(Tpy * Tipp)(X —y) = sup min{mp;(a), py(b)}
-

2 sup min{Tpy(a; — ay), Tpy(bg — by)}

I Fuzzy. Ext. Appl
x—y=aj b1 —azazby<(aj—ap)(b1-b)

301

> supmin{min{mp;(a;), Ttpy(az)}, min{mpy(by), Tpa(by)}}
= supmin{min{mp;(a;), Ttpp(b1)}, min{mp;(ay), Tpa(by)}}

> min{ sup min{mpi(ay), mpy(b1)}, sup min{np(ay), Tpy(by)}}
x=aja1bq Y=a20¢2b2

= min{(mtp; * Ttpy)(X), (Ttpy * Tipp)(Y)}-

Op1 * Ip)(x—y) = X_ilrzlﬁabmax{sm(a)/ Spo(b)}

< inf max{dpi(a; —ay), ¥pp(b; —by)}
x—y=aja1by—apazby<(a;—az) (b1 -by) P 2y TPt 2

< infmax{max{9p;(a;), 9p1(az)}, max{Spy(b1), dpa(b2)}}
= infmax{max{3p;(a;), ¥po(b1)}, max{dpi(ay), Spa(b2)}}

<max{ inf max{dpi(a;), dpy(by)}, inf max{Ip;(az), Spp(bx)}}
x=aja1bq Y=320‘2b2

= max{(Jp; * Ip)(X), (Vp1 * Sp2)(y)}-

Pythagorean fuzzy weak bi-ideals of I'- near ring

It follows that 7tp * 9p is a Pythagorean fuzzy subgroup of M. Further,
(1tp % Op) * (7tp * Op) * (Ttp * Op) = Ttp * Ip * (7ip * Op * Tp) * Ip
C7tp Kk Op % (Op * Ip % Ip) % Ip
C mip*x (Op * 9p % Ip),

since P is a Pythagorean fuzzy weak bi-ideal of M C 1tp % 9p.

Therefore 7p * 9p is a Pythagorean fuzzy weak bi-ideal of M. Similarly 9p * 7tp is a Pythagorean fuzzy weak
bi-ideal of M.

Lemma 2. Every Pythagorean fuzzy ideal of M is a Pythagorean fuzzy bi-ideal of M.
Proof. Let P = (1tp, 9p) be a Pythagorean fuzzy ideal of M. Then
Tp*M*x1tp Cipk Mk M C mtp kM C 711p,
IpAM*xIp29pkM*xMDIp*xM2 Ip,
since P = (mtp, 9p) be a Pythagorean fuzzy ideal of M.
This implies that Tp * M % 1tp € mtp and Sp * M * 9p 2D 9p.

Therefore P = (np, 9p) be a Pythagorean fuzzy bi-ideal of M.



Theorem 2. Every Pythagorean fuzzy bi-ideal of M is a Pythagorean fuzzy weak bi-ideal of M.
Proof. Assume that P = (7ip, 9p) be a Pythagorean fuzzy bi-ideal of M.

Then 7tp * M x 7tp C 7tp and Sp * M x 9p 2 9p.

We have 7tp % 7tp % 71p C 71p * M K 71p and 9p % Ip * 9p 2 9p * M % Op.

This implies that 7tp % 7tp % 7tp S 7tp * M % 71p C 11p

and 9p * 9p * 9p 2 Ip * M * Ip 2 Ip.

Therefore P = (mtp, 9p) is a Pythagorean fuzzy weak bi-ideal of M.

Example 2. Let M = {w, x, y, z} be a nonempty set with binary operation+ and I' = {a} be a nonempty

set of binary operations as the following tables:

+ WXy z
Ww X y z
XX w zy
Yy z wx

Z7 y X W
and

@aW Xy z

Ww w ww

Xw X WX

YW WY y

Zw X y z

Let tp : M — [0,1] be a fuzzy set defined by mp(w) = 0.9, 7p(x) = 0.4 = 7p(y) and 7p(z) = 0.6, and
Ip(w) = 0.1, 9p(x) = 0.5 = 9p(y), Ip(z) = 0.3. Then 7tp is a fuzzy weak bi-ideal of M. But 7p is not a fuzzy
ideal and bi-ideal of M and mp(zyyyz) = mp(y) = 0.4 > 0.6 = min{np(z), tp(z)} and Ip(xa(z +w) —
xaw) < 9p(z) = 0.5 £ 0.3 and Sp(zyxyz) = 9p(x) = 0.5 £ 0.3 = min{9p(z), Ip(2)}.

Theorem 3. Let {(1p,, 9p)Ii € (2} be family of Pythagorean fuzzy weak bi-ideals of a near-ring M, then

Nieo Tip;and Uz Op,ate also a Pythagorean fuzzy weak bi-idea of M, where (2 is any index set.
Proof. Let {11;};co be a family of Pythagorean fuzzy weak bi-ideals of M.
Letx,y,ze M,a,f €I and mw = jeq T;.

Then,Nieq 7p,(X) = Nieq 7p,(X) = (infj)‘ﬁpi)(x) = infj)‘ 7p,(x)and

Uiea 9p,(xX) =Ujcq 9p,(x) = (sup 9p,)(x) = supdp (x).
i€Q i€Q

() e,(x =) = infree, (x - y)

ieQ

{17
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ieQ ieQ

Uieq dp,(X = y) = supTip (x - y)
ieQ

< supmax{9p,(x), 3p,(y))
i€Q

= max{supdp, (x), supdp,(y)}
ieQ i€Q

= max{Ujeq dp,(X),Vicq dp,(y)}-

And,
() e, (xayBz) = infrep, (xayp)
ieQ

> g}gmin{npi (), Tip,(y), Tip,(2)}

= nrun{ilggﬂpi (), ilé’l(gﬂpi ), ilé’l(gﬂpi (2)}

Pythagorean fuzzy weak bi-ideals of I'- near ring

=min{[ ] mp,(x), () TR, ¥), [ ] 7, (@)

ieQ ieQ ieQ

Ujeq dp,(xayBz) = SH(I))SPi(Xo‘YBZ)
1€

< supmax({3p,(x), 9p,(y), dp,(2)}
i€Q

= max{supdp, (x), supdp,(y), supp,(2)}
i€Q i€Q i€Q

= max{Ujeq dp,(3),Vieq dp,(y) Vieq dp,(2)}-
Hence the set (e Ttpand Ujeq 9p, ate also a family of Pythagorean fuzzy weak bi-ideals of M.

Theorem 4. Let P = (mtp,9p) be a Pythagorean fuzzy subset of M. Then U(mp;t) and L(9p;s) is a
Pythagorean fuzzy weak bi-ideal of M if and only if 7tp; is a weak bi-ideal of M, for all t € [0,1].

Proof. Assume that P = (1p, 9p) is a Pythagorean fuzzy weak bi-ideal of M.
Lets,t € [0,1] such that x,y € U(mp;1).

Then mtp(x) >t and mp(y) > ¢,

Then mtp(x —y) > min{np(x), tp(y)} > minit,t} = t and

Ip(x —y) < max{p(x), Op(y)} < maxis,s} =s.



Thus x -y € U(rp t).Letx,y,z€ mp; and a,f €T

This implies that mp(xaypz) > min{np(x), 7p(y), np(z)} = min{t,t, t} = t, and

Ip(xayBz) < max{dp(x), 9p(y), 9p(z)} < maxl{s, s, s} =s.

Therefore xaypz € U(mp;s).

Hence U (mtp, t) and (9p;s) is a weak bi-ideal of M.

Conversely, assume that U (rtp, £) and (8p;s)is a weak bi-ideal of M, for all s, t € [0,1].
Let x,y € M. Suppose

tp(x = y) < min{rip(x), mp(y)land 9p(x — y) > max{Sp(x), Sp(y)}.

Choose t such that 77(x —y) < t < min{rnp(x), Tp(y)} and Ip(x —y) > s > max{Sp(x), p(y)}.
This implies that mtp(x) > t, tp(y) > t and mp(x —y) < t.

Then we have X,y € mtp, but x —y € 7ip; and Ip(x) <5, Ip(y) <s and Ip(x —y) > s, we have x,y € Ip,
but x — y & Ip, a contradiction.

Thus 7tp(x — y) = min{np(x), Tp(y)} and p(x — y) < max{9p(x), p(y)}.

If there exist x,y,z € M and a,f € I such that mp(xaypz) < min{np(x), 7tp(y), 7p(z)} and Sp(xaypz) >
max{Ip(x), dp(y), 9p(z)}.

Choose t such that tp(xaypz) < t < min{rp(x), np(y), 7p(z)}.

Choose s such that 9p(xayBz) > s > max{9p(x), 9p(y), Ip(2)}.

Then 7tp(x) > t, mp(y) > t, 7ip(z) > t and Sp(x) < s, 9p(y) < 5, 9p(z) < s and mp(xaypz) < t.
So, x,y,z € mp > but xaypz € np;, and xaypz £ Sp,, which is a contradiction.

Hence ntp(xaypz) = min{rp(x), 7p(y), mp(2)}, Sp(xaypz) < max{Sp(x), 9p(y), 9p(2)}.
Therefore P = (1tp, 9p) is a Pythagorean fuzzy weak bi-ideal of M.

Theorem 5. Let P = (11p, 9p) be a Pythagorean fuzzy weak bi-ideal of M then the set M, s ={x €
M|7tp(x) = 1tp(0) = Ip(x)} is aweak bi-ideal of M.

Proof. Let X,y € Mz, 5, Then 7p(x) = 7p(0), 7p(y) = 715(0), 9p(x) = 0, 9p(y) = 0 and
ntp(x — y) = min{rp(x), 7p(y)}
= min{7p(0), tp(0)}
= 71tp(0), and
Ip(x = y) < max{Sp(x), p(y)}

= max{9p(0), 9p(0)}

{17
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= 95(0).
So 7p(x — ) = 7p(0), 9p(x — y) = 95(0).
Thus x —y € M,,,, X~y € M, For every x,,z € My, and &, € T. We have
rtp(xayB2) > min{rp(x), p(y), p(2)}
= min{np(0), 1tp(0), Ttp(0)}
= p(0).
And
dp(xaypz) < max{dp(x), ¥p(y), dp(2)}
= max{dp(0), ¥p(0), ¥p(0)}
= 9p(0).

Thus xaypz € M, xaypz € My,. Hence M, s, is 2 weak bi-ideal of M.

4| Homomorphism of Pythagorean Fuzzy Weak Bi-Ideals of I''Near-
Rings
In this section, we characterize Pythagorean fuzzy weak bi-ideals of I'-near-rings using homomorphism.

Definition 6. Let f be a mapping from a set M to a set S. Let f = (1tp, 9p) be a Pythagorean fuzzy subsets
of M and S, resp. then f is image of 7p and Ip under f is a fuzzy subset of S defined by

[ sup mp(x) if f7(y)# @
f(mp)(y) = { xef-1(y)
{0 otherwise.

(

_J) inf 9 if f1(y)# @

ﬂ%wphﬁmﬂwl ()
1 otherwise

And the pre-image of mp and Up under f is a fuzzy subset of M defined by

[ () = mp(f (), 71 (9p(x)) = Op(f(x)) for allx € M and f~'(y) = {x € MIf(x) = y}.

Theotem 6. Let f:M — S be a homomorphism between ['-near-rings M and S If P = (mp,9p) is a
Pythagorean fuzzy weak bi-ideal of S, then f™(P) = [f~!(ntp, 9p)] is a Pythagorean fuzzy weak bi-ideal of

M.

Proof. Let f be a Pythagorean fuzzy weak bi-ideal of M. Let x,y,z € M and @, € I'. Then

£ (mp)(x - y) = Tp(f(x - y))

= 1ip(f(x) — £(y))



> min{mp(£(x)), mp(£(y))}

{17
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= min{f "' (np(x)), " (1tp(y))}-

f1(9p)(x—y) = Sp(f(x - y))
= Jp(f(x) - £(y))

< max{dp(f(x)), ¥p(f(y))}

= max{f " (8p(x)), f 1 (Sp(y))}-

£ (mp)(xayp2) = p(f(xaypz))

p(fO)af(y)pt(2))

\%

minf{rp(£(x)), Tp(£(y)), e (£(2))}

min{f ! (rtp(x)), £ (1tp(y)), £ (mp(2)))-
£71(9p)(xayBz) = Sp(f(xaypz))
= dp(f(x)af(y)pf(2))
< max{3p(f(x)), ¥p(f(y)), Sp(£(2))}
= max{f ' (8p(x)), f ' (8p(¥)), £ (8p(2))}-
Therefore f~1(P) = [f~1(rtp, 9p)] is a Pythagorean fuzzy weak bi-ideal of M.
We can also state the converse of the Theoren 7 by strengthening the condition on f as follows.
Theotem 7. Let f:M — S be an onto homomorphism of I'near-rings M and S. Let P = (7p, 9p) be a

Pythagorean fuzzy subset of S. If f~1(P) = [f~!(np), f1(8p) is a Pythagorean fuzzy weak bi-ideal of M,
then P = (7tp, 9p) is a Pythagorean fuuzy weak bi-ideal of S.

Marynirmala and Sivakumar |J. Fuzzy. Ext. Appl. 2(3) (2021) 297-320

Proof. Letx,,z € S. Then f(j) = x, (k) = y and f(I) = z for some j,k,I € Mand a, § € T It follows that
p(x —y) = 1ip(£(j) — £(k))
= 1ip(f(j — k)
= f71(mp) G - k)
> min{f ' (rp)(j), £ " (mp) (k)
= min{mp(f(j)), np(f(k))}
= min{rp(x), p(y)}-

Ip(x —y) = 9p(f(j) - f(k))



= 9p(f( - k)

Ji—.
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= £1(9p) - K)
307 < max{f~(9p)()), £ 1 (Sp) ()}
= max{9p(£()), 9p(F(k)}
= max{9p(x), Sp(y)}.
And
mp(xatyBz) = mp(FGaf()BED)
= mp(f(jk1)
= £ (mp) (D)
> min{f ! (rp)(), £ (mp) (), £~ (mp) (D)}
= min{rp(£(), mp(E(K)), Tp(ED))
= min{rp(x), Tp(y), Tp(2)}.
Sp(xaypz) = Sp(f()af(k)Bi()

= p(f(jk1))

Pythagorean fuzzy weak bi-ideals of I'- near ring

= £71(3p) (k1)
< max{f ' (9p)(), f " (Sp)(k), £ (3p) (D)}
= max{p(f(j)), dp(f(k)), Sp(f(1))}
= max{dp(x), 9p(y), ¥p(2)}-
Hence P is a Pythagorean fuzzy weak bi-ideal of S.

Theorem 8. Let f : M — S be an onto I'-near-ring homomorphism. If P = (tp, 9p) is a Pythagorean fuzzy
weak bi-ideal of M, then f(P) = f(rp, 9p) is a Pythagorean fuzzy weak bi-ideal of M.

Proof. Let P be a Pythagorean fuzzy weak bi-ideal of M. Since f(mp)(x/) = sup (mp(x)) , for x7 € S and

f)=x'

f®p)xr) = inf (Ip(x)) , for xs € Shence f(P) is nonempty. Let x7,y7 € S and «a,f € I'. Then we have
f@=v
{xlx€ flxr—y) 2{x-ylx € f Y (xr) and y € f U ys)} and {xlx € f~1(xryr)} 2 {xaylx € f1(xr) and ye€

).

f(np)(x/ —ys)= sup {mp(2)}
f(z)=(x/—y7)

> sup  {mp(x—y)}
f(x)=x+ £(y)=y”



>  sup {min{rp(x), Tp(y)}}
Py (/-

= min{ sup {rtp(x)}, sup {mp(y)}}

1 Fuzzy. Exi. Appl

fx)=x fy)=y’
= minlf(rp)0),  frp)(y) 308
And
f3p)0v —yn) = inf (3p(2))
f(z)=x/-yr
< inf dp(x —
f(x):):_/l}(y):y/{ p(x=y)}
< inf (%), d
f(x)leg}(y):y/{max{ p(X), Sp(Y)H}
S
= max{_inf {dp(x)}, inf {Sp(y)}} N
f(x)=xs f(y)=y» S
= max{fdp)(x),  f(3p)(y”))- S
D
Next, S
o
<
f(mp)(xraysfzr) = sup  {mp(w)} g
f(w)=xrayspzs S5}
g
> sup  [mp(xayp2)) ;
f(x)=x1£(y)=y’ f(z)=2/ =
> sup  (min{mp(9), me(y), e (2)) g
£09=x1,(y)=y" f(z)=2" g
z
= min{ sup {np(x)}, sup {mp(y)}, sup {np(2)}} %
f(x)=xs f(y)=y’ f(z)=zr 5
<
(5]
= min{f(rip)(x7), {(1p)(y ), f(ip) (27)}. £
=
And g

f(9p)(xraypzr) = inf  {dp(w)}

f(w)=xrayspzs

< inf Ip(xaypz
f(X):xr,f(y):y,,f(Z):Z,{ p( yp )}

< inf max{dp(x), dp(y), dp(z
f(X):X,,f(y):y,,f(z):y{ {9p(x), Op(y), p(2)}}

= max{f(glsz{sp(x)}, f(gl:fy,{sp(y)}, f(glsz,{Sp(Z)}}

= max{f(dp)(x/),  fp)(y7),  {(Sp)(2/)}-

Therefore f(P) is a Pythagorean fuzzy weak bi-ideal of S.
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5| Interval Valued Pythagorean Fuzzy Weak Bi-Ideals of I'-Near-
Rings

In this section, we initiate the notion of interval valued Pythagorean fuzzy weak bi-ideal of M and discuss
some of its properties.

Definition 7. An interval valued Pythagorean fuzzy set P = (%ip, 9p) of M is called an interval valued
Pythagorean fuzzy weak bi-ideal of M, if

I 7p(x—y) =2 min{mp(x), p(y)}.
I 9p(x— y) < mux{5p(x),§1)(y)}.
L. 7p(xyyyz) = min{mp(x), Tp(y), 7tp(2)}-
V. Op(xyyyz) < max{Sp(x),p(y), Sp(2)} forallx,y,ze Manda,B€T.

Example 3. Let M = {w, x, y, z} be a nonempty set with binary operation * + "and I' = {y'} be a nonempty

set of binary operations as the following tables:

TWX Yy z
Ww x vy z
Xx w zy
Yy 2z wx

Zz7 y X w

and

Yy WX Yz
Ww x w X
Xw X wW X
Yw xvy z
Zw Xy z

Let mp : M — D[0,1] and §p : M — D[0,]1] be aninterval valued fuzzy subsets defined by Tp(w) =
[0.6,0.7], T,(x) =[0.50.6], Tp(y) = Tp(z) = [04,05/ And Sp(w) =[0.2,0.3], 9p(x) = [04,05], Sp(y) =
[0.7,0.8] = 8p(2). Then P = (7ip, 9p) is an interval valued Pythagorean fuzzy weak bi-ideal of M.

Theorem 9. Let P = (7Tp, 9p) be an interval valued Pythagorean fuzzy subgroup of M. Then P = (%p, 9p)
is an interval valued Pythagorean fuzzy weak bi-ideal of M if and only if 7ip % 7p % 7Tp C Tp and 9p % 9p *
Sp 2 9p.

Proof. Assume that P = (p,9p) be an interval valued Pythagorean fuzzy weak bi-ideal of M. Let
X,Y,2,Y1,Y2 € M and @, € I such that x = yaz and y = y18y,. Then

(Ttp * Tp * Tp)(X) = sup {min{(Ttp * Tp)(y), Tp(2)}}
X=yaz

= sup {min{ sup min{Tp(y1), Tp(y2)}, Tp(2)}}
X=yaz y=y1Py2

= sup sup {min{min{Tp(y1), Tp(y2)}, Tp(2)}}
x=yazy=y1py;



= sup {min{Tp(y1), Tp(y2), Tp(2)}}

-

ﬁP(ylﬁyZO(Z) 2 mm{ﬁP(y1)l ﬁP(YZ)/ ﬁP(Z)} J. Fuzzy, Bxt. Appl

< sup Tp(y1Py20z) 310
x=y1By20z

= Tip(X)-

And

(Sp * Op * Ip)(x) = Xi:r}}gz{min{@l; * 3p)(y), 9p(2)}}

min{dp(y;), 3p(y2)}, p(2)}}

inf {max{ inf
X=yoz y:ylﬁyZ

inf _inf {max{max{dp(y1), Sp(y2)}, 9p(2)}}
X=yazy=yipy>

_inf {max{dp(y1), Sp(y2), Sp(2)}}
x=y1By20z

Ip(y1By0z) < max{Sp(y1), Sp(y2), Sp(2))

> inf Sp(y1Byr02)
x=y1py20z

= 9p(x).
Since P is an interval valued Pythagorean fuzzy weak bi-ideal of M,
If x can not be expressed as x = yaz, then (TTp * Tip * Tip)(x) = 0 < Tip(x) and
(8p % 9p % 9p)(x) = 0 = 9p(x). In both cases Tp * 7Tp % 7tp C Tip and 9p k Ip * 9p 2 Ip.

Conversely, assume that TTp * Tip % Tip € Tip. For x7,x,y,z€e M and a, B, a1, p1 € T
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Let x7 be such that x7 = xaypz.

Then Ttp(xaypz) = Tp(xr) > (Tip * TTp * Tip)(X7)

sup {min{(Ttp % Tp)(p), Tip(q)
X'=pa1q

sup {min{ sup min{Tp(p;), Tp(p2)}, Tp(q)}}
X/=pa1q P=P1P1P2

sup  {min{Ttp(p1), Tip(p2), T (P}
x/=p1P1p201q

> min{Ttp(X), Tp(y), Tp(2)).

p(xaypz) = dp(x7) < (3p * Op * Vp)(x/)



] = dnf _(max((dp « 3p)(p), Sp(@)}}

inf {max{ inf min{Sp(p;), dp(p2)}, Sp(P}}
xX/=pa1q p=p1B1p2
311

= inf  {max{Sp(p1), Sp(p2), Sp(q)}}
xr=p1B1p201q

< max{Sp(x), Sp(y), Sp(2)}.
Hence Ttp(xaypz) = min{mp(x), Tp(y), Tp(z)} and 9p(xaypz) < max{Sp(x), 9p(y), 9p(2)}.

Lemma 3. Let 7Tp = (Tpy, Tipy) and 9p = (9py, Opy) be an interval valued Pythagorean fuzzy weal bi-ideals

of M. Then the products 7p * Sp and 9p + TTp are also interval valued Pythagorean fuzzy weak bi-ideals of

M.

Proof. Tet Ttp and 9 be an interval valued Pythagorean fuzzy weak bi-ideals of M and let a, oy, @ € .
Then

(TMy * T)(x—y) = sup min{m(a), (b)}

x—y=aab

> sup min{T(a; — ay), T(b; — by)}
x—y=aja1by—azazby<(ay—az)(b1-by)

> sup min{min{T(a;), T(a,)}, min{T(b;), T(by)}}

Pythagorean fuzzy weak bi-ideals of I'- near ring

supmin{min{m(a;), T(b1)}, min{Tt(a,), T(by)}}

\%

min{ sup min{7(a;), T(b1)}, sup min{T(ay), T(by)}}
x:a1a1b1 y:az(xzbz

min{(Tt x T)(x), (T * TO)(y)}.

(9, * 9))(x—y) = inf bmax{§(a),§(b)}
X—y=aq

< inf max{9(a; — a,), 9(b; — by)}

" x—y=ajoqby—apapby <(ag—ap)(by —by)
< infmax{max{§(a1), §(a2)}, max{§(b1), §(b2)}}
= infmax{max{§(a1), §(b1)}, max{§(a2), §(b2)}}

<max{ inf max{S(a;),9(b)}, inf max{S(a,), S(b,)}}
y

x:a1a1b1 :az()(zbz
= max{(3 x D)(x), (3 * 9)(y)}.
It follows that 77 % 9 is an interval valued Pythagorean fuzzy subgroup of M. Further,

MThk ) XM XNk (ThN=TikIk(THkIXT) kI CT A I *(I kO % ),k CT*(JxI %), since

¥ is an interval valued Pythagorean fuzzy weak bi-ideal of M C 77 % 9.



Therefore Tip % 9p is an interval valued Pythagorean fuzzy weak bi-ideal of M. Similatly 95 * Tp is an
interval valued Pythagorean fuzzy weak bi-ideal of M.

Lemma 4. Every interval valued Pythagorean fuzzy ideal of M is an interval valued Pythagorean fuzzy
bi-ideal of M.

Proof. Let P = (7p, 9p) be an interval valued Pythagorean fuzzy ideal of M. Then
Tp*M*xTTp CTTp*xM*xMCTp*M C Tp,
Op *M*x0p 209, *M*M29p*M29,

since P = (7ip, 9p) be an interval valued Pythagorean fuzzy ideal of M.

This implies that 7tp * M * 7ip € 7tp and Sp * Mk 9p 2 9p.

Therefore P = (Tip, 9p) be an interval valued Pythagorean fuzzy bi-ideal of M.

Theorem 10. Every interval valued Pythagorean fuzzy bi-ideal of M is an interval valued Pythagorean
fuzzy weak bi-ideal of M.

Proof. Assume that P = (Tip, 9p) be an interval valued Pythagorean fuzzy bi-ideal of M.
Then Tip % M % TTp C Tp and 9p % M % 9p 2 Ip.

We have TTp * Top & 7ip C Tip % M & 7Tp and 9p % 9p % 9p 2 Sp k M * Ip.

This implies that 7tp & 7p % Tp C 7p % M & T1p C Tp and 9p % 9p % 9p 2 Op * Mk 9p 2 9p.
Therefore P = (Ttp, 9p) is an interval valued Pythagorean fuzzy weak bi-ideal of M.

Example 4. Let M = {w, x, y, z} be a nonempty set with binary operation+ and I' = {a} be a nonempty
set of binary operations as the following tables:

FTwWXyz
WW X y z
XX W zy
yy z WX

ZzZ Yy X W

and

WX y Z
wW W W w
XW X WX

yw wyy
ZW X Yy Z

Let P: M — D[0,1] be aninterval valued Pythagorean fuzzy set defined by 7p(w) = [0.8,0.9], tp(x) =
[0.3,0.4] = Tp(y) and Tip(z) = [0.5,0.6], and Sp(w) = [0,0.1], p(x) = [0.4,0.5] = 9p(y), 9p(2) = [0.2,0.3].
Then Ttp is an interval valued fuzzy weak bi-ideal of M. But 7p is not a fuzzy ideal and bi-ideal of M and

{17
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Tp(zyyyz) = Tip(y) = [0.3,0.4] > [0.5,0.6] = min{Tip(z), Tp(2)} and Sp(xa(z + w) — xaw) < 9p(z) =
[0.4,0.5] £[0.2,0.3] and 9p(zyxyz) = 9p(x) = [0.4,0.5] £ [0.2,0.3] = min{Sp(2), 9p(2)}.

Theorem 11. Tet {(ﬁpi,§pi)|i € (2} be family of interval valued Pythagorean fuzzy weak bi-ideals of a near-

ting M, then (e Tpand Ujeq §piare also an interval valued Pythagorean fuzzy weak bi-ideal of M, where

(2 is any index set.
Proof. Let {ﬁpi,§pi},~eg be a family of interval valued Pythagorean fuzzy weak bi-ideals of M.
Let X, Y,z S M, Oc,ﬁ el and ﬁpi = mieQ ﬁia §Pi :UiEQ §Pi

Then, 7tp,(x) = Nieq Tp,(¥) = (inf7p,)(x) = infTtp (x)
ieQ i€Q)

and 8, (x) =Useqy 95, (x) = (sup3p)(x) = sup3p, (x) .
i€Q) i€Q)

ﬁPi(x -y)= iig(f)ﬁpi(x -y)
> infmin{Tp, (x), Tp, (y)}
i€Q

= min{infrp, (x), infrip (y)}

= min{ﬂ Tip, (%), ﬂ Tp, (¥)}

i€Q i€Q
= min{ﬁl’i (X)/ ﬁPi (Y) } .

§Pi (x-y)= supgpi(x -y)
ieQ

< supmax{§pi (x), §Pi )}
i€eQ

= max{sup§Pi (%), sup§Pi )}
i€Q i€Q

= max{Uicq 9p,(X),Uicq Sp,(y)}
= max{p,(x), Sp,(y))-
And,
T, (xaypz) = inftip (xaypz)
> infmin({tp, (X), T, (y), 7, (2)}

= min{infrp, (x), infftp (y), infree, (2))

= min{(") T, (9, () ), () (@)

ieQ ieQ



= min{ﬁPi (), Tip, V), Tip, (2)}.

Sr,(xaypz) = supSy, (xay )
1€

< supmax{gpi(x), §pi ), §Pi ()}
i€Q

= max{sup§pi (%), sup§pi (), supgpi ()}
ieQ) ieQ ieQ

= max{Ujeq gPi(X)rUieQ §Pi(Y)rUieQ §Pi(Z)}
= max{p,(x), ¥p,(y), 3p.(2)}.
Theorem 12. Let P = (7p, 9p) be an interval valued Pythagorean fuzzy subset of M. Then U(Tp; t) and
L(8p;s) is an interval valued Pythagorean fuzzy weak bi-ideal of M if and only if Ttp; is a weak bi-ideal
of M, for all t € [0,1].
Proof. Assume that P = (Tip, 9p) is an interval valued Pythagorean fuzzy weak bi-ideal of R.
Lets,t € [0,1] such that x,y € U(7p; 1)
Then Tip(x) > t and TTp(y) = tthen Tip(x — y) = min{7mp(x), Tp(y)} = minft, t} = ¢ and
§P(x -y) < max{§P(x), 5P(y)} < max{s,s} =s.
Thus x —y € U(mp t).Letx,y,z€mip, anda, €T
This implies that TTp(xaypz) > min{mp(x), Tp(y), Tp(z)} = minit, t, ¢} = ¢, and
Sp(xaypz) < max{9p(x), 9p(y), 9p(z)} < maxls, s, s} =s.
Therefore xaypz € U(Tp;s).

Hence U (7p; t) and (8p;s) is an interval valued Pythagorean fuzzy weak bi-ideal of M.

Conversely, assume that U (7tp; t) and (§p ;8) is an interval valuedPythagorean fuzzy weak bi-ideal of M,
for alls,t € [0,1].

Let x,y € M. Suppose Tp(x —y) < min{Tip(x), Tip(y)tand Sp(x — y) > max{Sp(x), Sp(y)}.
Choose t such that TTp(x — y) < t < min{Tip(x), Tp(y)} and Sp(x — y) > s > max{Sp(x), Sp(y)}.
This implies that 7Tp(x) > ¢, 7Tp(y) > t and Tp(x —y) < t.

Then we have x,y € Ttp, but x — y € Tip, and 9p(x) < 5, 9p(y) < s and Sp(x — y) > 5, we have x,y € 9p, but

x -y € 9p, a contradiction.

Thus Tp(x - ) 2 min{Tp(x), Tp(y)} and 9p(x - y) < max{9p(x), Ip(y)}.

{17

1 Fuzzy. Exi. Appl

314

Marynirmala and Sivakumar |J. Fuzzy. Ext. Appl. 2(3) (2021) 297-320



Ji—.

I Fuzzy. Ext. Appl

315

Pythagorean fuzzy weak bi-ideals of I'- near ring

If there exist x,y,z€ M and «a,f €' such that 7p(xaypz) < min{mp(x), 7p(y), Tp(z)} and §P(xayﬁz) >
max{Sp(x), Sp(y), 9p(2)).

Choose t such that Tip(xaypz) < t < min{rp(x), tp(y), 7p(2)}.

Choose s such that Sp(xaypz) > s > max{9p(x), 9p(y), 9p(2)}.

Then Tp(x) > £, Tp(y) > £, Tp(z) > t and 9p(x) < 5, 9p(y) < 5, 9p(2) < s and Tip(xaypz) < t.
So, X, Y,z € Tp > but xaypz € Tp;, and xaypz € 9p,, which is a contradiction.

Hence Ttp(xaypz) = min{Tp(x), Tp(y), Tp(2)}, 9p(xaypz) < max{Sp(x), 9p(y), 9p(z)).
Therefore P = (Tip, 9p) is an interval valued Pythagorean fuzzy weak bi-ideal of M.

Theorem 13. Let P = (7p, 9p) be an interval valued Pythagorean fuzzy weak bi-ideal of M then the set

M- 5= {x € M|tp(x) = p(0) = §p(x)} is a interval valued Pythagorean fuzzy weak bi-ideal of M.

Proof. Let X,y € M 5.
Then Tip(x) = Tp(0), Tp(y) = Tp(0), p(x) = 0, 9p(y) = 0 and
TTp(x - y) = min(Tp(x), Tp(y)) = min(7Tp(0), 7p(0)} = 7(0), and
Sp(x —y) < max{Sp(x), p(y)} = max{9,(0), 9p(0)} = 9,(0).
So Tip(x = y) = Tp(0), Sp(x — y) = 9p(0).
Thus x -y € Mz,, x~y € Mg,. For every x,,z € Mz, and a, § € T. We have
Tip(xay Bz) > min{Tip(x), Tip(y), Tip(2)},
= min{7tp(0), Tp(0), Tp(0)} = Tip(0),
and
Sp(xaypz) < max{Sp(x), Sp(y), p(2)}
= max{3p(0), 3p(0), 3p(0)} = 3p(0).

Thus xaypz € Mz, xaypz € Mg, . Hence M
M.

(7p3p) 18 an interval valuedPythagorean fuzzy weak bi-ideal of

6| Homomorphism of Interval Valued Pythagorean Fuzzy Weak Bi-
Ideals of I'-Near-Rings

In this section, we characterize interval valued Pythagorean fuzzy weak bi-ideals of I'-near-rings using
homomorphism.



Definition 8. Let f be a mapping from a set M to a set S. Let f = (7p, 9p) be an interval valued

Pythagorean fuzzy subsets of M and S, resp. then f is image of 7Tp and 9p under f is a fuzzy subset of ”’-
S defined by

1 Fuzzy. Exi. Appl

( sup Tp(x) if f7(y) # @
f(Tp)(y) = < xet-1(y) 316
(0 otherwise.
( _
£(Sp)(y) = { eifnlf( )SP(X) if f(y)#@
xet(y
{1 otherwise

And the pre-image of 7tp and 9p under f is a fuzzy subset of M defined by

FTp () = Tp(f), f(Sp(x)) = Sp(f(x)) for allx € M and 7 (y) = {x € MIf(x) = y).
Theorem 14. Let f:M — S be 2 homomorphism between I'-near-rings M and S, If P = (7p, 9p) is an
interval valued Pythagorean fuzzy weak bi-ideal of S, then f~1(P) = [f~1(Tp, 9p)] is an interval valued

fuzzy weakbi-ideal of M.

Proof. Let f be an interval valued Pythagorean fuzzy weak bi-ideal of S. Let x,y,z€ M and a,f €T
Then

£ (Tep) (x — y) = Tp(f(x ~ y))
= Tip(f(x) — £(y))

> min{Tp(f(x)), Tp(f(y))}

= min{f (T (x)), £~ (Tp(y)))-
£71(9p)(x —y) = Op(f(x - y))

= Bp(f(x) — (y))

Marynirmala and Sivakumar |J. Fuzzy. Ext. Appl. 2(3) (2021) 297-320

< max{Sp(f(x)), Sp(f(y))}

= max{f *(3p(9), £ (Sp(y)))-

=1 (Tp)(xatypz) = Tip(f(xaypz))

= Tp(f(x)af(y)Bf(2))

> min{Tp(f()), Tp(f(y)), Tip (F(2))}

= min{f " ([p(9), 7 Tp(y)), £ (Tp(2))}-
£71(Sp)(xaypz) = Sp(f(xaypz))

= §P(f(x)af(y)f>f(z))
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< max{Sp(f(x)), Sp(£(y)), Sp(£(2))}

= max{f " (3p(x), £ ' (Sp(y)), " Bp(2))}.
Therefore f1(P) = [f~(%p, 9p)] 5 an interval valued Pythagorean fuzzy weak bi-ideal of M.
We can also state the converse of the Theorens 7 by strengthening the condition on f as follows.

Theorem 15. Let f:M — S be an onto homomorphism of I'-near-rings M and S, Let P = (7ip, 9p) be an
interval valued Pythagorean fuzzy subset of S. If f 1P =1 f _1(ﬁp,§p)] is an interval valued Pythagorean
fuzzy weak bi-ideal of M, then P = (7ip, 9p) is a Pythagorean fuzzy weak bi-ideal of S.

Proof. Let x,y,z € S. Then f(j) = x, f(k) = y and f(I) = z for some j,k,] € M and @, f € I'. It follows that
Tip(x — y) = Tip((j) — £(K))
= Top(f(j — k)
= £ () - k)
> min{f ™ (Tp)(j), £